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PREFACE. 

The  present  volume  is  intended  to  serve  as  a  text-book  of  that  part 
of  the  theory  of  alternating-currents  and  the  allied  branches  of  the 
theory  of  electricity,  which  are  necessary  for  a  complete  study  of 
heavy  electrical  engineering.  In  the  first  chapters  the  phenomena  in 
alternating-current  circuits  are  treated  at  length.  For  the  calculation 
of  alternating-currents  the  symbolic  method  has  been  chiefly  used, 
because  this  is  the  simplest  and  forms  the  best  connecting  link  with 
the  practical  expressions  for  the  watt  and  wattless  components. 
Alongside  the  symbolic  method,  however,  the  graphic  has  also  been 
systematically  developed  by  substituting  the  corresponding  graphic 
constructions  for  all  analytic  operations.  Thus,  expressing  the  well- 
known  Kirchhoff's  Laws  symbolically,  the  equation  of  any  circuit 
appears  as  the  simplest  possible  analytical  expressions,  and  these 
formulae  at  once  supply  the  graphical  method  for  the  complete 
solution  of  the  problem.  In  this  way  not  only  can  every  problem  be 
expressed  mathematically  in  the  simplest  possible  manner,  but  also 
we  have  the  great  advantage  that  the  result  obtained  by  the  graphical 
solution  shews  straight  away  the  behaviour  of  the  circuit  under  all 
conditions. 

In  the  following  chapters  the  measurement  of  electric;  currents,  the 
magnetic  properties  of  iron  and  the  electric  properties  of  dielectrics 
are  fully  dealt  with.  In  the  last  chapter  the  constants  of  electric 
conductors  and  circuits  are  calculated. 

The  work  has  been  carefully  translated  by  Dr.  S.  P.  Smith, 
Lecturer  at  City  and  Guilds  (Engineering)  College,  London,  and  late 
Chief  Designer  at  the  General  Electric  Co.,  Witton;  in  addition, 
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Mr.  B.  P.  Haigh,  B.Sc,  of  the  University  of  Glasgow,  has  greatly 

assisted  in  preparing  the  matter  for  the  press.     The  customary  English 

symbols  and  expressions  have  been   substituted  throughout  in   the 

text  and  diagrams. 

Great  credit  is  also   due    to    the    publishers    for    their  valuable 

assistance, 

J.  L.  LA  COUR. 

O.  S.  BRAGSTAD. 


February,  1913. 
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INTRODUCTORY. 


1.  Continuous  Currents.  2.  The  Magnetio  Field.  3.  Electromagnetism.  4.  Elec- 
tromagnetic Induction.  5.  Energy,  Work  and  Power.  6.  Complex 
Quantities. 

In  this  introductory  chapter,  only  the  more  important  laws  governing 
electromagnetic  phenomena  will  be  summarised.  The  electrostatic  laws 
referred  to  in  the  later  chapters  will  be  found  discussed  in  Chapter  XIX. 

1.  Continuous  Currents.  If  an  electric  difference  of  potential  (p.d.) 
exist  between  the  terminals  of  a  conductor,  in  which  there  are  no 
electromotive  forces  (E-M-F/s)' active,  a  current  will  flow  along  the 
conductor  from  the  higher  to  the  lower  potential.  If  the  potential- 
difference  is  maintained  constant,  the  current-strength  will  also  be 
constant. 

Ohm  was  the  first  to  prove  that,  with  constant  temperature,  the 
current-strength  in  a  conductor  is  directly  proportional  to  the  difference 
of  potential  at  the  terminals  of  the  conductor. 

The  ratio  of  the  terminal  pressure  p  to  the  current  i  is  defined  as 
the  electric  or  ohmic  resistance  of  the  circuit. 

Thus  r=^ (1) 

The  ohmic  resistance  r  of  a  uniform  conductor  of  constant  cross- 
section  is  directly  proportional  to  its  length  I  and  inversely  proportional 
to  its  cross-section  q,  or  j 

r  =  P-; 

p  is  called  the  specific  resistance  of  the  conductor. 

In  the  electromagnetic  system  of  units,  r  has  the  dimension 

and  is  measured  in  ohms. 

rrr,  ,  Volt  108         ,  ^ 

Thus,  ohm  =  =  —  -  =  109  c.G.s.  units. 

ampere     10"1 

A.C.  A 
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Specific  resistance  is  taken  as  the  resistance  between  two  opposite 
faces  of  a  cube,  the  length  of  whose  side  is  one  cm.  Expressed  thus, 
the  specific  resistance  of  copper  is  : 

P  =  lfr.  10"6(1  +0004r)fl=  1-6(1  +0-004r>)  microhms, 
and  of  aluminium, 

P  =  2-7(1  +  0-0047")  microhms, 

where   T  denotes  the  temperature  in  degrees  Centigrade  and   the 

factor  0*004  is  the  temperature-coefficient — this  latter  happens  to  be  the 

same  for  both  copper  and  aluminium. 

Ohm's  Law  can  be  written  thus :  In  any  part  of  a 
circuit  in  which  no  active  E.M.F.  is  present,  the  current 
equals  the  ratio  of  the  fall  of  potential  along  this  part  of 
the  circuit  to  Us  resistance. 

Now,  since  electricity  cannot  accumulate  at  a  point  K, 
where  several  wires  are  joined  (Fig.  1),  it  is  obvious 
that  the  sum  of  the  currents  flowing  towards  the 
junction  must  equal  the  sum  of  those  flowing  away 

from  it.     Regarding,  then,  the  latter  as  positive  and  the  former  as 

negative,  we  have  for  every  junction  such  as  K: 


Pio.  1. 


2(i)  =  0. 


(2) 


This  is  known  as  KirchhqfjFs  First  Law,  which  may  be  written :  The 
algebraic  sum  of  all  currents  flowing 
towards  or  away  from  any  junction  is  zero. 
Consider,  now,  a  closed  electric  circuit, 
as  for  example  in  Fig.  2,  in  which  the 
potentials  of  the  several  points  are  de- 
noted by  the  letters  Px  to  PA.  Then, 
according  to  Ohm's  Law, 

V'i  =  e«  +  A-^2. 

V^™  -*2""-*3> 

to-      *i-*V 

Taking  the  algebraic  sum  of  ir9  by 
regarding  the  current  direction  as  positive  when   clockwise  and  as 
negative  when  counter-clockwise,  we  get: 


Fig.  S. 


Thus 


2(tr)  =  t^  +  i2r2  -  i3r3  -  i4r4  =  ea  -  eb  =  2(e). 

2(ir)  =  2(e) 


.(2a) 


This  is  Kirchhojfs  Second  Law,  which  reads  as  follows :  In  every  closed 
circuit,  the  algebraic  sum  of  the  products  of  the  current  and  resistance  in 
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the  several  parts  of  the  circuit  equals  the  algebraic  sum  of  the  E.M.F.'s 
acting  in  the  circuit. 

If  we  consider  the  phenomena  in  an  electric  conductor  from  the 
electrostatic  standpoint,  then  the  current  i  corresponds  to  the  passing 
of  a  quantity  of  electricity  i  per  second  from  a  point  at  potential  Pl  to 
a  point  at  lower  potential  P2.  By  moving  unit  positive  electric  charge 
from  potential  P,  to  P2,  the  work  done  by  the  electric  forces  is  Pi-P*', 
hence  the  work  done  when  current  i  flows  for  time  t  is 

This  energy  is  converted  into  heat.    The  work  done  in  unit  time  is 
the  power  (w),  whence 

w  =  t(P1-P2)  =  iV (3) 

This  law  was  first  demonstrated  experimentally  by  Joule,  and  reads : 
The  amount  of  heat  produced  in  a  conductor  by  a  constant  current  in  unit 
time  varies  directly  as  the  resistance  of  the  conductor  and  as  the  square  of  the 
current  flowing  in  it. 

If  a  constant  current  i  flows  in  a  circuit  in  which  an  B.M.F. 
e — produced  by  a  battery  or  generator — is  acting,  the  work  done 
per  second  equals  ei,  and  we  can  say  in  general  that  in  any  part  of  a 
circuit  where  the  E.M.F.  e  is  present  and  a  current  i  is  flowing,  the 
power  w  =  ei  will  be  given  out.  When  e  and  i  have  the  same  direction, 
this  energy  must  be  supplied  from  the  external  sources  which  produce 
the  current.  When,  on  the  contrary,  e  and  i  oppose  one  another,  work 
will  be  done  by  the  current  and  can  be  used  outside  in  the  form  of 
mechanical  or  chemical  energy,  and  so  on. 

2.  The  Magnetic  Field.  The  space  in  which  magnetic  actions  can 
be  observed  is  called  a  magnetic  field.  Without  forming  any  special' 
hypothesis  about  the  nature  of  magnetism,  it  is  nevertheless  possible 
to  speak  of  a  quantity  of  magnetism,  or  of  magnetic  masses  which  can 
be  regarded  as  mathematically  definite  quantities,  the  magnitude  of 
which  can  be  determined  by  the  forces  they  exert.  Like  magnetic 
masses  repel,  unlike  attract  one  another. 

Though  actually  there  is  no  such  thing  as  free  magnetism,  it  is 
often  convenient  to  substitute  for  magnetic  fields,  magnetic  masses 
which  are  assumed  capable  of  acting  at  a  distance.  For  instance,  the 
field  of  a  long  bar  magnet  can  be  replaced,  with  close  approximation,  by 
imaginary  magnetic  masses  situated  at  two  points  symmetrically  placed 
with  regard  to  the  axis  of  the  magnet.  These  points — known  as  the 
poles  of  the  magnet — are  from  0*8  to  0'85  of  the  axial  length  apart. 

The  force  exerted  by  two  magnetic  masses,  each  concentrated  at  a 
point,  on  one  another,  is  expressed  by  Coulomb's  Law, 

K=f^, (4) 

where  r  is  the  distance  between  the  two  masses  and  /  is  a  coefficient 
depending  on  the  system  of  units  and  on  the  medium. 


4  THEORY  OF  ALTERNATING-CURRENTS 

In  the  electromagnetic  system  of  units  (c.G.s.  system)  and  for  a 
gaseous  medium  or  vacuum,  /=1.  The  mechanical  force  K  has  the 
dimension  djm.  (K)  _  d\m.(LMT~% 

and  ia  measured  in     ™  8™  ni  absolute  units. 
sec1 

The  unit  of  mechanical  force  is  the  dyne,  and  is  defined  as  that  force 
which  gives  unit  acceleration  to  unit  mass. 

The  practical  unit  of  force  is  a  kilogram  weight,  1  kg  =  981000  dynes. 
The  dimension  of  the  product  m-jin,,  is 

consequently  magnetic  mass  has  the  dimension : 
dim.(m)  =  dim.(I*jl/,r-»). 
Unit  magnetic  mass  is  defined  as  that  mass  which,  when  placed  in  air, 
exerts  a  force  of  one  dyne  on  a  similar  mass  at  a  distance  of  I  cm. 
In  general,  the   points  in   a  field  where  magnetic  masses  appear 
„      to    be   concentrated  are  designated  poles.     Unit 
magnetic  mass  in  a  magnetic  field  is  acted  on  by  a 
mechanical  force  //.     This  force  H  is  defined  as  the 
field-strength  or  -intensity,  and  has  the  dimension : 
^AMctoleal  foW.jirc.fo-ljftr-,). 

V  magnetic  mass  } 
By  a  line  of  force  is  understood  that  line  the  tan- 
gent to  which  at  any  point  coincides  in  direction 
with  the  field-strength  at  any  point  (Fig.  3). 
Lines  of  force  can  be  represented  by  means  of  iron  filings  strewn  on 


Fio.  «.— Plaid  of  B>r  Mnaiict, 

a  sheet  of  paper  placed  in  the  plane  of  the  field.     The  filings  then 
arrange  themselves  in  lines  which  approximate  in  direction  to  the  lines 
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of  force.    Fig.  4  is  from  a  photograph  taken  with  a  bar  magnet,  whilst 
Fig.  5  shows  the  lines  of  force 


of  a  horse- shoe  magnet. 

Constant  magnetic  forces 
have  a  potential,  which,  at  any 
point  in  the  field,  is  given  by : 


..(5) 


p.-z 


(")- 


where  m  is  the  magnetic  mass 
of  the  field  and  r  the  distance 
from  the  point  considered. 
The  summation  is  taken  for 
all  the  magnetic  masses  pro- 
ducing the  field. 

A  surface  which,  at  every 
point,  is  perpendicular  to  the 
direction  of  the  field  is 
called  an  equipotential  surface. 
Such  a  surface  is  the  locus  of 
all  points  having  the  same 
potential 

The  element  of  magnetic  flux- 
passing  through  a  surface- 
element     is      the     product     of  fto,  s.-FUld  of  Hone^hoo  Magnet. 

the    surface-element    df    and 

the  normal  component  H,  of  the  field-strength,  that  is  (Fig.  6) ; 
d<b  =  H,df=Hcos*df, 


and 


Km- 


W 


If  we  split  up  any  desired  surface  F  into  surface- 
elements  and  take  the  sum  of  the  fluxes  passing 
through  the  several  elements,  we  get  the  inaguetk 
flvx  v  passing  through  the  surface  F; 

#  =  2,.ffcosad/ 


=  \Hcosadf={lI„df. 


A  magnetic  tube  of  force  (Fig.  7)  is  defined 
as  the  space  which  is  l>ouiided  by  lines  uf 
force  passing  through  a  closed  curve  ft 
If  we  draw  a  number  of  surfaces  through 
any  point  in  the  tube,  then  the  same 
flux  will  pass  through  all  sections  which 
the  tube  of  force  makes  with  these  sur- 
faces ;  for,  in  an  infinitely  small  tube,  for  any  section,  we  have 
d*=.H.df=  Hcoaadf^IIdf., 
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where  dfH  denotes  the  section  which  the  tube  cuts  on  the  equipotcntial- 
surface  at  the  point  considered. 

Gauss  and  Green's  Theorem  can  be  deduced  directly  from  Coulomb's 
Law,  and  may  be  written :  The  total  number  of  lines  of  force  $  passing 
through  any  closed  surface  F  equals  irr  times  the  sum  of  the  magnetic  masses  m 
within  that  surface.  From  this  it  follows  the  flux  has  the  same 
dimension  as  magnetic  mass. 


I 


#„<*/=*=  47r2(m). 


(6) 


Since  no  flux  can  pass  through  the  boundary  of  a  tube  of  force, 
it  follows,  from  Gauss  and  Green's  Theorem,  that  the  flux  passing 
through  any  section  of  a'  tube  is  quite  independent  of  the  position 
of  the  section,  i.e.  the  flux  inside  a  tube  of  force  is  constant.  A  tube 
enclosing  the  flux  <£  =  1  (cg.s.  units)  is  defined  as  a  unit  tube  of  force, 
and  any  tube  of  force  may  be  said  to  contain  a  certain  number  of  unit 
tubes.  In  a  strong  field,  the  unit  tubes  have  a  very  small  cross- 
section.  The  field-strength  at  a  point  denotes  the  number  of  unit 
tubes  of  force  of  like  section  which  pass  through  a  square  centimetre  at 
theplace  in  question. 

The  above  properties  of  the  magnetic  field  hold  in  general  for 
a  homogeneous  medium,  as  for  instance  a  vacuum.     If  a  body  be 


Fio.  a— Weakening  of  Magnetic  Field  due       Fio.  9.— Strengthening  of  Magnetic  Field  duo 
to  Introduction  of  Di&magnetic  Body.  to  Introduction  of  Paramagnetic  Body. 

brought  into  a  vacuum  where  a  magnetic  field  exists,  the  field  in  the 
body  and  its  neighbourhood  will,  in  general,  change  in  shape  and 
strength.  If  the  field  is  weakened,  i.e.  if  the  tubes  of  force  are  widened 
out,  the  body  is  called  diamagnetic  (Fig.  8) ;  if  the  field  is  strengthened, 
i.e.  if  the  tubes  are  contracted,  the  body  is  called  paramagnetic  (Fig.  9), 
whilst  if  the  field  becomes  strongly  concentrated,  the  body  is  said  to  be 
ferromagnetic. 

The  magnetic  conductivity  of  a  substance  is  called  its  permeability, 
and  is  denoted  by  ft. 

When  a  body  is  brought  into  a  magnetic  field,  it  is  said  to  be 
magnetised  by  induction,  and  the  ratio 
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is  called  the  magnetic  induction  or  the  fivx  density.  d<b  is  the  flux  passing 
through  the  elemental  section  rf/of  ah  equipotential  surface  in  the  body. 
In  a  ferro- magnetic  substance  situated  in  a  uniform  field,  take  two 
cylindrical  cavities,  whose  axes  lie  in  the  direction  of  the  magnetic 
force.  The  one  cavity  (Fig.  10a)  is  a  narrow  canal,  so  long  that  it  may 
be  considered  as  a  tube  of  force,  since  the  lines  of  force  are  parallel  to 
the  axis.  If  we  bring  unit  magnetic  mass  into  this  cavity,  in  order  to 
test  the  magnetic  conditions,  it  will  be  acted  on  by  a  force  equal 
to  the  field-strength  H  at  this  point;  this  force  is  much  smaller  than 

H**TI-B 


itlc  Body. 


the  above  defined  induction  B ;  whence  it  follows  that  the  magnetic 
force  inside  a  ferro-magnetic  substance  or  a  magnet  is  not  the  same 

as  that  -rj  in  a  vacuum,  but  is  defined  thus  : 
<¥ 

The  magnetic  force,  or  field-strength,  at  a  point  inside  a  magnet  is  Ike  force 
which  ads  on  unit  magnetic  mass  when  placed  at  this  point,  when  the  same 
is  taken  in  an  infinitely  thin  cavity  cut  in  the  direction  of  the  lines  of 
magnetisation. 

The  second  cavity  (Fig.  lOt)  is  an  infinitely  thin  crevasse  perpen- 
dicular to  the  direction  of  the  magnetic  force.  The  unit  mass, 
when  brought  into  this  crevasse,  will  be  acted  on  by  the  force  B, 
although  the  magnetic  force  inside  the  magnet  is,  as  shown,  only  //. 
In  order  to  explain  this  phenomenon,  we  imagine  the  two  end- 
surfaces  P„  and  Fs  to  be  respectively  charged  with  north  and 
south  magnetism.  These  magnetic  masses  exert  a  force  on  the  unit 
mass  at  point  P,  which  can  be  calculated  from  Coulomb's  Law. 

Denote  the  magnetic  density  of  the  two  charges  by  +7  and  -I. 
Then  the  force  exerted  on  P  by  a  surface-element  df  is  —J-.    This  can 

be  split  up  into  two  components — one  in  the  direction  of  the  magnetic 
force,  and  the  other  normal  to  it.  Component  forces  normal  to  the 
magnetic  force  obviously  neutralise  one  another,  whilst  the  resultant 
in  the  direction  of  the  magnetic  force  is  : 

—£-  vas<p  =  l  dm, 
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where  d*>  is  the  solid  angle  subtended  by  df  at  P.  Summing  up  the 
components  of  all  surface-elements  of  the  surface  FN  in  the  direction  of 

*'W6get  f    /*._*/, 

when  the  surface  FN  is  large  compared  with  the  height  of  the  cylinder. 
The  same  result  is  obtained  by  considering  the  surface  F8,  so  that  the 
resultant  magnetic  force  of  the  two  surface-charges  is  4ir/,  and  as 
resultant  force  on  the  unit  mass  in  the  crevasse,  we  get 

H+±*I=B, 

where  /  is  defined  as  the  intensity  of  magnetisation.    I  is  also — as  above 
assumed — equal  to  the  density  of  the  surface-charges  assumed  to  exist 
on  the  boundary  surfaces  FN  and  Fs. 
The  magnetic  permeability  is 

and  has  the  dimension  of  a  number. 

Consequently  the  magnetic  induction  B  and  the  field-strength  H 
have  the  same  dimension.  The  unit  of  this  dimension  in  the  electro- 
magnetic system  of  units  is  called  a  Gauss. 

A  distinction  must  be  made  between  the  //-flux  and  the  22-flux. 
The  U-flux,  i.e.  the  flux  due  to  induction,  which  passes  through  a 
closed  surface  F,  is  independent  of  the  magnetic. nature  of  the  medium 
in  which  the  surface  is  taken,  that  is,  Gauss'  theorem  is,  in  general : 


i 


ILHdLf-*4w2(m)t   , (6a) 


or,  in  other  words,  the  B-flux  remains  constant  in  jessing  from  one 

medium  to  another. 

Take  two  points  close  to  the  boundary  surface  between  the  two 

substances  Kx  and  K2  (Fig.  11).  Then, 
since  the  2?-flux  remains  the  same  in  passing 
from  one  medium  to  the  other,  we  have 


*--*.. 


or 


If  fh<H*>  then   Hn,$Hnti  that  is,  in 


Fig.  11. 


passing  from  one  medium  to  the  other,  the 
components  of  the  magnetic  force,  taken  normal 
to  tlie  houndary  surface,  are  discontinuous. 
The  tangential  components  of  the  mag- 
netic force  are  continuous  in  passing  from  one  medium  to  another, 
that  is,  //,,  =  //, 


'«» 


whence 


A 


N 


i.e.  in  passing  from  one  medium  to  another  the  tangential  components  of  the 
B-Jlux  are  discontinuous. 
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From  Fig.  11,  *EL°J=£. 

tan  a,    /ij 

Hence,  in  passing  from  one  medium  to  another  the  induction  or  B-tubes 
are  discontinuous.  In  substances  of  high  permeability  therefore,  like 
iron,  the  tubes  enter  and  leave  almost  perpendicularly  to  the  surface. 

In  order  to  treat  magnetic  problems  mathematically  in  spite  of  the 
discontinuity  of  the  2f-tubes,  we  assume  the  boundary  surface  between 
the  two  bodies  to  be  replaced  by  magnetic  surface-charges  from  which 
tubes  enter  and  leave.  Where  the  flux  passes  out  of  a  medium  of 
higher  permeability,  e.g.  iron,  these  magnetic  charges  have  the  positive 
sign  (north-pole  magnetism);'  and  where  it  enters  a  medium  of 
higher  permeahility,  the  negative  sign  (south-pole  magnetism).  Such 
imaginary  charges  are  called  poles. 

3.  Electromagnetism.  A  magnetic  field  is  most  easily  produced  by 
means  of  an  electric  current.  Oersted  was  the  first  to  discover  that 
an  electric  current  acted  on  a  freely-suspended  magnetic  needle  by 
tending  to  bring  the  same  into  a  direction  perpendicular  to  that  of  the 
current.  According  to  the  elemental-law  of  Laplace,  the  mechanical 
force  K  exerted  by  a  current-element  on  the  magnetic  mass  m  at  a 
distance  r  is:  mids  . 

^=-^-8in* ; (7) 

This  force  has  a  direction  normal'  to  the  plane  passing  through  the 
element  ds  and  the  mass  m  (Fig.  12a).    Conversely,  the  current-element 
.  is  acted  on  by  the  magnetic  mass  in  the  opposite  direction. 


75* *- 

ids   —  H   "f 

/ 

/ 

/ 

/ 

/ 

/             * 

V 

Fig.  12a.  Fin.  126. 

Electromagnetic  Force*. 

Every  electric  current  produces  a  magnetic  field,  which  surrounds 
the  conductor  in  which  the  current  flows,  and  acts  on  all  magnetic 
masses  in  the  neighbourhood;  conversely,  every  conductor  which 
carries  a  current  is  acted  on  by  a  mechanical  force  when  brought  into 
a  magnetic  field.     This  force  is  expressed  by 

K'  =  Hidssm<f>, (la) 

where  <f>  denotes  the  angle  between  the  current-element  ds  and  the 
direction  of  the  field  H  (Fig.  126). 

As  mentioned  above,  the  field  at  any  point  due  to  a  current- 
element  is  perpendicular  to  the  plane  passing  through  the  element  and 
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the  point  considered.  The  direction  of  this  field  can  at  once  be  found 
from  the  following  rule : 

Place  the  palm  of  the  right  hand  along  the  conductor  so  that  the  fingers 
point  in  the  direction  in  which  the  current  is  flowing — tlien  the  thumb  points 
in  the  direction  of  the  field-strength  H  at  the  point  P  (Fig.  13). 

If  the  conductor  (Fig.  lib)  is  movable,  it  would  be  displaced  by 
the  force  K'  in  the  direction  as  given  by  following  rule : 

Place  the  left  hand  along  the  conductor  so  that  the  flux  enters  the  palm  of 
the  hand  and  the  fingers  point  in  the  direction  of  the  current — the  thumb 
will  then  give  the  direction  in  which  the  conductor  will  tend  to  move. 

This  rule  can  be  used  for  determining  the  direction  of  rotation  in 
the  case  of  a  motor. 


Fio.  18. —Determination  of  Direction  of  Fiold 
due  to  Electric  Current. 


Fio.  H.—  Magnetic  Field  produced 
by  Current  in  a  Straight  Wire. 


From  formula  (7)  it  is  clear  that  the  lines  of  force  produced  by  a 
straight-line  current  (Fig.  14)  are  concentric  circles,  lying  in  planes  normal 
to  the  conductor,  and  that  the  field-strength  //  at  any  point  r  cm  away 
from  the  conductor  is  9,- 

r 
For  a  circular  current  (Fig.  15)  the  field  at  the  centre  is 

2iri 


11= 


rT> 


where  11  ~  radius  of  the  circle. 

From  this  we  can  express  the  dimension  of  current 
in   electro-magnetic  units, 

i  =  dim.  (length  x  field-strength) 

=  dim.(I*Jf*r-i); 

and  in  the  same  system  of  units,  unit  current  is 
that  current  which — flowing  in  a  circle  of  unit  radius — produces  a 
field-strength  2ir  at  the  centre.     An  ampere  is  T^  of  this  unit. 


Fio.  16. 
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At  the  centre  of  a  long  solenoid  (Fig.   16),  the  strength  of  the 
fieldis  4wiv> 

where  w  =  no.  of  turns  of  the  solenoid  and  t  =  current  in  each  turn, 
measured  in  absolute  units. 


>ig.  16.— Solenoid. 

When   j  is  small,  the  field-strength  may  be  written : 

and  is  nearly  constant  at  all  points  inside  the  solenoid.     When  the 
current  is  measured  in  amperes,  we  get 

O'iiriw     1  -25iw      iw 


i?= 


0-8Z,' 


iw  is  called  the  ampere-turns  of  the  solenoid,  and  is  of  late  referred 
to  as  the  magnetomotive  force,* 

This  formula  is  still  more  exact  if  the  solenoid  be  closed  (Fig.  17) 
to  form  a  ring. 

The  work  done  in  carrying  unit  quantity 
of  magnetism,  placed  inside  this  ring, 
round  one  complete  turn  of  length  L 
against  the  force  H,  is 

HL  =  O'tiriw. 


If  the  unit  quantity  is  moved  over  any 
closed  curve  C,  the  work  done  is  equal  to 
the  sum  over  the  whole  circuit  of  all  the 
work-elements  II dl,  i.e. 

Y.JIdl^Hdl 

i  0  Fig.  17.— Simple  Magnetic  Circuit. 

This  summation  is  called  the  line-integral 

of  the  magnetic  force  H  over  the  curve  C,  and  is  equal  to  (Mar  times  the  sum 

of  all  the  ampere-turns  linked  with  the  curve  C. 

Thus,  fj5Tcfl«(Hirw (8) 

Of  recent  years,  it  has  been  customary  to  start  from  this  as   the 

*  This  must  not  be  confused  with  the  obsolete  conception  of  magnetomotive 
force  (m.m.f.),  which  is  used  to  denote  l*25tt0,  i.e. 

H.M.F.  =  1J  amp.-turn8. 
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fundamental  law  of  electromagnetism  and  not  from  the  differential 
equation  in  formula  (7) ;  the  former  can  be  deduced  from  the  latter. 

Let  the  toroid  in  Fig.  17  have  an  iron  core,  and  let  a  current 
pass  through  the  coils,  which  are  wound  evenly  on  the  core.  Then  at 
all  points  equidistant  from  the  axis  of  the  ring  there  will  be — on  account 
of  symmetry — the  same  magnetic  force;  and,  corresponding  to  this 
force  H,  there  will  be  the  induction  B.  Hence  the  tubes  of  induction 
produced  by  the  current  are  concentric  and  have  their  path  inside  the 
ring.  The  whole  body  will  be  magnetically  neutral  to  all  other 
bodies,  i.e.  there  are  no  poles,  and  is  therefore  termed  a  closed  magnetic 
circuit. 

Magnetic  circuits  as  a  rule  have  not  a  constant  section  as  in  the 
case  of  the  above  ring,  and  have  not  the  same  material  throughout, 
so*  that  the  permeability  varies  from  point  to  point. 

Consider,  however,  one  tube  of  induction  of  a  magnetic  circuit — we 
know  that  the  flux  <£,  in  the  tube  is  constant,  and  practically  sym- 
metrically distributed  over  the  small  surface  fx ;  then 

and  B  =  fiH; 

B     «t> 
hence  H=*  —  =  —*, 


whence  it  follows  that 


/*     hf. 


nv 
0 


iw     f  0-8dl     p 


where  Rx  is  called  the  magnetic  resistance  or  reluctance  of  the  tube  of 
force  under  consideration.  ^ 

is  the  magnetic  permeance  of  the  tube  and  has  the  dimension  of  a  length. 
If  several  tubes  are  interlinked  with  the  same  ampere-turns,  the 
permeance  of  all  the  tubes  can  be  added  and  the  reluctance  R  of 
the  total  magnetic  circuit  with  which  the  ampere-turns  iw  are 
interlinked  is  1 

i2=   L 


2V 
The  total  flux  in  the  circuit  is  then 

...  j£ 


iw 


a         ampere-turns  ,_v 

or  flux  =  -  V  -  -       (9) 

reluctance  v  ' 

The  electromagnetic  unit  of  flux  is  called  a  iveler.     Formula  (9)  is 
similar  to  Ohm's  Law  for  electric  currents.     From  this  formula  and 
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the  fact  that  tubes  of  induction  possess  constant  flux,  it  follows  that 
KirchhofTs  two  laws  hold  for  magnetic  circuits. 


CO 


CE 


Fig.  18a  shows  two  interlinked  circuits  for  which  these  laws  hold, 
the  magnetic  circuits  corresponding  to  the  electric  circuits  of  Fig.  186, 

4.  Electromagnetic  Induction.  When  a  conductor  forms  a  closed 
circuit  in  a  magnetic  field  which  is  varying,  an  B.H.P.  will  he  induced 
in  the  circuit.  This  phenomenon,  discovered  by  Faraday,  is  known  as 
electromagnetic  induction.  On  the  basis  of  Faraday's  researches,  Maxwell 
formulated  the  fundamental  law  of  electromagnetic  induction,  which 
experience  has  completely  verified.  This  law  can  also  be  developed 
from  the  fundamental  laws'  of  electromagnet  ism  and  the  principle  of 
the  conservation  of  energy.     Maxwell's  Law  is  as  follows  : 

The  E.M.F.  e  induced  in  a  cloned  conductor  V  equals  the  rate  of  change  of 
the  fiux  4>  which  is  interlinked  with  the  conductor  C. 

Tta.  ...»   (10) 

The  current  produced  in  the  circuit  C  by  this  induced  E.M.F.  is  called 
an  induced  current,  and  the  field  which  induces  the  k.m.F.  is  called  the 
inducing  field.  The  change  of  flux  can  take  place  in  various  ways, 
e.g.  by  a  change  of  field- strength,  whilst  the  conductor  retains  its 
position,    or    by    a    change    of 

position  of  the  conductor  in  a  Qaumutnf  $  dunning 

constant  field.  In  the  first  case 
the  direction  of  the  current  is 
always  such  as  to  oppose  the 
change  in  the  field -strength— 
hence  the  negative  sign  in 
formula  (10).  By  means  of 
the  hand-rule,  we  get  the  direc- 
tions of  the  induced  k.m.f.'b  as  Fin.  itu.  fw.  is*. 
in  Figs.  19a  and  b  for  increase 

and  decrease  of  the  field-strength.  In  the  second  case  the  e.m.f.  is 
induced  by  a  relative  displacement  of  the  conductor  in  the  field. 

When  only  a  part  of  the  conductor  is  in  the  field  it  is  easier 
to  determine  the  induced  e.m.f.  by  means  of  the  elemental-law  of 
electromagnetic  induction.  Such  a  (aw  cannot  be  proved,  and  it  must 
suffice  that  from  this  the  fundamental  law  can  be  deduced. 


..(11) 
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This  elemental  law  is  as  follows : 

If  an  element  ds  of  a  circuit  be  noted  in  a  magnetic  field,  an  E.M.F.  will 
lie  induced  equal  to  thefiur  cut  by  ds  in  unti  time,  i.e. 

*--ar 

To  determine  the  positive  direction  of  the  induced  k.h.f.  the  following 

hand-rule  is  convenient : 

Place  the  right  hand  in  the  magnetic  field  so  that  the  flux  enters  the  palm 
and  the  thumb  points  in  the 
direction  in  which  the  con- 
ductor moves — the  fingers 
will  then  point  in  the  direc- 
tion of  the  induced  E.M.F. 
(or  of  the  current),  as  in 


Fig.  2C 
Ofte 


Dften  the  circuit  C  is 
not  a  simple  curve,  but 
consists  of  several  turns, 
some  of  which  do  not 
embrace  the  total  flux. 
*  In  ever;  case,  the  E.M.F. 
induced  in  a  turn  is  pro- 
portional to  the  change 
1  of  flux  in  that  turn. 
Hence,  to  find  the  total 
e.m.f.  induced  in  a  circuit  or  coil,  the  sum  S^w,)  of  all  the  inter- 
linkages  of  flux  and  turns  must  be  taken  ;  thus,  in  general, 

.--^ (io«) 

that  is,  the  E.M.F.  induced  in 

number  of  inlerlinkages  of  the  fiui 

E.H.F.  has  the  dimension 

dim.  e  -  dim.  /*^*?W*J *  ™.^ 
\  time  / 

=  dim.(I,*.ftf*7,-i). 
The  absolute  unit  of   electromotive  force   is   that   e.m.f.   which  is 
induced  in  a  circuit  when  the  number  of  interlinkages  is  altered  by 
unity  in  unit  time.     The  practical  unit  has  been  chosen  equal  to 
10s  times  this  absolute  unit,  and  is  called  a  mil ;  hence 

at 

6.   Energy,  Work  and  Power.     Every  mechanical  system  of  forces 
possesses  a  certain   potential  energy.     Such  a  system  always  tends 
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to  assume  a  position  of  equilibrium,  in  which  the  potential  energy 
will  be  a  minimum.  .When  the  potential  energy  is  decreased,  work  is 
done  by  the  system ;  when  the  potential  energy  is  increased,  energy 
is  taken  from  outside,  i.e.  work  is  given  to  the  system. 

Electromagnetic  forces  also  possess  potential  energy,  which  can  be 
determined  from  the  fundamental   law  of    electromagnetism.     The 
potential  energy  of  an  electric  current  t  interlinked  with  a  magnetic 
field  #  independent  of  tbe  current  is  -  i*,  where  *  is  the  flux  inter- 
linked with  the  current  i,  the  direction  of  the  flux 
being  the  same  as  that  of  the  flux  due  to  the 
current  (Fig.  21).    If  the  conductor  carrying  the 
current  t  is  displaced,  or  the  field  is  varied,  so 
that  the  interlinked  flux  changes  from  *,  to  *t,     c 
the  forces  exerted  by  the  field  on  the  current 
will  perform  an  amount  of  work  A  equal  to  the 
change  of  potential  energy  in  the  system.  « 

Thus'  A  -»(*,-*!>.  f'"*1- 

According  as  4>,  is  greater  or  less  than  *.,  the  energy  of  the  system 
decreases  or  increases,  and  the  work  is  done  by  the  field  forces  or 
against  them. 

If  the  current  is  kept  constant  and  the  flux  varied,  the  work  done 
by  the  field  on  the  current  in  the  time-element  dt  is 

dA  =  id% 
and  the  power  exerted  by  the  field  at  this  instant  will  be 

w dt    %-n 

or  w=  -ex, (12) 

where  e  is  the  K.M.F.  induced  in  the  direction  in  which  the  current 
flows. 

If  the  flux  $  is  increased,  i.e.  if  rf*  is  positive,  an  k.m.f.  e  will  be 
induced  which  will  tend  to  weaken  the  flux  by  opposing  the  current. 
Thus  w  is  positive  and  work  is  done  by  the  field.  This  is  the  case  of 
a  motor.  On  the  other  hand,  if  the  flux  *  is  decreased,  an  e.m.f.  will 
be  induced  in  the  same  direction  as  the  current  t  and  the  power  W  is 
negative.  The  work  is  thus  done  against  the  field,  and  we  have  a 
generator.  We  thus  see  that  the  current  and  induced  E.M.F.  have  the  same  , 
direction  in  a  generator  and  opposite  directions  in  a  motor. 

From  formula  (12)  and  from  section  1,  it  is  seen  that  the  work 
supplied  to  a  circuit  in  the  element  of  time  dt  is  always 

dA  =  eidt,  (13) 

where  e  and  i  are  to  be  taken  positive  when  they  have  the  same 
direction. 

If  current  and  k.m.f.  have  constant  magnitudes,  as  is  the  case 
with  continuous  currents,  the  supplied  power  is 
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If  the  circuit  is  not  a  simple  one,  as  in  Fig,  21,  but  bas  several 
complicated  branches,  then  the  potential  energy  of  this  system  is 

-  S{2(«.*J}, 

where  2(wx&K)  denotes  the  number  of  interlinkages  of  tubes  of  force  with 
the  current  t.  The  product  of  current  and  interlinkages  X(wm^x)  must 
be  taken  for  each  current  of  the  system  and  the  sum  of  the  whole  found. 

If  the  circuit  is  movable  in  space,  the  electrodynamic  forces  which 
act  on  it  tend  to  make  the  potential  energy  of  the  system  a  minimum. 
Conversely,  if  the  circuit  is  fixed  in  space  the  distribution  of  the  flux 
will  be  such  that  the  number  of  interlinkages  of  tubes  of  force  tends  to 
become  a  maximum. 

When  the  flux  of  the  magnetic  field  is  not  independent  of  the  current  in 
the  electric  circuit,  but  its  reluctance  constant,  then  the  potential  energy 
of  such  a  system  is  _  £2t  {2(w,*x)}. 

The  simplest  form  of  such  an  electromagnetic  system  is  an  electric 
circuit  together  with  the  magnetic  field  produced  by  the  current  in  the 
circuit.  The  energy  which  is  necessary  for  the  production  of  the  mag- 
netic field  of  the  circuit  is  equal  to  the  potential  energy  with  opposite 
sign.  Let  us  calculate  this  energy.  The  variation  of  the  energy  in  the 
time  dt  is  dA=  -eidt  =  id2 (wx4>x). 

If  the  reluctance  of  the  field  is  constant,  <£>s  is  proportional  to  t,  and  by 

integration  we  obtain  r 

A  =  J  id2(wx$x)  =  \iZ(wx<t>s\ 

which  is  the  magnetic  energy  of  an  electric   circuit  with   constant 

reluctance.  Substituting  in  this  formula  the  relation  I  Hdl  —  4mvx,  the 
energy  of  the  field  per  unit  volume  is  expressed  by      ■* 


'-R£-H 


which  is  quite  analogous  to  the  expression  for  the  work  of  deformation 
in  a  purely  elastic  body.     This  formula  for  the  field  energy  per  unit 

volume  holds  quite  generally  for  all  mag- 
netic fields. 

If  an  iron  ring  with  an  air  gap,  as  shown 
in  Fig.  22,  is  magnetised  by  means  of  a 
continuous  current,  the  energy  supplied  to 
it  will  be  &*2(i0,$«),  which  will  be  stored 
in  the  magnetic  circuit.  This  energy  exerts 
a  force  on  the  magnetic  circuit,  which  strives 
to  reduce  the  reluctance  of  the  latter.  In 
the  present  case  this  could  be  accomplished 
by  decreasing  the  air  gap.  The  magnetic 
charges  which  we  can  suppose  to  exist 
Fl0  22  on  the  boundary  surfaces  possess  opposite 

polarity  and  attract  one  another.     Thus 
the  force  of  attraction  between  these  two  surfaces  stresses  the  whole 
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ring  like  a  spring,  which  condition  only  ceases  when  the  current,  and 
with  it  the  magnetism  and  stored  energy,  disappears. 

The  attractive  force  between  the  two  surfaces  Q  may  be  easily 
calculated.  The  magnetic  charge  on  a  surface  exerts  a  force  of  2irl  on 
each  of  the  IQ  units  of  the  opposite  surface.  Consequently,  the  force 
of  attraction  is  g^  2ttI2Q 

or,  if  we  put  B  ^  4ir/, 

then  K-g-^dpm. 

Power  has  the  dimension 

dim. (power)  =  dim.  (E.M.F.  x  current)  =  dim.(L2MT~*). 

The  practical  unit  of  power  in  the  C.6.S.  system  is  a  watt. 

Watt = volt  x«ampere  =  108  x  10"1  =  107  units  of  power  in  the  electro- 
magnetic system. 

The  unit  of  work  in  the  electromagnetic  system  is  the  erg : 

1  erg  =  1  cm  dyne ; 

and  the  practical  unit  is  the  joule : 

1  joule  =  107  ergs. 

Thus  the  power  of  one  watt  corresponds  to  one  joule  per  sec.  The 
engineer's  unit  of  work  is  the  kilogramme-metre  (kgm)  or  the  foot- 
pound (ft.-lb.). 

Since  1  kg  =  2  205  lbs.  =  98 1 000  dynes  { 

or  1  lb.  -  0-453  kg.  =  444000  dynes, 

and  1  metre  -  328  ft.    or    1  ft.  -  30-5  cm., 

then  1  kgm  =  981000 . 1 00  ergs  =  981  joules 

and  1  ft.-lb.  =  444000 .  305  ergs  - 1  355  joules. 

The  practical  unit  of  power  is  known  as  a  hwse-powei: 

The  horse-power  in  the  metric  system  as  used  on  the  Continent  is 

1  P.s.  =  75  kgm  per  second  =  75 .  9*81  -  736  watts ; 

and  in  the  English  system, 

1  H.P.  =  550  ft-lbs.  per  second  =  550 . 1-355  =  746  watts. 

The  unit  of  heat  is  the  calorie,  and  is  equal  to  the  mean  amount  of 
heat  required  to  raise  the  temperature  of  unit  mass  of  water  by  one 
Centigrade  degree. 

The  small  or  gm-ealorie  is  equivalent  to  0428  kgm ;  thus  a  gm-calorie 
is  equivalent  to  4*2  joules  or  the  power  of  4*2  watts  for  one  second. 

The  large  or  kg-calorie  is  1000  times  as  large  as  the  gm-calorie. 

6.  Complex  Quantities.  It  is  well  known  that  any  given  positive 
or  negative  number  can  be  represented  by  a  point  in  the  abscissa  axis 

OX,  by  taking  the  direction  from  the  origin  0  towards  X  as  positive 

A.C.  B 
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and  the  opposite  direction  as  negative.     We  can  extend  this  system  of 

representation  by  letting  the  complex  number  a  +jb,  where  j  =  V^T, 

be  represented  by  a  point 
in  the  plane  of  the  co- 
ordinates, which  is  obtained 
by  setting  off  the  distance 
b  along  the  ordinate  at  a 
in  the  Xaxis,  b  being  set 
off  in  the  direction  of  the 
F-axis  when  it  is  positive 
and  in  the  opposite  direc- 
tion when  it  is  negative. 

Thus  every  number,  whether 
real  or  imaginai'y,  has  a  corre- 
sponding point  in  the  plane 
of  the  co-ordinates  (Fig.  23)  ; 
conversely,  every  point  in 
the  plane  of  the  co-ordinates 
corresponds  to  a  definite 
number. 

In  the  following,  symbolic 
expressions    for    complex 


negative  iral  oaLu& 


positive  real  oolites 


Fig.  28. 


quantities  will  be  denoted  by  placing  a  dot  below  the  letter. 
Fig.  23,  let  a  =  r  cos  ^      an(i     j  =  r  sin  <£, 


Thus,  in 


where 


r  =  \la2  +  b*    and     tan  <£  =  - ; 


a 


then  the  symbolic  expression  for  the  point  X  is 

X = a  +jb  =  r  (cos  <j>  +j  sin  <f>)  =  r«   , 

where  €  =  2*71828  is  the  base  of  natural  logarithms. 

r  is  called  the  absolute  value  of  the  complex  quantity  A",  and  equals 
the  length  of  the  line  joining  the  origin  0  to  the  point  X.     <t>  is  defined 

as  the  argument  of  the  complex  quantity,  and  is  the  angle  the  vector  OX 
makes  with  the  axis  of  positive  real  values.  Positive  real  numbers  fall 
on  the  axis  representing  positive  real  values,  i.e.  to  the  right  of  0  on 
the  abscissa-axis  (see  Fig.  23),  and  have  the  argument  zero,  whilst 
negative  real  numbers  fall  to  the  left  of  0  on  the  abscissa-axis  and  have 
the  argument  tt. 

Similarly,  positive  imaginary  numbers  have  the  argument  ^  and  lie 

on  the  positive  ordinate-axis ;  negative  imaginary  numbers  have  the 

argument  -jr-  and  lie  on  the  negative  part  of  the  ordinate-axis. 

Two  complex  numbers  which  have  the  same  absolute  value  and 
whose  arguments  are  equal  but  of  opposite  sign  are  called  conjugate 
numbers,  as,  for  example,  a  +jb  and  a  -jb.  Two  conjugate  complex 
numbers  correspond  to  points  in  the  plane  which  are  the  images  of  one 
another  with  respect  to  the  axis  of  real  values. 
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We  must  now  extend  our  conception  of  complex  quantities  and  see 
how  the  same  can  be  subjected  to  the  process  of  calculation.  This 
extension  can  be  so  effected,  that  complex  magnitudes  can  be  calculated 
by  the  same  rules  as  those  which  govern  the  operation  of  real  magni- 
tudes, and  the  fundamental  laws  for  real  magnitudes  can  be  taken 
as  special  cases  of  these  rules.  For  this  purpose,  we  deduce  the 
following  formulae : 

Addition  and  Subtraction. 

Let  X=o1+<;7>1    and     Y=ai+jbr 

Then  Z=X±Y=a+jb  ' 

-  (ai  +A)  ±  (a2  +J\)  -  ai  ±  H  +J(hi ±  h)- 
Both  X  and   Y  represent  a  point  or  a  vector  in  the  plane  of  the 
co-ordinates. 

Let  a  point  P  in  the  plane  of  the  co-ordinates  be  represented  by  two 
complex  expressions,  e.g.  P=sa+jb  =  c+jd9  then  we  must  have 

a  —  c    and    b=d, 

for  the  point  P  has  only  one  abscissa  and  one  ordinate.  Hence  every 
complex  equation  such  as  a  +jb  =  c  +jd  can  always  be  split  up  into  two 
real  equations.  This  is  due  to  the  fact  that,  strictly  speaking,  j  is 
merely  a  symbol  or  index,  which  serves  to  distinguish  between  ordinate 
and  aoscissa  magnitudes  in  analytical  expressions. 

From  the  above  Theorem  of  Addition,  it  then  follows  directly  that 

a  =  al±a2    and    b  =  b1±b2, 
when  X=a1+jb1;     Y  =  a2  +;62 ; 

and  Z=X±Y=a+jb. 

Hence  Z  is  represented  by  a  point  whose  co-ordinates  are  the  sum 
of  the  co-ordinates  of  X  and  Y. 

As  seen  from  Fig.  24a,  the  radius-vector  Z  is  the  geometrical  sum  of 
the  vectors  X  and  Y;  or,  in  other  words,  Z  is  the  resultant  of  the  two 
components  X  and  Y. 

Z 


real  cunt 


Via.  14a.— Addition. 


Z    "** 

Fio.  '^.—Subtraction. 


The  point  Z  is  obtained  by  drawing  a  line  from  the  point  X  parallel 
and  equal  to  OY \  or,  in  other  words,  starting  from  the  one  component  X, 


20 


THEORY  OF  ALTERNATING-CURRENTS 


the  sum  Z  is  obtained  in  the  same  way  as  when  the  second  component  Y 
is  found  by  starting  from  the  origin  0. 

Similarly    the   diagram    in    Fig.    245    represents    the    process    of 
subtraction. 


Let 
and 
Then 


or 


Multiplication. 

X  =  ax  +  jbx = rx  (cos  <k  +  j  sin  <f>x)  =  rjt*1, 
Y=  a2  +  jb2  =  r2  (cos  <f>2  +  ;  sin  <£2)  =  r2c"**. 
Z=XY=  axa2  -  bxb2  +j(a1b2  +  bxa2) 

=  r1r2{  (cos  ^cos  <f>2  -  sin  ^sin  <f>2) 
+j  (sin  ^cos  <£2  +  cos  ^sin  <£2)} 

=  rxr2  {cos(</>1  +  <f>2)  +j  sin(^x  +  </>2)} 

=  r1r2c^(*1+w, 

that  is,  the  multiplication  of  two  complex  numbers  is  effected  by  multiplying 
the  absolute  magnitude  of  the  one  by  that  of  the  other  and  taking  the  sum  cf 
their  arguments. 

The  product  of  two  conjugate  complex  quantities  is  a  real  quantity 
and  equals  the  sum  of  the  squares  of  their  absolute  values ;  thus 

(a+jb)(a-jb)  =  o?  +  b\ 

As  seen  from  Fig.  25,  the  product  of  two  vectors  can  be  regarded  as 
formed  from  one  vector  by  multiplying  the  absolute  value,  of  one  vector 


real  oris    , 


Fio.  25.— Multiplication. 


Pio.  26.— Divialon. 


by  that  of  the  other,  and  at  the  same  time  turning  the  former  vector 
through  an  angle  equal  to  the  argument  of  the  latter  vector.  Such  an 
operation  is  called  rotation  in  geometry,  for  the  vector  Z  is  considered 
to  result  from  the  vector  X  by  rotating  and  by  increasing  X  by  an 
amount  given  by  the  second  vector  Y  =  r2e-><K  The  rotation  is  counter- 
clockwise when  </>2  is  positive  and  clockwise  when  </>2  is  negative. 
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Let  the  value  +1  be  set  off  along  the  abscissa-axis  and  join  \Y. 
Then  the  triangles  01 Y  and  OXZ  are  similar,  for  we  have 

£l=°£,    and    l(XOZ)  =  4>2  =  l(\OY), 
OX     01  V  2 

that  is  to  say,  the  product  Z  is  farmed  from  one  of  the  factors,  e.g.  from  X, 
in  the  same  way  as  the  second  factor  Y  is  formed  from  unity. 


Division. 

The  operation  of  division  is  the  reverse  of  that  of  multiplication,  as 
seen  from  Fig.  26,  that  is,  the  division  of  tivo  complex  numbers  is  effected  by 
dividing  the  absolute  magnitude  of  the  one  by  that  of  the  other  and  taking  the 
difference  of  their  arguments.  ■ 

The  denominator  of  a  complex  quotient  is  made  real  by  multiplying 
both  denominator  and  numerator  by  the  conjugate  quantity  of  the 
denominator,  for  example : 

z=  £= a±±  A «,  tvtA)  (a\  -ih\) 

Y    a%+jb%  aJ  +  AJ 

_  <ha*  +  bA  +J(bia2  -  <hh) 


or 


•*!  (cos  4>i  +j  sin  <£j) 
"  rs(cos4s+jfun  <j«>2) 


_ri 


-*  {cos^  -  <£2)  +;  sin(^  -  </>2)} 


r, 


=  L?cj(+i-+i>. 


Involution. 

From  the  formula  for  multiplication,  we  get 
£ = Xn  =  (a  +/&)"  «  {  r  (cos  0  +;  sin  <£) } " 
=  r"  (cos  «<£ + /  sin  n<f>)  =  rV**. 

Hence,  to  raise  a  complex  number  to  any  power, 
we  must  raise  the  absolute  value  to  that  power  and 
multiply  its  argument  by  the  index. 

Fig.  27  represents  this  operation.  We 
have  thus,  for  example, 

(a+jb)*  =  a*-b*+j2ab. 


Pxo.  27.— Involution. 
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Evolution. 

z=Vx=VaT]b 

= \/r  [  cos  - + j  sin  - )  =  tyre*. 
\       n    J        nj 

Hence,  to  find  the  root  of  a  complex  number >  we  take  the  root  of  the  absolute 
value  and  divide  the  argument  by  the  index. 

It  may  here  be  noted  that  in  complex  equations  it  is  always  allowable 
to  substitute  -j  for  +j,  provided  all  terms  in  the  equation  are  similarly 

treated.    For  example,  to  calculate  \/a  +jb,  put 

•J a  +jb  =  a  +;/?, 

then  also  Ja  -jb = «  -  / /3. 

Multiplying  these  two  equations  together,  we  get 

>/S  +  &2  =  a2  +  02# 

By  squaring  the  first  equation, 

a  +jb  =  a2  -  /J2  +j2ap 
or  a  =  a2-/J2    and  b  =  2a/3; 

whence  a  =  ±  J$(»Ja2  +  b*  +  a) 

and  P  =  ±  J^o?  +  b*-a). 

Since  b  =  2a/?,  it  is  seen  that  a  and  ft  have  the  same  sign  when  b  is 
positive  and  unlike  signs  when  b  is  negative.     Hence 

Since  the  above  theorems  apply  equally  well  to  real  numbers,  it  is 
obvious  that  they  are  therefore  quite  general. 
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7.  Sine  Wave  Currents.  The  simplest  alternating-current  is  one 
whose  momentary  value  can  be  expressed  as  a  function  of  the  time 
by  a  sine  wave,  e.g.  . = ^  gin  (2^  +  ^ 

=  JMsin(2jrj*+<^ 

=  J^  sin  (<*>/  +  </>), 

where  I„^x  is  the  amplitude  of  the  current,  T  the  time  in  seconds  the  cwrent 

I 
takes  to  pass  through  a  complete  cycle  or  pei'iod,  whilst  m^c  represents  the 

number  of  such  cycles  the  current  passes  through  in  one  second,  and 


Fio.  28. — Sinusoidal  Variation  of  an  Alternating-Current. 

is  called  the  frequency  of  the  current.     Fig.  28  shews  such  a  current, 
which  obeys  a  sine  law,  drawn  as  a  function  of  the  time. 
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With  polar  co-ordinates,  the  sine  curve  is  represented  by  a  circle 
(Fig.  29),  whose  diameter  OA  equals  the  amplitude  Imtx.  OB  is  the 
momentary  value,  whilst  <f>  is 
called  the  phase  angle  of  the 
current.  The  point  B  moves 
over  the  circle  twice  in  a  cycle; 
consequently,  u>  =  2irc  repre- 
sents the  angular  velocity  of 
rotation  of  the  straight  line 
OB. 

The  current  passes  through 
zero  when 


whence  the  phase  of  the  current 
is  given  by 


Since  the  amplitude  and  phase  (i>~)  of  the  current  are  given  by  the 

magnitude  and  direction  of  the  vector  OA,  the  latter  represents  the 
current  completely.  Ita  momentary  value  is  obtained  by  projecting 
the  vector  OA  on  to  a  straight  line  OB  rotating  about  0  in  a  counter- 
clockwise direction  with  the  velocity  iu.  The  rotating  line  OB  is 
therefore  called  the  time  line. 

This  method  of  representation  rests  on  the  assumption  that  the 
alternating-current  is  sinusoidal ;  consequently,  the  same  can  also  be 


noli  Sinusoidal  K 


applied  to  an  alternating  e.m.f.  which  obeys  a  sine  law.  Such  an 
E.M.F.  can  be  produced  by  the  uniform  rotation  of  a  rectangular  coil 
about  its  longitudinal  axis  between  the  poles  of  a  magnet,  as  depicted 
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that  the 


iu  Fig.  30.    The  polea  are  assumed  to  be  sufficiently  large, 
field  in  which  the  coil  rotates  is  quite  uniform. 

At  the  instant  considered,  the  flux  passing  through  the  surface  F  of 
a  turn  is  (Fig.  31) 

&  =  HFcos<ot; 
and  since  the  induced  e.m.f.  is 
<** 
'=      df 
the  K.M.F.  induced  in  the  turn  will  be 

d(EFtx*«l) 
e m -ZtfwsnW. 

Now  HF  is  the  maximum  flux  em- 
braced by  the  turn  during  a  revolution; 
denoting  this  by  $__,  we  get 

e  =  2ire#1MI  sin  <-rf. 
The  embraced  flux  *  is  a  maximum        Fin.  si, -Production  m  *  fflnuwhui' 

r         K.H.r.  dus  to  Rotation  of  *  Coll  in  » 

when  orf  =  0  and  is  zero  when  t*t  =  $-  unifonu  naa. 
The  E.H.F.  induced  by  4>  is,  on  the  contrary,  zero  when  <u£  =  0,  and 
reaches  its  maximum  when  n>£  =  -.  It  is  thus  apparent  that  the 
induced  e.m.f.  is  a  minimum  when  the  coil  is  interlinked  with  the 
maximum  number  of  lines  of  force,  i.e.  when  the  coil  is  perpendicular 
to  the  field. 

This  is  also  in  agreement  with  the  previous  statement,  that  the 
induced  K.M.F.  varies  directly  as  the  rate  of  cutting  of  lines  of  force. 


when   the   number  of  intcrlinkages  is  zero,  the  coil   is  vertical 
«(—  =)  and  cuts  the  lines  of  force  at  the  maximum  rate;  con- 


(u  -.0 


sequently,  in  this  position  the  induced  K.M.F.  is  greatest.  In  Fig.  32, 
the  flux  4>,  and  the  e.m.f.  e  induced  by  it,  are  drawn  as  functions  of 
the  time.     With  rising  <f>,  e  is  negative ;  and  with  falling  4>,  e  is 
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positive;  in  other  words,  the  E.M.F.  curve  is  the  differential  of  the 
flux  curve,  with  the  negative  sign  prefixed. 

If,  instead  of  one  turn,  there  is  a  coil  composed  of  several  turns  all 
in  the  same  plane,  the  induced  E.m.f.  will  be 

6  =  H2(F)  ai  sin  vt. 

If  all  w  conductors  in  a  coil-side  are  so  near  together  that  the  same 
flux  <I>max  is  embraced  by  each  turn,  then 

e  =  2ircw4>max  sin  arf. 

Since  the  field-strength  H,  the  sum  of  all  surfaces  ZF  of  the  turns,  and 
the  angular  velocity  a>  are  constant,  we  can  write 

e  *  J£mM  sin  <at. 


I 


If  Hf  F  and  <o  are  in  c.G.S.  units,  then  e  and  E  will  also  be  iu  absolute 
units.    To  reduce  to  volts,  we  must  write 

#m.x  =  2irctt4^ax10-8  volts (14) 

A  cycle  in  this  case  corresponds  to  a  revolution  of  the  coil,  and  the 
frequency  c  equals  the  number  of  revolutions  per  second. 

The  direction  of  the  E.m.f.  induced  in  the  coil  at  any  moment 
can  be  found  from  the  hand  rule  on  p.  14,  and  is  represented  by  the 
arrows  (Fig.  30). 

8.  Summation  of  Sine  Wave  Currents.  In  Fig.  30,  all  the  turns 
of  the  rotating  coil  lie  in  the  same  plane,  and  the  e.m.f. 's  induced  in 

the  several  turns  all  reach  their  zero 
together  and  all  attain  their  maximum 
together.  In  this  case,  the  e.m.f. 's 
are  said  to  be  in  phase  with  one 
another. 

If  the  turns  are  in  different  planes, 
but  arranged  about  a  common  axis, 
as  in  Fig.  33,  the  e.m.f/s  induced  in 
the  several  turns  will  no  longer  have 
the  same  phase,  but,  in  respect  to 
time,  they  will  be  displaced  in  phase. 
Denoting  the  e.m.f.  induced  in  coil  I. 

hy  «!--»,»„  sin  ftrf; 

then  the  E.M.F.  induced  in  coil  II. 
will  have  the  same  frequency  as  the 
E.M.F.   induced  in  coil  I.,  since  the 

angular  velocity  o>  is  the  same  in  the  two  cases,  but  its  phase  will  be 

different :  thus,  .      &        •    /  i     ,\ 

where  <f>  is  the  constant  angle  by  which  coil  II.  lags  behind  coil  I. 
Thus  the  E.M.F. Js  of  coils  I.  and  II.  are  dvsplaced  from  one  another  by 
the  angle  <£,  which  the  coils  make  with  one  another  in  space,  whence 


r 


s  i. 

I 

Fio.  SS. 
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the  angle  </>  is  called  the  angle  of  phase-displacement  between  ex  and  e2. 
The  negative  sign  before  <f>  denotes  that  e2  lags  behind,  or  reaches  its 
maximum  after  er 

Again,  the  plane  of  coil  III.  is  displaced  from  that  of  coil  I.  by  the 
angle  $,  in  the  direction  of  the  sense  of  rotation.  The  E.M.F.  induced 
in  coil  III.  can  then  be  written 

which  means  that  coil  III.  reaches  its  maximum  E.M.F.  (or  its  zero) 
before  coil  I.  attains  its  maximum  E.M.F.  (or  its  zero)  by  an  amount 
corresponding  to  the  time  taken  for  the  system  to  rotate  through  the 
ancle  \f/.  Thus  e8  is  said  to  lead  e19  and  the  angle  $  is  called  the  angle 
of  lead,  in  the  same  way  as  the  angle  <£  above  is  called  the  angle  of  lag. 


FlO.  84. 

In  order  to  obtain  the  resultant  E.M.F.  induced  in  the  whole  coil,  the 
algebraic  sum  of  the  momentary  values  of  the  rm.f.'s  in  the  several 
turns  must  be  taken.  In  Fig.  34,  the  instantaneous  values  of  the 
three  km.f.'s  ev  e2  and  e8,  and  their  algebraic  sum  e,  are  plotted  as 
functions  of  the  time. 

We  often  require  the  resultant  of  several  E.M.F. 's  or  currents  of 
different  phase.  This  can  be  most  readily  found  graphically.  The 
several  momentary  values  el,  £«  an(*  ez  are  obtained  by  projecting  the 
corresponding  vectors  ElmMX9  K^^  and  #3BMUt  on  the  rotating  vector  or 
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time  line,  in  accordance  with  the  well  known  theorem :  the  projection 
of  the  resultant  (i.e.  the  geometrical  sum)  of  several  vectors  on  a  straight 
line  equals  the  swni  of  the  projections  of  the  several  vectors  on  the  same  line. 

From  this  it  follows  that  the  sum  of  several  sinusoidal  B.M.F.'s, 
which  are  represented  in  amplitude  and  phase  by  means  of  vectors,  is 


Fir.  85. 
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given  by  the  resultant  of  the  vectors  of  the  several  e.m.f.'s  (Fig.  35).* 
In  a  similar  manner,  the  sum  of  several  alternating-currents  flowing  to 
or  from  a  point  (Fig.  36),  i.e.  the  resultant  of  several  parallel  currents, 
can  be  found  by  determining  the  resultant  of  the  vectors  of  the  several 
currents,  as  in  Fig.  37.*    Thus 

^ = -Aiiax  «n  (ut  +  <£)  =  Jj  mx  sin  (ud  +  fa)  +  Lmnx  sin  (wt  +  <£2) 
,       .'  ■'  +isu««sinH  +  <M. 

From  Figs.  35  and  37  it 
is  seen  that  the  amplitude 
of  the  resultant  e.m.f.  or' 
'  current  is  not  equal  to  the 
algebraic  sum  of  the  ampli- 
tudes of  the  several  com- 
ponents, but  depends  on 
the  phase  displacement  of 
the  latter,  so  that  the  geo- 
metrical sum  must  always 
be  taken. 

9.  Mem,  Effective,  and 
Fio.  37.  Maximum  Values  of  Sine 

Wave  Currents.  Since  an 
alternating-current  is  continually  changing  its  direction,  its  mean  value 
taken  over  a  whole  number  of  cycles  is  zero.     Thus,  such  a  current 

*In  Figs.  35  and  37,  the  vectors  denoting  the  amplitudes  of  the  k.m.f.'s  and 
currents  are — for  the  sake  of  clearness — denoted  by  Ely  /,,  etc.,  instead  of  by 
i?iio»x,  I\m*xt  etc. 
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cannot  be  used  directly  for  charging  a  battery,  nor  can  it  produce  any 
injurious  electrolytic  effects  when  flowing  as  an  earth  current. 

The  mean  value  of  an  alternating-current  is  always  understood  to 
be  the  largest  mean  value  which  can  be  obtained  during  half  a  period. 


Fig.  38. 


Consider  the  sine  curve  shewn  in  Fig.  38,  representing 

t  =  /™sin(  J£n. 


max 


Then  the  largest  mean  value  is 

T 
Inmxx  =  J  I       J„.ax  «n  (  y  tj  dt 

2ir      T    L  T   _L 


2 

7T 


Thus  the  mean  valve  of  a  sine  curve  is 

•*  mom       _  ■*  i 


max* 


(15) 


The  mean  value,  however,  is  not  of  great  interest  in  dealing  with 
alternating-currents  or  pressures,  for  the  power  does  not  depend  on 
the  mean  values.  From  Joule's  Law,  the  work  done  in  overcoming 
the  resistance  r  of  a  conductor  by  a  current  i  in  time  dt  is 

dA  =£*rdt, 

whence  the  mean  heating  effect  is 

where  1^  is  used  to  denote  the  current-strength  which  a  continuons-cuirent 
must  have  in  order  to  produce  the  same  heating  effect  as  the  alternating-current. 


Thus 


VrJ/rft 


.(16) 


This  is  called  the  effective  value  (or,  in  accordance  with  eq.  (16),  the 
root-mean-square  or  R.M.s.-value)  of  the  alternating-current. 
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Let 


i-Imrin(£t\ 


Then  i*  =  J,L8in*(y  t) 

This  is  shewn  in  Fig.  39  as  a  function  of  the  time. 


Fig.  89.— Effective  Value  of  Alternating-Current. 

The  curve  t2  is  also  a  sine  wave,  but  varies  with  double  the  frequency 
of  the  current  i.     Further,  i2  does  not  oscillate  about  the  abscissa-axis, 

but  between  zero  and  J^,,  so  that 


,      1  rr  r 


9 
max 


whence 


or, 


j     -*max 


-""-- 0-707/ 
1*414  "«» 


(17) 


a,    ..  ,        amplitude 

effective  value  =    — —-,  -  • 


From  eq.  (15)  and  (17),  it  follows, 

ir/ 
T    —  _  _m«™  —  1 .1 1  J 

■*«ff        iy         /i)  *    x  x  .x  uii«ii  •      

The  factor  I'll  is  called  the  form  factor  of  a  sine  curve. 
Similarly  for  the  e.m.f.  : 


(18) 


^--VtJ/*""^ (i7a) 


and 


.K— 


7T 


'eff 


9    in  -"m«n       *  •  *  *-"w*an • 


(18a) 


On  p.  26  it  was  seen  that  the  maximum  e.m.f.  induced  in  a  coil 
of  w  turns  is :  £^  =  2*00*^  10"«  volts. 

From  eq.  (17a)  it  follows  further  that  the  effective  E.M.F.  will  be 

E«=  ^ttcu&^IO-* 

=  4-44cw*max10-8  volts (19) 
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ni»x> 


(15a) 


Again,  since 

it  follows  that  EloMn  =  4cw#lnllx10-8  volte (20) 

This  last  formula  can  also  be  simply  deduced  thus— during  one 
complete  cycle,  the  flux  <£>  passes  from  its  zero  to  its  positive  maximum 
value  4>mRX  and  then  sinks  again  to  zero— thus  in  half  a  period  the  flux 
changes  twice— similarly;  in  the  negative  half-period,  the  flux  also 
changes  twice,  so  that  in  a  complete  period  T  the  flux  4>1MX  changes 
4  times ;  hence  in  a  second,  the  flux  variation  is 


44> 


max 


4c4> 


max* 


whence  formula  (20)  follows  directly. 

Since  we  have  made  no  assumption  in  deducing  this  formula  as 
to  the  way  in  which  the  flux  varies,  it  is  obvious  that  the  formula  (20), 
i.e.  the  value  of  Emeun  is  independent  of  the  shape  of  the  E.M.F.  curve. 

In  practice  the  effective  value  of  an  alternating-current  or  pressure 
plays  the  most  important  part.  Consequently,  in  what  follows  we 
shall  deal  almost  exclusively  with  effective  values,  and  in  the  diagram- 
matic representation,  the  vectors  will  denote  such  values.  If  we  require 
the  momentary  values  from  such  a  figure,  we  have  only  to  multiply 
the  projections  of  these  vectors  on  to  the  rotating  vector  by  ^2.  In 
general,  we  shall  denote  instantaneous  values  by  small,  and  effective 
values  by  large  letters,  whilst  maximum  or  mean  values  will  be  denoted 
by  the  suffixes  max  and  mean  respectively. 

10.  Symbolic  Representation  of  Sine  Wave  Currents.  In  place  of 
graphical  representation  of  vectors,  it  is  possible  to  proceed  analytically, 
as  in  Mechanics,  by  resolving  each 
vector  into  two  components  along 
axes  perpendicular  to  one  another. 
One  axis — the  abscissa-axis —coin- 
cides with  the  rotating  vector  OB 
(Fig.  40)  at  the  instant  t  =  0. 

Now     i  =  J2lsm(<ri  +  <f>) 

=  J'2l(coa  $  sin  tat  +  sin  </>  cos  <of), 

where  7,  as  above  explained,  denotes 
the  effective  value  of  the  current. 
Thus  the  momentary  value  of  a  sine 
function  always  equals  the  sum  of 
the  momentary  values  of  the  two 
components  into  which  the  vector  of  the  sine  wave  can  be  resolved. 

As  seen  from  Fig.  40,  the  current  i  is  completely  determined  by  the 
co-ordinates  /cos  <f>  and  /sin  </>  of  the  point  A. 

Just  as  a  complex  number  can  be  represented  by  a  point  in  the  plane 
of  the  co-ordinates,  so  a  point  in  the  plane  of  the  co-ordinates  can  be 


Fig.  40.— Representation  of  a  Sinusoidal 
Current  by  two  Vector  Components. 
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represented  by  a  complex  number.     Thus  _the  point  A  (Fig.  40),  and 
consequently  the  current  J  represented  by  0At  can  be  determined  from 

J= /cos  <£-,// sin  <£, 

where  the  vertical  co-ordinate  is  taken  as  the  real  axis  and  the  hori- 
zontal as  the  imaginary  (Fig.  41).     This  method  was  first  introduced 
into  electrical  theory  by  Helmholtz  and  Eayleigh. 
In  the  expression  for  the  momentary  current, 

t- ^2/ sin  («<  +  $), 

4>  is  the  phase  angle,  which  shews  that  the  current  passes  through  its 

zero  value  at  the  instant  t«  =  -  2  i,e.  -  before  the  instant  t  =  0.     The 


CD' 


(0 


imag.  vahu* 


I  Qua. 


MQua. 


Fio.  41. 


greater  <f>  is,  the  earlier  the  current  passes  through  its  zero,  ie.  the 
greater  the  lead.     If  <£  is  positive,  then,  as  shewn  in  Fig.  28,  the  time 

t0  must  be  set  off  along  the 
negative  direction  of  the  time 
axis.  In  a  similar  manner, 
in  the  vectorial  representa- 
tion of  the  current  in  Fie.  40, 
a  positive  phase  angle  <f> 
&a  must  be  set  off  from  the 
real  axis  in  the  negative  direc- 
tion of  rotation  of  the  time 
line.  In  the  representation 
of  this  current  i  by  means  of 
complex  numbers, 

J=  /(cos  4>  -  j  sin  ^)  =  /«"•* ; 

therefore  the  phase  angle  is 
also  +  4> ;  hence,  with  negative  sign,  we  always  obtain  a  positive  phase 
angle,  and  vice  versa. 

The  system  of  co-ordinates  used  in  this  figure  can  be  regarded  as 
formed  from  the  co-ordinate  system  in  Fig.  29,  which  is  the  one 
generally  used  in  Mathematics,  by  rotating  the  latter  through  90° 
in  the  direction  of  rotation  of  the  time-line.  Hence,  in  representing 
sine  wave  currents  symbolically,  we  set  off  the  real  values  along 
the  ordinate-axis  and  the  imaginary  values  along  the  negative 
direction  of  the  abscissa-axis. 

The  current  vector  can  be  given  either  by  its  magnitude  and  phase  or 
by  the  components  of  the  vector  along  the  two  axes.  The  symtolir 
expression  I  implies  these  two  components,  so  that  the  vector  is 
completely  determined  from  this  symbolic  expression. 

In  what  follows,  we  shall  denote  effective  values  by  simple  capital 
letters  when  they  merely  denote  magnitudes,  and  by  capital  letters 
with  a  dot  underneath  when  the  effective  value  is  a  vector, 
representing  both  magnitude  and  phase.  This  method  was  applied 
by  Steinmetz,  who  has  been  chiefly  instrumental  in  shewing  how 
technical  alternating-current  problems  can  be  treated  symbolically. 
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If  the  vector  OA  is  moved  through  90°,  in  the  sense  of  rotation 
of  the  time  line,  to  OA'  (Fig.  41),  the  co-ordinates  of  the  point  A'  are 

Jcos(4>-90o)--=Jsin</> 
and  -  /sin  (</>  -  90°)  =  / cos  <f>. 

Thus  the  complex  expression  for  the  vector  OA'  is 

r=*lBill4>  +.//C08  <f> 

=y{/cos  <f>  -jl sin  </>} 

We  thus  see  that  multiplying  a  complex  or  symbolic  quantity  by  j 

corresponds  to  moving  the  vector  OA  through  90°  in  a  counter- 
clockwise direction.  Similarly,  multiplying  by  -j  corresponds  to 
rotating  the  vector  90°  in  a  clockwise  direction. 

In  order  to  find  the  components  of  the  resultant  of  several  currents, 
or  E.M.F.'s,  we  determine  the  algebraic  sum  of  the  several  components 
along  the  two  axes,  or,  when  we  proceed  symbolically,  we  can  add 
all  real  terms  together  and  all  the  imaginary  terms  together.  Thus, 
for  example,  the  sum  of  the  currents 

li  -  ai  +A    and     h  -  <h  +  A 
is  /==a+;&  =  a1  +  a2+</(61  +  &2). 

This  complex  equation  can  be  replaced  by  two  real  equations  (as 
shewn  in  Section  6),  namely : 

a  =  al  +  a2    and     b  =  b^  +62. 

Until  now  we  have  always  spoken  of  the  time-line  as  revolving ;  it 
is  possible,  however,  to  suppose  this  fixed,  and  let  the  plane  of  the 
co-ordinates  rotate  about  the  origin.     This  must  then  rotate  in  a  clock- 
wise direction*  with  the  angular 
velocity  <*>,  and  the  projection  of  a 
vector  rotating  with  the  plane  on 
to  the  fixed  vector  represents  the 
momentary  value  of  the  sinusoidal 
magnitude  represented  by  the  vec- 
tor revolving  with  the  plane.     It  is 
easy  to  see  that  the  mutual  position 
of  the  vectors,  also  their  position  with 
respect  to  the  co-ordinate  axes,  is  the 
same  whether  we  have  a  rotating  time- 
line and  fixed  system  of  co-ordinates  no.  42. 
and  vectors,  or  a  fixed  time-line  and  a 

rotating  system  of  co-ordinates  and  vectors.  Since  it  is  customary  to 
imagine  the  whole  diagram,  i.e.  the  plane  of  the  co-ordinates  and  the 

*  This  direction  of  rotation  is  opposite  to  that  adopted,  since  these  drawings 
were  prepared,  by  the  International  Committee  for  Eleotrical  Symbols. 
A.C.  C 


34 


THEORY  OP  ALTERNATING-CURRENTS 


vectors  fixed  in  regard  to  it,  aa  rotating,  this  method  will  also  be  used 
in  what  follows,  and. the  arrow  will  represent  the  rotation  of  the 
diagram — which  is  always  clockwise.  Of  two  vectors,  that  one  always 
leads  which  is  first  in  the  clockwise  direction.  Thus,  in  Fig.  42, 
/,  is  leading  Js  by  the  angle  ^. 

11.   Power   given    by  Sine  Wave  Currents.     It  has  been  shewn 
on  p.  15  that  the  work  done  in  an  electric  circuit  in  time  dl  is 

dA  =  eidt, 
where  e  and  t  denote  respectively  the  e.m.F.  and  current  in  the  circuit 
at  the  moment  considered. 

Writing  e  =J2E  sin  (W  +  $,) 

and  i-J2Iain  (id  +  <£4), 

where  E  and  /  are  effective  values,  the  momentary  value  of  the 
power  will  be 

ei  -  2£/sin  («rf  +  £,)  sin  (tot  +  £a) 
-£/{«*(*!-*,)  -cos  (2^+4.,  +  ^)}. 
From  this  it  is  seen  that  the  instantaneous  value  of  the  power  is  a 
function  of  the  time,  and  varies  as  a  sine  function  about  the  mean 


value  SI  cos  (tf>t-<f>2)  with  double  the  frequency  of  the  current  or 
pressure  (Fig.  43).  Hence  the  mean  value  of  the  power  during  a 
complete  cycle,  i.e.  the  mean  or  effective  power,  is, 


-]£•<«- 


£/om  (+,-*) 


=  £7cos<fc  (21) 

where  ^  =  ^-1^  =  phase-angle  between  the  pressure  E  and  current  /. 
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The  product  EI  of  e.m.f.  and  current  is  called  the  apparent  power, 
and  is  often  referred  to  as  the  volt-amperes;  cos</>  is  equal  to  the 
power-factor,  being  the  factor  by  which  the  voltamperes  EI  must  be 
multiplied  in  order  to  obtain  the  true  power  W  in  watts. 

As  we  have  just  seen,  the  power  surges  to  and  fro  in  the  circuit — at 
one  instant  it  is  positive,  at  another  negative.  This  surging  will  be  a 
minimum  when  <f>*  -  <f>2  =  4>  is  zero,  or  cos  </>  is  unity,  i.e.  when  current 
and  pressure  are  in  phase,  for  in  this  case,  and  in  this  case  only,  the 
momentary  value  of  the  power  is  never  negative  (Fig.  39).  In  other 
words,  although  the  power  is  transmitted  from  the  generator  to  the 
line  in  the  form  of  pulsations,  the  line  never  returns  power  to  the 
generator.     The  greatest  amount  of  surging  will  occur  when 

<^1-</>2  =  ^  =  -, 

i.e.  when  cos  ^  =  0,  for  now  the  mean  value  of  the  power  is  zero,  and 
the  power  merely  surges  to  and  fro  between  generator  and  line,  but 


Fio.  44. — Periodic  Variation  of  Pressure,  Current  and  Power  when  ^^-fa^go*. 

no  actual  transmission  of  power  occurs  (Fig.  44).  In  this  case,  the 
area  of  the  positive  part  of  the  power  curve  equals  that  of  the  negative 
part. 

The  momentary  power  can  be  shewn  diagrammatically  by  setting 
off  the  constant  magnitude 

EI  cob  (<£x  -  </>2)  =  EI  cos  <f> 

on  the  ordinate  axis  from  0  to  0^  (Fig.  45),  and  describing  a  circle 
about  0j  with  radius  EI.  Then,  if  the  radius  of  this  circle  rotates 
with  uniform  velocity  2<o  in  a  clockwise  direction,  the  momentary 
power  ei  will  be  given  by  the  ordinate  drawn  from  the  end  A  of  the 
radius  El  on  to  the  abscissa-axis  passing  through  0. 
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At  the  moment  /«0,  the  radius  EI  has  the  position  0XA — its 
component  along  the  ordinate-axis  is  -^/cos^j  +  ^j)  an^  along  the 
abscissa-axis  -  EI  sin  (<£,  +  </>2). 


LIcaty         Emu 


Fio.  46. 


Using  the  graphic  representation  of  Fig.  46  for  e.m.f.'s  and  currents, 
and  resolving  the  vectors  into  components  along  the  axes,  we  get 


and 
Since  also 


e=J2E  cos  </>j  sin  erf  +  J2E  sin  ^  cos  erf 
i  =  *j2Icoa  <j>2  sin  erf  +  ^/2/sin  <f>2  cos  erf. 


fF=  EI  cos  (<t>x-<f>2) 

=  EI  cos  </>a  cos  </>2  +  EI  sin  ^  sin  <£2, 

we  see  that  <Ac  resultant  power  equals  the  sum  of  the  powers  of  the  several 
components  of  the  vectors.  From  Fig.  46,  it  is  also  seen  that  the  power 
equals  the  E.M.F.  multiplied  by  the  projection  of  the  current  .on  to  the 
E.M.F.,  or  equals  the  current  multiplied  by  the  projection  of  the  B.M.F. 
on  the  current: 

12.  Symbolic  Representation  of  Power.  If  km.f.  and  current  are 
represented  symbolically,  we  get  the  following  expressions  for  these 
magnitudes  (see  Fig.  46) : 

E  «  E  cos  <f>x  -jE  sin  ^  =  Et  "*■, 

/=  I  cos  </>2  -jl  sin  <f>2  =  It  "■***, 

where  e  denotes  the  base  of  natural  logarithms.  E  and  I  are  absolute 
magnitudes,  whilst  -  <f>x  and  -  <f>2  are  called  the  arguments  of  the 
complex  quantities.  To  multiply  two  complex  quantities  together,  we 
take  the  product  of  their  absolute  magnitudes  and  the  sum  of  their 
arguments  (see  Section  6).  Hence  the  product  of  the  complex 
expressions  for  current  and  pressure  is 

Eh*~*-**= EI  {cos  (^  +  <#>2)  -j  sin  (^  +  *2)}. 
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From  this  we  see  that  the  product  of  the  complex  expressions  for  E 
and  /  merely  gives  the  complex  expression  for  that  part  of  the 
momentary  power  which  varies  after  a  sine  law  of  double  frequency 
(Fig.  45)  and  has  no 
relation  to  the  actual 
power. 

In  practice,  however, 
it  is  not  the  momentary 
power  we  require,  but  /' 
the  mean  value  EI  cob  <£>, 
the  apparent  power  EI 
and  the  power  factor 
cos  </>.  These  are  especi- 
ally important  when  we 
come  to  deal  with  curves 
of  any  desired  shape. 

For  this  purpose,  it 
is  best  to  set  off  the 
apparent  power  EI  as  & 

vector  at  angle  4>=*<t>\-4>*  *°  tne  ordinate-axis  (Fig.  47).  The  pro- 
jection of  this  vector  EI  on  to  the  ordinate-axis  then  represents  the 
effective  power  EI  cos  <j>.  Choosing  again  the  ordinate-axis  to  represent 
the  real  and  the  abscissa-axis  the  imaginary  values,  we  get  the  follow- 
ing symbolic  expression  for  the*  power  vector : 

(EI)  =  EI  cos  <t>  -jEI  sin  <f> 

^EU-l+^W+jWj. 

We  can  suppose  the  power  vector  to  be  formed  from  the  E.M.F. 
vector,  by  simultaneously  moving  the  latter  through  the  angle  <f>2, 
in  the  counter-clockwise  direction,  and  multiplying  it  by  the  current 
7.     In  other  words,  the  power  vector  is  obtained  by  multiplying  the 

E.M.F.  vector  by  Ic***.  Hence  the  symbolic  expression  of  the  power 
vector  is  obtained  by  multiplying  the  E.M.F.  vector  by  the  conjugate 
vector  F  ( a*  I****)  of  the  current  vector  L  The  vector  I'  =  Zf/**  is  the 
image  of  the  current  vector  /=*/€"■**  about  the  real  axis. 

Let  E  =  Er»*  =  Ex-jE2 

and  Z-Jc-^-Jj-;/,. 

Then  (BA-V+m-M  -jEJfr  +;/,) 

-JTA  +  Vi+XM-W 
Hence  the  effective  power  7F"(  =  EI  cos  <f>)  is 

W-E^  +  E^ (22) 

and  the  so-called  imaginary  pouter  (EI  sin  4>)  >« 

«TrVi-Vi (23> 
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In  this  method  of  representation,  the  imaginary  power  is  positive  or 
negative,  according  as  the  current  leads  or  lags  in  respect  to  the  E.M.F., 
and  is  zero  when  the  two  are  in  phase.  If  we  had  proceeded  otherwise, 
and  called  the  imaginary  power  positive,  when  the  current  lags,  the 
power  vector  would  have  been  obtained  by  multiplying  the  current 
vector  by  the  conjugate  of  the  E.M.F.  vector. 

From  the  foregoing,  we  see  that  the  symbolic  expression  for  the  power  is 
obtained  by  multiplying  the  symbolic  expression  for  the  pressure  vector  by  the 
symbolic  expression  for  the  image  of  the*cwrent  vector  with  respect  to  the  axis 
of  real  values. 

The  above  introduction  of  the  image  in  the  complex  expression  for 
the  power  depends  solely  on  the  manner  in  which  the  E.M.F.,  current 
and  power  vectors  are  expressed,  and  has  no  physical  relation  to  the 
expression  for  the  momentary  power. 
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THE  PHYSICAL  PEOPEETIES  OF  ALTEBNATING-CURBENT 

CIRCUITS. 

13.  Self-induction.  14.  Capacity.  15.  The  Pressure  Components  in  a  Circuit 
carrying  a  Sinusoidal  Current.  16.  Differential  Equation  of  a  Simple 
Circuit.  17.  Graphical  Representation  of  an  Alternating-current  Circuit. 
18.  Examples.  19.  Resolution  of  the  Current  into  Watt  and  Wattless 
Components. 

13.  Self-Induction.  When  a  current  flows  in  a  conductor,  a  field  is 
produced  encircling  the  conductor.  The  flux  <£>,  produced  by  a 
current  t  flowing  through  a  conductor  of  wx  turns  is,  from  equation  (9) : 

where  Rx  is  the  reluctance  of  the  magnetic  path  of  the  flux  &mf  inter- 
linked with  the  wx  turns. 

If  the  current  changes  in  strength  or  direction,  the  flux  3>,  changes 
in  the  same  sense,  and  along  with  it  the  stored-up  energy  £i2(wx3>J. 

Consider  any  conductor,  for  example  a  loop 
(Fig.  48).  If  the  flux  embraced  by  the  loop  is 
varied,  an  B.M.F.  e,  will  be  induced  in  the  con- 
ductor, which,  in  accordance  with  the  law  of 
induction,  is  expressed  by 

d2(wx*x)_     d^jiwj) 
e*~  dt      "     dt    Rx  ' 

eM  is  called  the  cownier-  or  back-E.M.F.  of  self-    Fia.  48.— soif-induction  of 
induction. 
Since  the  same  current  i  flows  through  each  of  the  turns, 

where  the  sum  of  all  fluxes  produced  by  the  current  i  is  to  be  taken. 
In  general,  we  write  d(Li)  ,9„ 

e' dT  (    ' 
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where 


-*® 


(25) 


The  factor  L  is  called  the  coefficient  of  self-induction  of  the  circuit,  and 
has  the  same  dimension  as  magnetic  permeance,  viz.  the  dimension  of 
a  length. 

With  constant  reluctance  Bx9  the  flux  &x  will  be  in  phase  with 
current  t,  in  accordance  with  equation  (9).  If  the  current  varies  sinu- 
soidally,  the  flux  and  E.M.F.  will  also  follow  a  sine  law,  and  since  the 
induced  E.M.F.  e,  lags  90°  behind  the  inducing  flux  3>x,  it  will  also  lag  90° 
behind  the  current,  and  we  get  the  curves  for  «£„  i  and  e,  as  shewn  in 
Fig.  49.    pa  is  the  external  pressure  applied  to  the  coil,  and  is  equal  and 
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opposite  to  the  E.M.F.  et.  The  reason  e,  has  the  opposite  sign  to  d(Li)> 
is  because  the  induced  k.m.F.  always  tends  to  prevent  any  alteration 
in  the  current  strength.  Thus,  in  a  circuit  where  the  current  is  rising, 
the  counter-E.M.F.  will  oppose  it,  and  the  current  will  be  retarded  in  its 
growth.  On  the  other  hand,  a  falling  current  is  always  acted  on  by  a 
counter-E.M.F.  which  tends  to  keep  the  current  constant,  and  so  lowers 
the  rate  of  decrease.  Thus,  in  an  electromagnetic  circuit,  self-induction 
seeks  to  prevent  any  change  of  current,  just  as  with  matter,  inertia 
tends  to  prevent  any  change  of  velocity. 

The  energy  dA  supplied  to  the  flux  during  time  dt  is : 

dA=  -  eti  dt  =  id2  (wjbx) 


=  i.diz(^\  =  Lidi  =  ^d(i*). 


If  the  coefficient  of  self-induction  L  is  constant,  it  follows  that 
the  electrical  work  which  must  be  expended  in  raising  the  current 
from  0  to  i  (excluding  heating  losses)  is 


Vj 


/  = 


Li2 

2' 


.(26) 


This  work — which  is  often  referred  to  as  the  electromagnetic  energy  in 
the  circuit — will  be  given  out  again  when  the  current  sinks  from  *  to 
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zero.      The  coefficient  L  is  measured  in  absolute  units  (cm) — the 
practical  unit  of  self-induction  is  called  the  Henry,  and  is  chosen  equal 
to  109  times  the  absolute  unit. 
On  page  12,  the  reluctance  of  a  thin  tube  of  force  C  was  defined  as 

J  / 


„rf* 


-of 

•J  t 


dl 


t*rf: 


so  that  the  flux  in  the  tube  can  be  found  directly  by  dividing  the 
ampere  turns  interlinked  with  the  tube  of  force  by  the  reluctance  Rx. 
Thus,  RM  is  not  measured  in  absolute  units,  but  in  units  T^  of  the 
absolute;  hence  ,  <k 

L=2(|j)lO-* 

-2(i0.*,)lO-8Aeiiiy, (27) 

where  <£>s  is  the  flux  due  to  1  ampere.  In  calculating  L,  we  may 
use  the  following  definition :  The  coefficient  of  self-induction  L  of  a  circuity 
in  absolute  units,  ts  measured  by  the  number  of  interlinkages  2($swx)  which  the 
conductor  makes  with  the  flux  produced  by  a  current  of  10  amperes  (i.e.  by 
one  absolute  unit  of  current). 

14.  Capacity.*  If  an  e.m.f.  is  applied  to  the  plates  of  a  condenser, 
a  charge  will  be  taken  by  the  latter.  The  relation  between  the  acquired 
charge  q  and  the  pressure  pt  at  the  terminals  of  the  condenser  is 

where  C  is  called  the  capacity  of  the  condenser.  If  we  make  pc=l, 
the  capacity  will  be  numerically  equal  to  the  electric  charge  which 
must  be  supplied  to  the  condenser  in  order  to  raise  the  potential 
difference  between  its  terminals  to  unity. 

If  during  the  time  dl  the  pressure  is  increased  or  decreased  by  dpe, 
the  increase  or  decrease  in  the  charge,  i.e.  the  quantity  of  electricity 
passing  along  the  conductor,  will  be 

dq  —  i  dty 

where  i  is  the  current  in  the  conductor. 

Hence  C.dp.-idt 

at 

If  the  pressure  at  the  terminals  of  the  condenser  is  altered,  the 
current  in  the  conductor  is  proportional  to  the  rate  of  change  qf 
the  pressure. 

*  For  farther  information  on  condensers,  see  Chap.  XIX. 
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On  the  other  hand,  if  the  rate  of  change  of  the  current  %  in  the 
conductor  is  given,  the  pressure  at  the  condenser  will  he 


P. 


__[idt 


Hence  the  energy  supplied  to  the  condenser  during  any  time  element 
will  be 


ipedt  =  idt\-jT  - 


If  the  current  varies  periodically,  the  condenser  will  be  periodically 
charged  and  discharged.  The  energy  stored-up  in  the  condenser 
during  charge  is  given  up  again  during  discharge,  that  is,  the  charge  of 
the  condenser  surges  to  and  fro  in  the  circuit. 

Assuming  that  the  charging  current  follows  the  sine  wave 

i  =  x/2/sinw<, 
then  the  pressure  taken  up  by  the  condenser  will  be 

*-f£-!£*("-j)-^-*("-i> 

In  Fig.  50,  the  curves  of  current  i  and  pressure  pe  are  shewn.  The 
curve  pe — representing  the  pressure  consumed  by  the  condenser — is 
seen  to  lag  90°  behind  the  current.     This  is  to  be  expected  when  it  is 
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remembered  that  the  pressure  rises  so  long  as  the  current  is  positive 
and  reaches  its  maximum  when  the  current  passes  through  zero.  The 
pressure  curve  which  coincides  with  the  charging  curve  q  is  the 
integral  of  the  current  curve. 

As  the  practical  unit  of  capacity,  a  condenser  may  be  used  whose 
terminal  pressure  rises  one  volt  per  second  when  the  charging  current 
is  one  ampere. 

The  practical  unit  of  capacity  equals  10~9  absolute  units,  and  is 
called  a  farad — since  this  unit  is  very  large,  it  is  usual  to  use  the 
microfarad,  which  equals  one-millionth  of  one  farad  or  10~15  absolute 
units. 


PRESSURE  COMPONENTS  IN  A  CIRCUIT  43 

15.  The  Pressure  Components  in  a  Circuit  carrying  a  Sinusoidal 
Current.  If  the  current  i  =  J2I sinw/  flow  along  a  conductor  having 
the  ohmic  resistance  r,  the  instantaneous  value  of  the  pressure  will  be 

pr  =  ir= J2Ir  sin  tot  =  J2Pr  sin  arf, 

where  Pr-Ir. 

The  pressure  curve  is  thus  a  sine  wave  in  phase  with  the  current 
curve. 

This  is  not  the  case  when  the  circuit  possesses  self-induction.     If  the 

current  i  =  V2/sinW 

flow  in  such  a  conductor  whose  ohmic  resistance  is  negligible,  the 
pressure  at  the  terminals  will  be 

p9 = L-t  =  j2ltaL  cos  id 

=  j2P9coB(ri, 
where  P9 — I<*>L  =  Ixv 

Here  the  terminal  pressure  p9  leads  the  current  i  by  90°.  Instead  of 
the  resistance,  we  employ  x9=<oL  =  2ttcL  in  calculating  the  effective 
pressure. 

If  the  conductor  possess  both  resistance  and  self-induction,  the  sum 
of  the  two  respective  pressures  must  be  applied  to  the  terminals  at  any 
instant.     The  terminal  pressure  is  then 

Pt»  =Vr  +P$  -  J%Ir  sin  <*L + sJZh,  cos  id. 

Substituting,  slW+x]  =  Vr2  +  (wZ,)2  =  z„ 

=  -  =  COS  <f>„ 


vV2  +  (o>Z,)2    *. 

u>L  x      .     . 

=  -  =  gin<4. 


n/?-2  +  (wZ,)2    z, 

,  ,      ioL    x$ 

and  tan<p,= —  =  -,  • 

r      r 

we  get  plt = -J2lza  sin  id  cog  <k  +  >j2lz,  cos  id  sin  <£, 

=  \Z2i2,  sin(orf  +  <£,) 
or  je?„  =  \[2Pt9  sin  (<otf  +  <£,). 

The  effective  value  of  the  terminal  pressure  is  thus 

and  the  pressure  leads  the  current  by  <f>t. 
If  a  condenser  be  connected  in  a  circuit,  the  pressure  at  its  terminals  is 

dt 


,-V; 
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The  purrent  is  again  taken  to  be 

Then  pe  = =  cos  tat  —  —  s/2Pt  cos  W. 

The  effective  condenser  pressure  is  therefore 

and  this  pressure  lags  90°  behind  the  current. 

Lastly,  if  the  current  %  flow  in  a  circuit  in  which  resistance,  self- 
induction  and  capacity  are  all  connected  in  series  (as  shewn  in  Fig.  51), 


wwwv 


r-/Wx-|-"| 


T 


Pio.  51. — Electric  Circuit  having  Resistance,  Self-induction  and  Capacity  in  Series. 

the  momentary  value  of  the  terminal  pressure  equals  the  sum  of  the 
several  pressures  pr,  p,  and  j?c.    Tnus : 

=*J2I  r sin (u/ +  ( ctfZ — ^jcosW. 
Substituting,  sJr2  +  (<aL  — fA  =  3, 

r  JL 

=  C0S9, 


VM-*-*) 


=  sin  <p, 


we  get  p  =  J2Iz  sin  (wt  +  <f>)  =  J2P  sin  (urf  +  </>). 

The  pressure  wave  is  also  sinusoidal  in  this  case  and  has  the  effective 

value  r — 7 TV  r 

This  pressure  leads  the  current  by  the  amount 

r  1 

<£  =  tan"1 . 
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16,  Differential  Equation  of  a  Simple  Circuit.  The  differential 
equation  of  the  pressure,  developed  in  the  previous  section  for  a  circuit 
possessing  resistance,  self-induction  and  capacity  (as  shewn  in  Fig.  51), 

P=tr+Ldt+)^ (28) 

This  represents  Kirchhoff's  Second  Law  in  its  most  generalised  form. 
Multiplying  all  through  by  i  dt,  we  get  the  energy  equation  : 

pidt  =  frdt  +  Lijtdt  +  idt^ (28a) 

This  tells  us  that  during  any  time  element  the  energy  supplied  at 
the  terminals  of  the  circuit  equals  the  sum  of  the  energy  consumed  in  the 
several  parts.  Differentiating  the  pressure  equation  with  respect  to  dt, 
we  get  the  differential  equation  of  the  current 

dK     rdi      i      I  dp  /OQ«x 

w+m+ic=i  dp (286) 

which  holds  for  any  pressure  p. 

In  the  previous  section  it  was  shewn  that  a  sinusoidal  current 
requires  a  sinusoidal  pressure  at  the  terminals  of  the  circuit  when 
r,  L  and  C  are  constant.  From  this  the  converse  follows,  that  a  sinu- 
soidal pressure  can  only  produce  a  sinusoidal  current.  Hence,  we  shall 
not  consider  .the  general  solution  of  this  differential  equation,  but  only 
that  for  the  case  when  the  conditions  have  become  steady,  a  state  which 
is  reached  soon  after  switching  in.  For  a  sinusoidal  pressure  at  the 
terminals  ^  =  N/2PsinW, 

we  get  in  eq.  (286)  j  -£=*J2jPcoB<*>t. 

The  special  integral  of  this  equation  is  then 

f P™  =  sin  f^- tan"1/"—  --^Vl (29) 

/,     /   T       T\*       L  \r      <*OrJ_\  ' 

The  current  is  thus  a  sine  wave,  but  is  not  in  phase  with  the 
pressure. 

Equation  (29)  can  also  be  written 

i  =  ^nu*  sin  (o>*  -  <£), 
where  /™=  Pn9X 


=  amplitude  of  the  current ; 

and  <£  =  tan-^       *  ^ 

\  r      u)CrJ 

=  angle  of  phase  displacement. 
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The  angle  of  phase  displacement  <f>  is  positive,  zero  or  negative 

according  as  r  >  1  >    1 

<oL= — tz    or    a) 


0  <\JLC 

When  <£  is  positive  the  current  lags  behind  the  pressure,  whilst  it 
leads  when  <f>  is  negative. 

When  w=!jfe   (30) 

the  current  and  pressure  are  in  phase, 
i-e-  0  =  0; 

and  the  current  attains  its  maximum  value 

r 

When  this  occurs  the  self-induction  and  capacity  exactly  neutralise  one 
another,  and  this  condition  is  generally  termed  "  Resonance." 

Since  in  this  case  the  inductance  and  capacity  are  in  series,  we  refer 
to  their  resonance  as  pressure  resonance:*  in  contradistinction  to 
curretti  resonance,  which  is  used  for  parallel  circuits.  Using  effective 
values  of  current  and  pressure,  we  get 

D 

7= 


17.  Graphical  Representation  of  an  Alternating-current  Circuit. 
In  Section  16,  it  was  seen  how  the  solution  of  the  differential  equation 
can  be  avoided  if  we  start  from  the  current.  We  shall  now  see  how 
this  method  leads  to  a  graphical  solution.  A  sinusoidal  current  is 
assumed  as  given,  and  we  calculate  the  terminal  pressure  P.  From 
eq.  (28)  the  momentary  value  p  of  the  terminal  pressure  is : 


T  di     Cidt 

P=tr+ Ldi+\~c~=::vr*p''*'Pc 


Thus  the  applied  pressure  p  can  be  split  up  into  three  components, 
which  are  respectively  necessary  to  overcome  the  ohmic  resistance,  the 
counter-E.M.F.  of  self-induction  and  the  condenser  pressure.     When  the 

*  This  frequency  is  not  the  natural  period  of  oflcillation  of  a  circuit  containing 
considerable  resistance,  for  in  this  case 


_±a/X7Z_ 
~2x  >/,<?    4L8' 


Only  when  the  resistance  of  the  circuit  is  negligible  is  the  natural  period  of 
oscillation  equal  to  the  period  of  supply,  when 

1 

C~2t*JLC 
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current  i  is  known,  each  of  these  three  pressures  can  be  calculated. 
In  Fig.  52,  the  current  curve  is  drawn 

i  =  IJ2  sin  (td  -  <f>). 

In  phase  with  the  current  is  the  curve  ir,  which  represents  the  pressure 
necessary  to  overcome,  or  the  pressure  consumed  by,  the  ohmic  resist- 


— t 


Fio.  52.— Periodic  Variation  of  the  k.m.f.'s  in  a  Circuit. 

ance  of  the  circuit     This  curve  vr  is  also  a  sine   wave,  since  r  is 
constant. 

The  pressure^,  required  to  counter-balance  the  back-E.M.F.  of  self- 
induction  e,  is 

p,=  -et  =  L  *t  =  all J2  sin  (<ot-<f>  +  ^. 

This  curve  p„  which  must  be  a  sine  wave,  with  sinusoidal  current,  is 
shewn  in  Fig.  52  leading  the  current  by  90° — whilst  the  counter-K.M.F. 
eg  (not  shewn)  lags  90°  behind  the  current. 
The  pressure  pe  required  to  charge  the  condenser  is 


A-f-y-^'K"'-*-^ 


Thus  the  curve  pe  is  also  sinusoidal  and  lags'  90°  behind  the  current. 

By  summing  up  the  three  sine  curves  ir,  p,  and  pt  we  get  the 
resultant  sine  curve  p,  which  leads  the  current  curve  i  by  the  angle 
<f>  (Fig.  52).  Thus  the  curve  p  represents  the  pressure  applied  to,  or 
consumed  by,  the  circuit. 

Now,  since  sinusoidal  quantities  can  be  represented  by  vectors,  it  is 
possible  to  represent  the  phenomena  in  an  alternating-current  circuit 
graphically  (see  Fig.  53).  The  current  vector  /  is  drawn  at  an  angle 
<f>  to  the  ordinate-axis,  which  is  taken  to  represent  the  applied  pressure 
P.  Since  the  diagram  is  taken  as  rotating  right-handedly,  and  the 
current  is  lagging  behind  the  pressure  P,  the  angle  <p  falls  to  the  left 
of  the  ordinate-axis.     The  pressure  Ir  consumed  by  r  is  in  phase  with 

/,  and  must  therefore  be  set  off  along  01.     The  vector  representing  the 
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pressure  required  to  overcome  the  self-induction  is  given  by 

wLI  =  2ircLI = xj 

and  leads  the  current  by  90°.     xa  is  called  the  inductive  reactance  of  the 
circuit.     It  has  the  dimension  of  an  ohmic  resistance,  and  may  therefore 

be  measured  in  ohms. 

When  L  is  given  in  henrys 
and  c  in  cycles  per  second,  x,  is 
obtained  directly  in  ohms. 


__2ircy 


(I) 


ohms. 


(31) 


Then  Ixt  is  set  off  90°  in  advance 
of/. 

The  vector  representing  the 
pressure  Pe  used  to  charge  the 

condenser  is  —.  and  lags  90° 

behind  the  current.  Capacity 
Reactance  xe  is  analogous  to  in- 
ductive reactance  and  is  defined 


Fra.  58. — Geometric  Addition  of  Pressures  in  a 

Circuit 


as 


1 


1 


%c~~ <*C~ %vcC 


This  is  measured  in  ohms  when  c  is  given  in  cycles  per  secbnd  and  C 
in  farads.  The  capacity  pressure  Pe=*Ixe  is  set  off  90s  behind  I,  i.e. 
in  the  opposite  direction  to  Ix,.  From  this  we  see  that  inductance  and 
capacity  act  directly  against  one  another,  and  give  the  resultant 
component  jx  =  I(xt  -  xe) 

or  x  =  x,-xe  =  <*>L. — ts (32) 

x  is  called  the  resultant  reactance  or  simply  the  reactance  of  the  circuit. 
When  xt=*zc,  then  <e  =  0 

and  resonance  occurs.  In  this  case  the  current  depends  only  upon  the 
resistance  r  in  the  circuit  and  the  angle  <p  is  zero,  that  is,  the  current  i 
is  in  phase  with  the  pressure  p. 

Returning  to  the  general  case,  we  see  that  the  vectors  Ir  and  Ix 
combine  to  form  the  resultant  P  (see  Fig.  53)  along  the  ordinate-axis, 
at  angle  <f>  to  L 

Thus  (Ir?  +  (Ix)2  -  P2 

/=  JL_  =  -     (29a) 


or 


s/i 


f*  +  & 


where  z  =  Jr2  +  x2  is  called  the  impedance  or  apparent  resistance  of 

the  circuit,  whilst  x  ,^*. 

tano5  =  ?  (29ft) 


and 


cos <j}=-  —  power  factor. 


z 
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When  P,  r  and  x=xt  -xe  are  given,  /  can  be  at  once  found  by 
drawing  a  semicircle  on  P  as  diameter,  setting  off  the  angle  </>  and 

dividing  the  intercept  of  01  on  the  circle  by  r. 

As  a  rule,  the  applied  pressure  P  is  split  up  into  the  two  components 
It  and  Ix  at  right  angles  to  one  another.  Ir  is  called  the  resistance 
pressure  and  Ix  the  reactaiice  pressure.  The  effective  value  of  e,  is  -  Ix, 
and  is  called  the  countei'-E.M.F.  of  self-induction ;  similarly 

-  Ir  =  counter-E.M.F.  of  resistance, 

-  Ixt  =        „  „        inductance, 
-Ixe=        „  „        capacity, 

and  -  Iz  =        „  „        impedance  (or  total  counter- E.M.F.). 

From  the  diagram  in  Fig.  54 — due  to  Bedell  and  Crehore — may  be 
seen  how  the  current  is  affected  when  the  constants  r  and  x=*z9  —  ze 
are  altered,  whilst  the  pressure  P  is  kept  constant.    From  the  pressure 


Ifatt  Current 


A    Wattle*  Current       ~£  0 

Fig.  64. — Current  Diagram  of  a  Circuit  with  Variation  of  one  of  the  Constanta  r  or  x. 


triangle  of  Fig.  53,  the  two  similar  triangles  OBC  and  ABO  can  be 
deduced  by  dividing  each  side  of  the  pressure  triangle  by  r  in  the 
one  case  and  by  x  in  the  other.     Thus 

7T-.        P 


0A  =  -;     OB  =  I;    0C=-, 

x }  r 


Ir 


Ix 


AB  =  -    and    BC=-. 
x  r 


Hence  the  current  I  is  represented  by  the  vector  OB.  If  x  is  constant 
and  r  varied,  the  point  B  moves  over  the  semicircle  on  OA — from 
0  to  A  as  r  decreases  from  oo  to  0  \  that  is,  on  the  line  ABC  the  point 
A  is  fixed  so  long  as  x  is  constant,  whilst  the  point  C  moves  on  the 
ordinate  axis  when  r  is  varied ;  thus  the  phase  displacement  <f> 
changes  from  0  to  90°. 

A.C.  D 


50  THEORY  OF  ALTERNATING-CURRENTS 

For  x  positive,  0A  falls  to  the  left,  and  for  x  negative  to  the  right 

of  00. 

If  r  is  kept  constant  and  x  varied  from  zero  to  +  go  and  from  -  oo 

back  again  to  zero,  then  B  moves  on  the  circle  on  00 — starting  from  Cy 
passing  through  0  and  coming  back  to  0. 

When  x  —  0  and  r  constant,  I  has  its  maximum  equal  to  00,  and 
the  two  pressure  curves  p,  and  pe  (Fig.  52)  have  the  same  amplitude. 

A  curve  which  represents  the  variation  of  one  magnitude  as  a 
function  of  a  second  is  generally  called  a  diagram  of  the  first  quantity ; 
thus  Fig.  54  is  a  current  diagram. 

18.  Examples. 

1.  Given  the  terminal  pressure  P  applied  to  a  circuit  possessing 
resistance,  self-induction  and  capacity  of  the  following  values,  in  series 
with  one  another, 

P=  100  volts ;         r -  20  ohms ; 

L  =  0*1 59  henry ;    C=  50  microfarads. 

To  determine  and  to  sh«w  graphically  the  current  I,  the  phase 
displacement  </>  and  the  pressures  Pe  and  P3t  across  the  condenser  and 
impedance  z,  =  -Jr*  +  x\  respectively  as  functions  of  the  frequency  c. 

At  a  frequency  of  50, 

x,  -  2vcL  =  2*r50  x  0'  1 59  =  50  ohms 

,  1  1x10*       aQQ    , 

and  **  '  2*cO=  21^56  =  63*8  0hm8- 

Hence  x  =  x9-xe  =  -  13*8  ohms,  and  the  total  impedance  in  this  case  is 

*  =  N/?^2  =  V202+13-82  =  24-15  ohms, 

whence  the  current  I  is 

P      100 

z 


7=8 "  "  Wib  =  4'15  wnpw^ 


tan  <£  =  -=— MJL- 0-64    and    ^=-32*40', 
r        20 

Pfl  =  7^=415  x  63-8  =  264  volts. 

The  impedance  zt  is 

z, = JrU^  =  V202  +  502  =  53-8  ohms, 

Pt,=  7^  =  4-15  x  53-8  =  223-5  volts. 

In  this  way,  7,  <£,  Pc  and  Pt,  are  calculated  for  different  frequencies, 
and  are  shewn  plotted  in  Fig.  55. 

The  total  reactance  of  the  circuit  is  zero  when  the  frequency  c  is 

c  =  _    *_ *        =  56«5 

torjLC     2^^0-159  x  50  xl0~6 
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At  this  frequency  <£  =  0  and  /  is  a  maximum.  The  pressures  Pr 
and  P„  rise  until  the  frequency  has  approximately  this  value,  and  then 
fall  off.  PelnlLX  occurs  somewhat  before  and  PS9nAX  (and  PXSUULX)  somewhat 
after  the  frequency  corresponding  to  maximum  current. 

2.  Let  the  terminal  pressure,  resistance  and  capacity  remain  the  same 
as  in  1,  and  the  frequency  be  kept  constant  at  50  whilst  the  reactance 
x,  is  varied.  Fig.  56  shews  the  current  7,  the  phase  displacement  <f> 
and  the  pressures  Pe  and  Pta  as  functions  of  xt. 
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When  «,  =  &<.=  63*8  ohms  the  current  reaches  its  maximum  value, 
which  is  the  same  as  in  1,  whilst  ^  =  0.  In  this  case  PemA%  and  P9mMX 
both  occur  at  this  same  value. 

3.  r  is  varied  whilst  P,  L  and  C  have  the  same  values  as  in  1  and 
c  =  50.  By  means  of  Fig.  54,  the  current  I  and  phase  displacement  <f> 
can  be  found  for  different  values  of  r.  These  are  shewn  plotted  in 
Fig.  57. 

19.  Resolution  of  the  Current  into  Watt  and  Wattless  Components. 
Instead  of  resolving  the  pressure  P  into  two  components,  the  current  / 
may  be  resolved  into  two  components  along  co-ordinate  axes,  one  of 
which  is  in  phase  with  the  pressure  P. 

*  —  - —  sin  •{  w  - 


Now,* 


2  = 


tan"1 


©} 


=>/2jP(Jsi 


cos  f  tan' 


D- 


sino»^-8inr 


or  ■ 

tan"1  -\  cosco/ 


} 


x 


sin  wt  —  ^  cos  u>t 
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For  the  sake  of  simplicity,  we  write 


and 


r 

X 


r2  +  a* 


=  g  =  conductance  of  the  circuit  (33) 


x         x 

—  =  — — 2  =  h  =  susceptance  of  the  circuit. 

Z        T   t  X 


.(34) 


Conductance  and  susceptance  have  the  reciprocal  dimensions  of  a 
resistance  and  are  measured  in  mhos. 

Thus  we  can  write  the  current  i  =  J2P(gsm  *d  -  &cos  arf),  that  is,  the 
current  vector  OB  in  Figs.  53  and  54  is  represented  by  two  components 
Pg  and  Pb.     From  Fig.  58,  we  see : 

tan<£  =  -, 
and  further,  / = P*]'(p  +  W  «  Py, 

where  y  =  -  =  admittance  of  the  circuit (35) 

z 


Pb  0 

Fig.  58.— Current-triangle. 


Fid.  59.—  Current-triangle. 


Rotating  Fig.  58  in  a  clockwise  direction  through  the  angle  <f>,  we  get 
Fig.  59,  which  is  analogous  to  Fig.  53. 

If  it  is  required  that  the  current  in  a  circuit  shall  remain  constant 
whilst  g  and  b  are  varied,  the  pressure  must  be  correspondingly  altered 
both  in  phase  and  magnitude. 

From  Fig.  60  {analogous  to  Fig.  54)  the  pressure  P=0B  can  at  once 
be  found.     If  b  is  constant  and  g  varied,  the  point  B  will  move  over 

the  semi-circle  described  on  OA,  where  OA  =  ^.     When  b  is  positive, 

A  falls  to  the  right  of  0,  and  to  the  left  when  b  is  negative.     If  g  is 
kept  constant  and  b  altered,  the  circle  described  on  00  is  the  locus  of  B. 
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Of  the  two  current  components  Pg  and  Pb,  only  the  component  Pg, 
which  is  in  phase  with  the  pressure,  does  work.  Consequently  Pg 
is  called  the  watt  component  of  the  current,  or,  simply,  the  watt  current. 


WaitlatPhuun    A 


Via.  00.— Pressure  Diagram  of  a  Circuit  due  to  Variation  of  one  of  the  Constanta  garb. 


The  power  is  then  written 


W=P.Pg=P*g. 


(36) 


The  second  component  Pb  of  the  current  is  called  the  wattless 
component  of  the  current,  or,  briefly,  the  wattless  current. 

On  p.  52  we  -saw  that  the  momentary  value  of  the  current  equals  the 
algebraic  sum  of  the  momentary  values  of  the  two  current  components. 
From  the  foregoing,  we  now  see  that  the  effective  value  of  the  current 
equals  the  geometrical  sum  of  the  effective  values  of  the  watt  and 
wattless  components  of  the  current. 

Hence,  in  general,  for  any  circuit  containing  constant  reactances 
and  energy-consuming  apparatus  (resistances),  the  impressed  sine  wave 
K.M.F.  can  always  be  resolved  into  two  components,  viz.  into  the  watt 
component  Ir  which  is  in  phase  with  the  current,  and  the  wattless 
component  Ix  which  leads  the  current  by  90°. 

Similarly,  the  current  can  be  split  up  into  the  watt  component  Pg  in 
phase  with  the  pressure,  and  the  wattless  component  Pb  which  lags  90° 
behind  the  pressure. 

Thus  the  constants  of  a  circuit  can  be  written : 

watt  component  of  pressure  _   _     g 

current  g2  +  fr2 

=  effective  resistance  in  ohms,    (37) 
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wattless  component  of  pressure  __    _     b 

current  ~~    ~~g2  +  b* 

—  effective  reactance  in  ohms,  (38) 

watt  component  of  current  r 

pressure  ""    ~  r2  +  as2 

=  effective  conductance  in  mhos, 

wattless  component  of  current  _ ,  _     z 

pressure  ~    ""  r2  +  a;2 

=  effective  twceptance  in  mhos, 

current  y 

—  effective  impedance  in  ohms, 

current  1  1 


pressure  >Jr2+x*     % 

=  effective  admittance  in  mhos. 

When  several  resistances  and  reactances  are  in  series,  it  is  simplest  to 
use  r,  x  and  2,  for  in  this  case  the  corresponding  pressure  components 
can  be  added  directly. 

On  the  contrary,  when  we  are  dealing  with  parallel  circuits,  it  is 
more  convenient  to  use  g,  b  and  y,  since  the  current  components  can 
then  be  added  in  accordance  with  Kirchhoff's  First  Law. 


CHAPTER  III. 


ANALYTIC  AND  GRAPHIC  METHODS. 


20.  The  Symbolic  Method.  21.  Rotation  of  the  Co-ordinate  Axes.  22.  Inver- 
sion. 23.  Graphic  Representation  of  the  Losses  in  the  Impedance  in  a 
Circuit.  24.  Graphic  Representation  of  the  Useful  Power  in  the 
Impedance  in  a  Circuit.     25.  Graphic  Representation  of  Efficiency. 

20,   The  Symbolic  Method.     Let  the  instant  of  time  t  =  0  be  chosen 
so  that  the  current  vector  /  coincides  with  the  positive  direction  of 

the  ordinate  axis.  We  then  get  the  vector 
diagram  shewn  in  Fig.  61.  If  all  real  values 
are  set  off  along  the  positive  direction  of  the 
ordinate  axis  and  all  imaginary  values  along 
the  negative  direction  of  the  abscissa  axis, 
we  get — as  already  shewn — a  system  of  co- 
ordinates similar  to  that  generally  used  in 
Mathematics,  when  the  latter  system  is 
rotated  through  90°. 

The  e.m.f.  vector  P  is  given  by  the  co- 
ordinates Ir  and  Ix  of  the  point  A,  or, 
symbolically : 

P  =  Ir  -jlx  =  I(r  -jx). 

fio.  6i.  In  order  to  investigate  the  meaning  of  this 

expression  for  the  general  case,  where  /  also 
is  complex,  we  consider  the  product  of  the  two  complex  quantities 

1=1  cos  <f>2  -jl sin  <f>2  =  /(cos  <f>2  ~j  sin  <f>2)  =  I*  ~j** 
and  z  =  r-jx  =  z  (cos  <f>  -j  sin  <j>)  =  zt  ~**. 

The  product  of  /  and  z  is 

Iz=  Iz  {cos  (<t>2  +  </>)  -j  sin(<£2  +  </>)} 

This   product  is  represented   by  a  vector   which   leads  the  current 
vector  by  the  angle  </>,  and  has  an  absolute  magnitude  equal  to  the 


amy,  value* 
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product  of  the  absolute  values  of  the  two  complex  quantities.  This 
vector  coincides  with  the  pressure  vector ;  hence  we  can  write  for  the 
symbolic  expression  of  the  pressure  : 

¥-1* (39) 

where  the  symbolic  expression  of  the  impedance  z  is 

*  =  r-jx (40) 

Conversely,  the  symbolic  expression  of  the  current  /  is : 

i -I 

It  is  now  possible  to  carry  out  all  the  operations  of  calculation  with 
these  symbolic  expressions  in  the  same  way  as  with  real  quantities, 
and  when  the  calculation  is  finished,  the  complex  quantities  are  simply 
substituted  for  the  symbolic. 

The  complex  expressions  can  then  be  changed  into  the  real 
expressions  of  the  momentary  values.     We  have  above : 

/-it-*, 

and  P=Iz  =  IzrK+*+*)=Pt-H+*++\ 

Then  the  corresponding  momentary  values  are 

*  =  Im*x  sin  (w*  +  <£a) =  -s/2/sin  (<at  +  <f>2) 
and  p  =  PmlkX  sin  (<ui  +  4>2  +  <£)  =»  J'2P  sin  ( id  +  <t>2  +  <£). 

While  the  momentary  values  show  directly  the  amplitude,  frequency 
and  phase  of  a  current,  the  complex  quantities  only  show  amplitude 
and  phase,  and  no  more  represent  the  frequency  than  the  graphical 
method.  It  is  therefore  evident  that  no  direct  mathematical  relation 
can  exist  between  the  momentary  values  and  the  complex  expressions. 
The  symbolic  expression 

P-If-ftr-jx) 

shows  that  the  pressure  can  be  analysed  into  two  components,  Ir  in 
phase  with  the  current  and  Ix  leading  it  by  90°. 

The  negative  sign  in  z-r -jx  is  due  to  the  fact  that  the  figure  has 
been  rotated  in  a  clockwise  direction — if  the  sense  of  rotation  were 
reversed,  the  minus  sign  would  then  become  plus. 

Instead  of  calculating  symbolically,  we  might  also  proceed  graphically. 
Like  the  representation  of  complex  quantities,  the  graphic  representa- 
tion is  also  a  purely  symbolic  method,  in  which  the  vectors  can  be 
added,  multiplied,  or  divided.  Up  to  this  stage,  we  have  only  used 
vectors  to  denote  current  and  pressure.  In  order,  however,  to  carry 
out  all  operations  graphically,  it  is  also  desirable  to  represent  impedance 

and  admittance  by  vectors.  In  Fig.  62,  the  vector  0C9  with  the 
ordinate  r,  and  abscissa  x,  represents  the  impedance 

z  =  r-jx. 
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Fig.  62. 


If  now  the  current  is  given  by  the  vector  OB,  the  pressure  vector  OA 
will  be  found  by  turning  the  current  vector  through  angle  <fr,  and  at 

the  same  time  increasing  it  in  the  ratio  z.     If  we  set  off  OD  equal  to 

unity,  the  two  triangles  OCD 
and  OAB  will  be  similar,  so 
that  the  pressure  vector  can 
be  regarded  as  formed  from 
the  current  vector,  in  the  same 
way  as  the  impedance  vector  z 
is  formed  from  unity. 

Further,  assume  the  current 
/  to  vary  after  some  definite 
law.  Graphically  this  means 
that  the  locus  of  the  extremity 

B  of  the  current  vector  OB  is 
a  certain  line.  For  example,  let  this  line  be  the  curve  K  in 
Fig.  62.  Then  the  pressure  vector  P=Iz  must  also  obey  some 
definite  law.  The  locus  of  the  extremity  of  this  vector  OA  will  be 
a  curve  Klt  which  is  found  by  multiplying  all  vectors  of  curve  K 
by  the  constant  impedance  z  =  ze~ft.  The  curve  Kx  must  be  similar 
to  the  curve  K,  for  this  graphical  multiplication  can  be  considered 
as  effected  by  the  curve  K  being  moved  through  the  angle  <£ 
about  the  origin  0,  whereby  curve  K'  is  obtained,  and  then  all 
the  vectors  of  K'  are  increased  in  the  ratio  z.  By  this  process,  a 
point  B  on  curve  K  becomes  point  A  on  curve  Kv  For  any  two 
such  corresponding  points  as  A  and  B,  the  triangle  OAB  must  have 

OA 
the  same  shape,  since  the  angle  B0A  =  <f>  and  - — =z  are  constants. 

Hence  the  curve  K,  can  be  regarded  as  being  traced  out  by  the  angle 
at  A  of  the  triangle  A  OB,  whilst  the  latter  moves  about  0,  without 
change  of  shape,  and  with  its  third  angle  B  always  on  the  curve  K. 

If  the  curve  K  is  formed  from  a  system  of  straight  lines  and  circular 
arcs,  its  corresponding  curve  KY  admits  of  a  very  simple  geometrical 
construction. 

To  multiply  a  straight  line  we  multiply  a  point  on  the  same,  but 
keep  the  angle  constant  which  the  vector  from  this  point  to  the  origin 
makes  witb  the  straight  line.  A  circle  is  multiplied  by  multiplying 
its  centre  and  the  radius,  or  its  centre  and  any  point  on  the 
circumference. 

Let  the  moment  of  time  t  =  0  be  so  chosen  that  the  pressure  P  =  OA 
falls  on  the  positive  direction  of  the  ordinate  axis  (Fig.  63).  Then 
we  can  write  symbolically : 

I=Py  =  Pg+jPb  (39a) 

and  y  =  9+jb, (41) 

in  which  expression  the  current  is  given  in  terms  of  two  rectangular 
components,  one  of  which  is  in  phase  with,  and  the  other  at  90°  to, 
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the  pressure.  Fig.  64  shews  that  the  current  vector  is  formed  from 
the  pressure  vector  in  the  same  way  as  the  admittance  y  is  formed 
from  unity.  Whilst  the  extremity  of  the  pressure  vector  moves  over 
the  curve  K  (chosen  a  circle  in  this  case),  the  extremity  of  the  current 
vector  describes  the  circle  Kx.    In  Figs.  62  and  64  it  has  been  tacitly 


FlO.  68. 
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assumed,  that  P,  /,  z  and  y  are  all  drawn  to  the  same  scale, — that  is  to 
say,  I  volt,  I  ampere,  1  ohm  and  1  mho  are  all  represented  by  the 
same  length,  e.g.  1  mm — for  only  in  this  case  are  the  triangles  OCD 
and  OB  A  similar. 

In  graphic  multiplication,  it  is  to  be  noted  that  the  rotation  of  the 
multiplied  vector  must  be  clockwise  or  cowtier-clockwise,  according  as  the 
argument  of  the  second  factor  is  negative  or  positive. 

21.  Rotation  of  the  Co-ordinate  Axes.  It  follows  directly  that 
in  Fig.  62  the  curve  Kx — which  represents  the  pressure  Pj  acting  at 
the  terminals  of  a  constant  impedance  ?i  =  7'i -./?i  and  is  similar 
to  the  curve  K  of  the  current  vector  / — can  be  obtained  by  graphic 
multiplication.  At  the  instant  t  —  0,  the  current  and  pressure  vectors 
coincide,  but  are  otherwise  chosen  independently  of  one  another.  The 
scale  of  the  pressure  curve  depends  on  that  of  the  current  curve  K 
and  of  the  impedance  zl.  If  the  impedance  scale  is  chosen  so  that 
1  cm=zl  ohms,  the  vectors  representing  the  pressure  Px  will  be  of  the 
same  length  as  those  representing  the  current.  The  pressure  curve  Kx 
is  then  obtained  by  simply  rotating  the  current  curve  K  through 

the  angle  4>x  =  tan"1  -1  in  a  clockwise  direction. 

Instead  of  revolving  the  vectors,  the  co-ordinate  axes  can  be  moved 
through  the  angle  <f>x  in  a  counter-clockwise  direction.  If  the  current 
curve  is  drawn  so  that  1  cm  =  w  amperes,  this  same  curve,  with 
respect  to  the  new  axes,  will  serve  as  the  pressure  curve  to  the 
scale  1  cm  =  zm  volts. 

Rotating  the  co-ordinate  system   means  that  zero   time  for  the 
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pressures  occurs  p>  T  seconds  earlier  than  that  for  the  currents.    This 

process  is  shewn  in  Fig.  65. 

Consider  now,  the  special  case  of  a  constant  terminal  pressure  P 
acting  on  the  circuit,  in  which  the  current  /  is  represented  by  the 
curve  K.  Set  off  the  terminal  pressure  P  along  the  real  current  axis. 
The  pressure  P1  —  Izl  consumed  in  the  line  impedance  z.  is  represented 
by  the  current  curve  K  with  respect  to  the  new  co-ordinate  axes.  To 
obtain  the  direction  and  scale  of  the  new  real  axis  (or  the  pressure 
axis),  we  draw  the  current  vector  IK  for  the  case  when  the  load  is 
short-circuited,  and  the  only  impedance  in  the  circuit  is  zr  This 
is  called  the  short-circuit  current,  and  is  expressed  by 

and  has  thus  the  direction  of  the  real  (or  pressure)  axis  in  the  rotated 

co-ordinate  system. 

Now,  we  have  just  seen  that  1  cm  represents  zx  times  as  many  volts 

in  the  new  co-ordinate  system  as  amperes  in  the  original  system. 

Hence,  if  IK  is  set  off  in  the 
original  system,  this  same  vec- 
tor will  represent  the  terminal 
pressure  P  in  the  new  system 
both  in  magnitude  and  direction. 
This  direction  coincides  with 
that  of  the  real  axis  of  the  new 
system,  since  we  have  taken  the 
terminal  pressure  as  real,  i.e.  as 
having  no  component  along  the 
imaginary  axis. 

The  load  pressure  P^  which 
remains  after  subtracting  the 
pressure  Px  consumed  in  the 
impedance  zY  from  the  supplied 
pressure  P  is 

and  is  thus  given  in  the  new 
co-ordinate  system  by  the  distance  of  a  point  A  on  the  curve  K  from 
the  short-circuit  point  PK  (see  Fig.  65).  In  other  words,  the  curve  K 
in  the  new  system  is  the  locus  of  the  apex  of  the  pressure  triangle, 
whose  two  base  angles  are  situated  at  the  origin  0  and  the  short- 
circuit  point  PK  respectively. 

In  many  cases  it  is  advantageous  to  take  the  opposite  direction 
of  the  vectors  as  positive  in  the  new  system  of  co-ordinates.  This 
is  effected  by  rotating  the  co-ordinate  system  through  the  angle 
^  +  180°  in  a  counter-clockwise  direction,  and  removing  the  origin 
to  the  shortrcircuit  point  PK  (Fig.  66).     Such  a  diagram  is  known 
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mag. 
of  current 


Fro.  66. 


as  a  bipolar  diagram — 0  is  the  pole  for  currents  and  PK  the  pole  for 
pressures. 

In  Fig.  64  it  was  seen  how  the  current  curve  KY — similar  to  the 
given  pressure  curve  if— could  be  formed  by  multiplying  the  latter 
by  a  constant  admittance  ' 

yl=*gl+jb1.     Here  also  it 

is  not  necessary  to  draw  a 
new  curve,  if  we  rotate 
the  co-ordinate  system  as 
above.  The  axes  of  the  new 
system  are  moved  through 

the   angle   c^^tan"1-*   in 

the  direction  in  which  the 
figure  rotates,  whilst  the 
current  scale  in  the  new 
system  is  1  cm  =  ylm  am- 
peres, where  1  cm  =  m  volts 
in  the  original  system. 

An  important  case  is  the 
determination  of  the  press- 
ure curve  iff  of  the  supplied 
pressure  P  when  the  current  /  is  to  be  constant  at  all  loads.  Let  K 
be  such  a  curve  in  Fig.  67.  Apart  from  other  conductors  which  may 
be  present,  let  there  be  a  path  of  constant  admittance  yx .  For  the  time 
being,  suppose  all  other  paths  except  y,  to  be  cut  out  of  circuit.     The 

pressure  necessary  to  produce  the 
constant  current  /would  then  be 

•°    Vx     V\ 

• 

P0   can    be   called   the   no-load 

pressure,  and  coincides  with  the 
axis  of  real  values  in  the  new 
system.  Moreover,  since  a  dis- 
tance represents  yx  times  as 
many  amperes  in  the  new  system 
as  volts  in  the  original,  the  no- 
load  pressure  vector  A  in  the 
original  system  gives  the  mag- 
nitude and  direction  of  the 
constant  current  /  in  the  new 
system. 


t 
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When  the  other  branches  are  in  circuit,  the  current  in  them  is : 


/t-/-/i. 


and  is  represented  in  the  new  system  by  the  distance  of  the  point  A 
on  the  curve  K  from  the  no-load  point  P0  (see  Fig.  67).     Hence  the 
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pressure  curve  is  the  locus  in  the  new  system  of  the  apex  of  the 
current  triangle,  whose  two  base  angles  are  at  the  origin  0  and  the  no- 
load  point  P0  respectively. 

By  displacing  the  origin  of  the  new  system  to  the  no-load  point  P0 
and  turning  it  through  180°,  we  get  the  bipolar  diagram  shewn  in 
Fig.  68,  where  0  is  the  pole  of  pressures  and  P0  of  currents. 
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22.  Inversion.    In  Fig.  69  the  vector  OC  represents  the  impedance 

z,  and  OE  the  corresponding  admittance  y—l/z.  They  both  make  the 
same  angle  </>  with  the  ordinate  axis.  In  this  method  of  representation, 
resistance  and  conductance  are  set  off  along  the  ordinate  or  real  axis,  and 
reactance  and  susceptance  along  the  abscissa  or  imaginary  axis.    The  two 

triangles  ODtfand  OEDzre 
similar  when  z  and  y  are 
drawn  to  the  same  scale. 
If  we  set  otiOE'  =  OE  along 

the  impedance  vector  0C\ 
then,  between  the  points 
E\  which  is  the  image  of 
E  in  respect  to  the  ordinate 
axis,  and  C  there  exists  the 
simple  relation, 

0C.0E'  =  z.y=\. 

Two  such  points  are  called 
inverse  points  with  respect 
to  the  origin  0,  which  is 
called  the  centre  of  inversion. 
In  general,  if  two  curves  K  and  K^  are  such  that  the  product  of  the 

lengths  0A  and  0Al  cut  from  a  straight  line  passing  through  a  fixed 
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point  0  is  constant,  i.e.  OA  .  0AX  =  const.  =  I,  the  one  curve  is  said 
to  be  the  inverse  curve  of  the  other,  whilst  I  is  called  the  constant  of 
inversion  and  0  is  the  inversion  centre.  A  and  Ax  are  called  corresponding 
points.  The  inverse  curve  of  a  straight  line  is  a  circle  passing  through 
the  centre  of  inversion  (Fig.  70). 

Proof.    Since  triangle  0AlB1  is  similar  to  triangle  OB  A, 

then  0AX :  0BX- 0B.0A; 

thus,  for  any  line  0A9 

OA.OA^OB.OB^I. 

Conversely,  the  inverse  curve  of  a  circle  which  passes  through  the  centre 
of  inversion  is  a  straight  line. 


A 

Fig.  71.— Inverse  of  a  Circle. 

The  inverse  curve  of  a  circle,  which  does  not  pass  through  the  centre 
of  inversion,  is  a  circle  (Fig.  71),  and  the  centre  of  inversion  is 
similarly  situated  in  respect  to  each  of  the  circles. 

Proof  OD^OB^OB^OD 

or  OD.OD^OB.OB^OA.OA^I. 

If  both  circles  coincide,  so  that  the  circle  is  its  own  inverse  curve, 
then  the  constant  of  inversion  is  I  =  OA'2. 

The  theorem  is  equally  true  when  the  point  0  falls  within  a  circle, 
for  the  proof  is  quite  independent  of  the  position  of  0.  The  point  0 
then  falls  inside  the  inverse  circle  also. 

It  may  be  noted  that  when  the  point  A  moves  along  the  curve  K  in 
a  certain  sense,  the  point  Ax  on  curve  Kx  corresponding  to  A  on  curve 
K  will  move  in  the  opposite  sense. 

If  the  two  curves  cut  or  touch  at  point  A,  the  inverse  curves. will 
also  cut  or  touch  at  the  corresponding  point  Av 

If  the  two  curves  cut  one  another  at  A  at  a  certain  angle,  the  inverse 
curves  will  also  cut  at  the  same  angle  at  Ax .  In  order  to  shew  how 
inversion  may  be  applied  to  the  solution  of  alternating-current  problems, 
consider  a  circuit  along  which  a  constant  alternating-current  /  is  flow- 
ing; the  terminal  pressure  P  must  then  be  varied  as  the  circuit  constants 
are  varied,  and  the  end  A  of  the  pressure  vector  OA  will  describe 
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some  curve  K  (Fig.  72).  The  abscissa  of  any  point  on  the  curve 
represents  the  wattless  component  and  the  ordinate  the  watt  component 
of  the  corresponding  e.m.f. 

Since  the  shape  of  the  curve  is  independent  of  the  current-strength 
and  also  holds  for  7=1,  the  vector  OA  will  also  represent  the  imped- 
ance z  to  another  scale.     With  symbolic  representation  the  impedance 

z=r-jx  =  £(cos  <f>  -j  sin  <£)  =  ze  ~* 

is  given  by  a  radius-vector  of  length  z  making  angle  -<£  with  the 
real  axis.     Since  #2=1,  the  curve  K}J  over  which  the  end  Ax  of  the 
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admittance  vector  y  moves,  is  given  by  inverting  the  curve  K  over 
which  the  end  A  of  the  impedance  vector  z  moves. 

h    x 
From  the  relation  -  =  -  it  follows  also  that  the  two  radii- vectores 

y  and  z  have  the  same  direction,  when  conductance  is  set  off  along  the 
ordinate  and  susceptance  along  the  abscissa  (see  Fig.  72).  If  the  radii- 
vectores  of  the  admittance  curve  are  multiplied  by  a  constant  pressure 

P,  the  vectors  0AX  will  give  the  current  in  the  circuit  to  a  certain 
scale.  The  ordinates  then  represent  watt  currents  and  the  abscissae 
wattless  currents.     The  admittance  y,  corresponding  to  the  impedance 

z=*ze~**t  is  i| 

Hence,  the  admittance  vector  y  will  lie  in  quadrant  I.  when  z  lies  in 
quadrant  IV.  and  vice  versa — or,  if  %  lies  in  quadrant  III.  then  y  lies 
in  quadrant  II.  and  vice  versa.  Thus  we  see  that  the  vector  y  cannot 
coincide  with  the  vector  z  if  the  same  system  of  co-ordinates  is  used 
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for  admittance  and   current  vectors  as  for  impedance  and  pressure 
vectors. 

The  direction  of  the  y-vector  is  the  image  of  the  z-vector  with 
respect  to  the  ordinate  axis.  Hence,  if  we  wish  to  apply  graphical 
inversion  to  alternating-currents,  we  must  in  every  case  substitute  the 
inverse  curve  Kx  {obtained  by  inversion  of  the  curve  K)  by  Us  image  K\ 
with  respect  to  the  ordinate  axis. 

In  practice,  however,  the  process  of  inversion  can  be  simplified  as 
follows.  If  the  admittance  or  current  curve  of  a  circuit  is  desired, 
and  we  wish  to  derive  the  same 
by  a  single  inversion  of  the  im- 
pedance curve,  then,  instead  of 
drawing  the  impedance  curve 
itself,  we  draw  its  image  with 
respect  to  the  ordinate  axis;  the 
desired  admittance  or  current 
curve  is  then  obtained  directly 
by  inverting  this  image. 

The  process  can  be  best  illus- 
trated by  an  example.  Given  a 
simple  circuit  with  constant  react- 
ance x  in  series  with  a  variable 
resistance  r.  The  impedance  curve 
is  then  a  straight  line  K  parallel 
to  the  ordinate  axis  and  displaced 
from  the  same  by  a  distance  x  (Fig.  73).  The  image  of  this  straight 
line  about  the  ordinate  axis  is  K\     The  inverse  curve  of  the  straight 

1  ' 
line  K'  is  the  circle  K*  of  diameter  -.     This  circle,  whose  centre  lies  on 

1  x 

the  abscissa  axis,  is  then  the  admittance  curve,  and  when  all  vectors 

are  multiplied  by  the  pressure  P,  we  get  the  current  curve.     This 

agrees  with  that  in  Fig  54,  but  has  been  obtained  in  another  way ; 

p 
both  circles  have  the  same  diameter  — 

x 

Similarly  the  impedance  or  E.M.F.  curve  can  be  constructed  by  a 
single  inversion  of  the  image  K'  of  the  admittance  curve  K.  For 
a  circuit  with  constant  susceptance  b  in  parallel  with  a  variable  conduct- 
ance g,  the  curves  K  and  K'  are  straight  lines  parallel  to  the  ordinate 
axis  (Fig.  74).     The  inverse  curve  A^,  representing  the  impedance 

curve,  is  a  circle  of  diameter  p  whose  centre  lies  on  the  abscissa  axis. 

By  multiplying  all  the  vectors  by  /,  the  same  pressure  diagram  is 
obtained  as  in  Fig.  60,  for  both  circles  have  the  same  diameter  =-. 

It  often  happens  that  two  inversions  must  be  made  in  order  to 
obtain  a  desired  diagram. 

In  this  case  it  is  not  necessary  to  draw  the  image  of  the  inverted 
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curve,  for  if  the  first  curve  lies  in  quadrant  IV.  the  inverted  curve 
will  lie  in  L,  and  the  curve  obtained  after  the  second  inversion  will 
fall  again  in  quadrant  IV.     Hence,  since  both  the  curve  from  which 

we  start  and  the  curve  we 
obtain  lie  in  the  same  quadrant, 
it  is  more  convenient  to  carry 
out  all  the  operations  in  the  one 
quadrant,  wnereby  the  figures 
are  also  clearer. 

In  general,  therefore  we  pro- 
ceed as  follows :  According  as 
an  even  or  an  odd  number  of 
inversions  must  be  carried  out  in 
order  to  obtain  a  particular 
diagramy  it  is  desirable  to  start 
from  the  actual  diagram,  or  its 
image. 

Of  the  two  curves  which 
represent  the  impedance  and 
admittance  of  a  circuit  by  polar  co-ordinates,  the  one  is  always  the 
inverse  of  the  other.  The  constant  of  inversion  I  depends  on  the 
scales  for  y  and  z. 

Since  the  ratio  of  inversion  is  a  function  of  the  scales,  after  drawing 
the  first  magnitude  to  a  convenient  scale  it  is  possible  to  choose  the 
constant  of  inversion  I  so  that  the  inverse  figure  will  also  be  drawn 
to  a  suitable  scale.     This  is  illustrated  by  the  following  example. 

In  Fig.  72  let  the  admittance  y  be  set  off  so  that  1  cm  =  m  mhos. 
Then,  if  we  wish  to  have  the  scale  of  the  impedance  z  such  that  1  cm 

equals  n  ohms,  we  get  7^-7      , 

^  °  y  =  m.  0Al  mhos, 

z  =  n .  OA  ohms. 
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Then  yz=mnOAl.OA  =  l. 

Hence,  the  constant  of  inversion  is 


I-OA.OA^ 


mn 


(42) 


If  Fig.  72  is  drawn  for  currents  and  pressures  to  the  scales  1  cm 
=  m  amps.  =  n  volts,  and  I0  and  P0  denote  the  corresponding  constants 
of  the  circuit,  we  have 

/=  m .  0AX  =  P0y  amperes 
and 


P=n.  OA  =  IQz  volts, 


whence  mnOA  .OA^  I0P0yz = IQPQi 

and  the  constant  of  inversion  is 

l-OA.OA.J-^ 

1      mn 


.(42a) 
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Before  leaving  inversion,  the  following  theorem  may  be  mentioned : 

If  we  have  two  figures  in  which  any  point  and  any  circle  of  the  one 
correspond  to  a  point  and  a  circle  of  the  other,  then  it  is  always  possible,  by 
inversion  and  multiplication,  to  convert  one  system  into  the  other. 

From  this  it  follows  that,  by  means  of  the  foregoing  methods,  every 
locus  which  is  a  straight  line  or  a  circle  can  be  deduced  from  other  loci 
which  are  straight  lines  or  circles. 

Since  the  inverse  of  a  circle  is  a 
circle,  in  carrying  out  the  inver- 
sion of  circles,  instead  of  proceeding 
point  by  point,  it  is  simpler  to 
calculate  the  co-ordinates  of  the 
centre  and  the  radius  of  the  new 
circle. 

Example.  Given  a  circle  K  of 
radius  B  (Fig.  75),  the  co-ordinates 
of  whose  centre  M  are  v  and  /* — to  Fig.  75. 

calculate  the  radius  R  and  the 

co-ordinates  pf  and  v  of  the  centre  M'  of  the  circle  K',  which  is  to  be 
the  inverse  of  K  for  the  constant  of  inversion  I.     Drawing  the  common 

tangent  OTT  to  the  two  circles,  we  have 


or 


OT 


and  0T=s/ti*  +  v*-R2. 

By  aid  of  the  similar  triangles  OM'S',  OMS  and  OTM,  OT'M',  it  is  easy 


to  shew  that 


v  =  v 


=  1 


OT2     ~n2  +  v*-B? 

11    ^w*     /l2+v2-i^2, 

OT2        /x2  +  ^2-JR2 

so  that  the  new  circle  is  determined  both  as  regards  magnitude  and 

position. 

Two  circles  which  are  formed 
from  one  another  by  multipli- 
cation and  rotation  correspond 
point  for  point  with  respect  to 
the  origin  of  the  co-ordinate 
axes,  for  we  pass  from  two 
corresponding  points  Ax  and 
A2  (Fig.  76)  of  the  two  circles 
to  two  other  corresponding 
points  Bx  and  B2  by  rotating 
the  vectors  about  0  through 
*i°.  76.  the  same  angle  a. 
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The  locus  of  the  sum  of  the  corresponding  vectors  of  two  corre- 
sponding circles  is  also  a  circle.  For  when  the  circle  KQ  is  formed 
from  Kx  by  multiplying  by  a  constant  k  and  rotating  through  a  constant 
angle  \p,  we  have,  for  corresponding  vectors,  a^  and  a2  of  these  circles, 

a2  =  alJc€  -*►, 
Hence,  the  resultant  vector, 

a1  +  a2  =  a1(l+^€-J>), 

is  always  proportional  to  ax  and  displaced  from  it  by  a  constant  angle, 
and  consequently  moves  over  a  circle. 

If  two  circles  correspond  in  respect  of  two  points  on  their 
circumferences,  the  locus  of  the  sum  of  the  vectors  of  corresponding 
points  is  also  a  circle. 


Pig.  77. 


In  Fig.  77  let  Kx  and  K2  be  the  two  circles  and  Dl%  D2  two 
corresponding  points.  If  Al  and  A2  are  likewise  to  be  corresponding 
points,  we  shall  then  have 

l  I)lMlAl  =  l  D2M2A2  =  a. 

The  point  M  is  obtained  by  adding  0MX  and  0M2.     Setting  off 


MA'  equal  and  parallel  to  MlA1, 


A'A 


»> 


» 


» 


then  A  is  the  sum  of  the  two  points  Ax  and  A2.     In  the  same  way, 
D  is  the  sum  of  the  two  points  I)1  and  D2,  where  the  angle  DMA  =  a. 

The   sum  of  the   two   circles   Kx  and   K2  is   thus  the   circle   K, 
whose  radius  is  Tx      /-n — m tt~; -r 

where  5  is  the  angle  between  two  corresponding  radii  of  the  circles 
Kx  and  K2. 
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23.  Graphic  Representation  of  the  Losses  in  the  Impedance  in  a 
Circuit.  If  a  current  /  is  transmitted  over  a  circuit  whose  line 
impedance  is  z  =  r-jx9  the  energy  con- 
sumed thereby  is  V=I*r.  We  shall 
now  shew  how  this  energy  V^  which 
is  dissipated  in  the  form  of  heat,  can 
be  represented  graphically  for  the  case 
when  the  current  diagram  is  a  circle. 
Let  fi  and  v  be  the  co-ordinates  of  the 
centre  of  a  circle  whose  radius  is  B,  and 
u  and  v  the  co-ordinates  of  a  point  on 
the  circle  (Fig.  78).  The  equation  of 
the  circle  is 


(«-/*)*  +  (* -*)*«# 


or 
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The  heating  losses  are 

T=  Pr  -  (w2  +  v*)r 

=  2r  (fiu  +  w  -  Q  =  2*V, 

where,  for  the  sake  of  brevity, 

P2 
fiu  +  w  -  "f  =  V. 

Now  V  —  0  is  the  equation  of  a  straight  line,  whilst  u  and  v  represent 
the  co-ordinates  of  points  on  it. 

The  polar  of  the  current  circle,  with  respect  to  the  origin  0,  has  the 

equation 

fiu  +  w  -  p2  =  0. 

From  this,  we  see  that  the  straight 

line  V  =  0   is   parallel  to  the  polar 

and   bisects  the   distance   between 

it  and  the  origin.     Hence  the  line 

p2 
V  =  /xtt  +  v0-£r  =  Oi8  called  the  semi- 

polar  of  the  circle  with  respect  to 
the  origin  0. 
To  construct  the  semi-polar  V  =  0, 

draw  a  circle  on  0M  as  diameter, 
where  M  is  the  centre  of  the  current 

circle  (Fig.  79).     The  circle  on  OM 

cuts  the  current  circle  in  two  points 

which  lie  on  the  polar,  so  that  the 

The  semi-polar  V  =  0  is  then  the  line 
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latter  can  be  drawn  at  once. 


drawn  parallel  to  the  polar  to  bisect  the  distance  OP. 
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For  any  point  on  the  semi-polar,  we  have : 


,2 


where  u,  v  are  the  co-ordinates  of  the  point. 

For  points  u,  v  which  do  not  lie  on  the  semi-polar,  the  expression 
for  V  can  be  found  as  follows : 

Let  the  straight  line  /  (Fig.  80)  have  the  equation 


Further, 


a     b 

p  :a  =  b  :Ja2  +  b\ 
ab 


P  = 


v/a2  +  &2' 
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Hence  the  equation  of  the  straight  line 
/  may  also  be  written 

bu  +  wo  -p<Ja2  4  b2  —  0. 

A  parallel  straight  line  II  at  distance  P 
from  the  origin  has  the  equation 

bu  +  av  -  P<Jd*  +  b*  ->  0. 

For  a  point  ux ,  vx  on  the  straight  line  //, 

bi^  +  avY  -  Ps/aF+b2  =  0. 

Hence  the  equation  of  the  straight  line  /  may  also  be  written  : 

b(u  -  ttj)  +  a{v  -  Vj)  +  (P  -p)\la2  +  b2  =  0. 

Introducing  now  into  the  equation  of  straight  line  J,  the  co-ordinates 
Uy,  vly  of  a  point  on  straight  line  //,  we  get 

(P  -p)sftf  +  b2  =  ANja*  +  b*. 
Returning  to  the  previous  case,  we  see  that  the  linear  expression 

p2 

for  any  point  w,  v  in  the  plane  has  a  value  which  is  proportional  to 
the  distance  of  this  point  from  the  straight  line  whose  equation  is 
obtained  when  we  put  the  linear  expression  of  the  co-ordinates  equal 
to  zero.  The  factor  of  proportionality  is  JfjP  +  v2,  and  equals  the 
distance  of  the  centre  of  the  circle  M  from  the  origin  0. 

For  any  point  A^   corresponding  to  the  current  /  on  the  circle 
(Fig.  79),  we  thus  get  the  loss  V  in  the  impedance, 

F=r2i=2rV  =  2r.OM.A1N,  (43) 

where  AXN  is  the  distance  of  A.  from  the  semi-polar.  In  what  follows 
we  shall  call  the  semi-polar  the  loss  line. 
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If  the  circle  represents  the  current  due  to  a  constant  terminal 
pressure  P,  then  for  the  point  Alt  the  total  supplied  power  Wis 

W  =  PI coa  4>=*Px  ordinate  of  point  Ax. 

Until  now,  it  has  been  assumed  that  the  current  scale  is  unity,  so 
that  1  cm  corresponds  to  1  ampere.     If  the  current  scale  is 

1  cm  =  m  amps., 
then  the  loss  V  is 

r-/2r  =  2m2r03/.^F  watts, (43a) 

and  the  supplied  power  W  is 

W=  Pm  x  ordinate  of  point  Ax . 
Hence  the  ratio  of  the  scales  for  loss  and  power  is 

'2mrOM 


If  the  origin  0  lies  on  the  circle,  then  the  loss  line  V  =  0  coincides 
with  the  tangent  at  this  point  0.  For  the  case  when  the  origin  0  lies 
within  the  circle,  as  in  Fig.  81,  the 
pole  P  of  the  origin  is  found  by 
drawing  a  perpendicular  through  0, 
and  where  this  perpendicular  cuts 
the  circle,  drawing  tangents  to  meet 
at  P  in  MO  produced.    The  loss  line 

V  =  0  then  bisects  OP  at  right  angles 
as  previously.  Thus,  every  point  has 
the  same  loss  line  as  its  pole. 

If  the  pressure  P  between  two 
points  in  a  circuit  is  represented  by 
a  circle  diagram  and  we  wish  to 
find  the  loss  consumed  in  a  constant 
admittance  y  =  g+jb  between  these 

two  points,  we  get  the  same  construction  as  above,  for  the  loss  in 
the  admittance  is  V=P*a 

where  P2  can  be  represented  by  the  distances  of  points  on  the  circle 
from  a  loss  line  V  =  0,  just  as  I2  above.  Hence,  for  a  point  Ax  on 
the  pressure  circle  whose  centre  is  My  the  loss  is 

F=2gV  =  2gOM.A1N,   (44) 

where  0  is  the  origin  and  AYN  the  distance  of  the  point  on  the  circle 
from  the  line  V  =  0. 

24  Graphic  Representation  of  the  Useful  Power  in  the  Impedance 
in  a  Circuit.  With  constant  terminal  pressure  P,  the  power  supplied 
to  the  circuit  is 

/T=i>x  watt  component  of  current  =  P.v, 


Pio.  81. 
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where  v  is  the  ordinate  of  the  current  curve.  The  difference  between 
the  supplied  power  W  and  the  heating  losses  Vy  which  we  shall  call 
the  useful  power  W v  can  also  be  represented  graphically.     Thus 

/F,  =  W-  V=  W-  I*r  =  Pv  -  2rV  =  2r(£-v  -  v\ 

/,2 


where 


V  =  fiu  +  w  -  -f 


Substituting  in  the  same  way, 

p 

\N  =  —  v    and 

2r 


2 


/F=2;W, 


then   W  =  0  is   the  equation  of  the  abscissa  axis  of   the  system  of 
co-ordinates.     Then  iy  _  or/yj  _  w\ 


where 


W 


=  2rW, , 
1  =  W-V=-^-^-|.)t;  +  ^0 


is  the  equation  of  a  straight  line  passing  through  the  point  of  inter- 
section of  the  loss  line  with  the  abscissa  axis. 

In  general,  for  any  point  whose  co-ordinates  are  u  and  v,   the 
expression  for  Wx  has  a  value  proportional  to  the  distance  of  the  point 

(Uj  v)  from  the  straight  line  W1  =  0.      Denoting  this  distance  by  AXN9 
then  . — — 

Hence  the  difference  JP\  between  the  supplied  power  W  and  the  losses 
V  is  given  by  the  distance  of  the  respective  point  on  the  current  circle 

from  the  straight  line  Wj  =  0. 
This  line  W1  =  0  will  be  denoted 
as  the  iwwer  line  of  the  diagram. 
The  equation  of  the  power 
line  is  obtained  by  subtracting 
the  equation  of  the  circle 

w2  +  v2_^v=so 
r 

from  the  equation  of  the  current 
curve 

Thus  the  power  line  passes 
through  the  intersection  of  these 
two   circles   and    can    be    con- 
structed, as  in  Fig.  82,  provided 
the  current  curve  and  resistance  r  are  known. 


Fin.   82. — Representation    of   Useful    Power  with 
Impedance  in  Series. 


USEFUL  POWER  IN  THE  IMPEDANCE  IN  A  CIRCUIT    73 


For  a  point  Al  on  the  current  curve, 

Wa  =  ^  +  (v  - 1)2.  A^N-  MM1 .  AXN, 

and  the  power  JFl  =  2rV/1  =  2rMM\.A^N,  (45) 

or,  for  the  current  scale  m9 

Wx  =  2mhMMl .  A^N  watts (45a) 

The  points  of  intersection  of  the  power  line  with  the  current  circle 

have  a  definite  physical  meaning,  which  we  shall  now  consider.     As 

already   shewn  in   Ch.  II.  p.  49,  the  circle  about  centre  Mx  with 

p 
radius  —  would  represent  the  current  diagram  for  the  case  when  only 

the  resistance  r  and  a  variable  reactance  z  are  in  the  circuit.  This 
must  hold  for  the  points  of  intersection  between  power  line  and 
current  curve,  for  these  points  lie  on 
the  circle  about  centre  mv  as  proved. 
At  these  points,  the  total  supplied 
power  is  consumed  in  the  resistance 
r,  and  the  useful  power  is  therefore 
zero.  One  case  when  this  happens  is 
when  the  applied  pressure  is  short- 
circuited  through  the  impedance  z. 
(short-circuit  point),  and  the  other 
case  when  the  load  in  series  with  the 
impedance  z  is  wattless  (no-load  point). 
The  power  scales  for  the  diagram 
can  be  determined  as  follows.  Let  the 
current  curve  be  drawn  to  such  a  scale  that  1  cm  along  the  ordinate 
of  a  point  corresponds  to  mw  watts.  Then  for  a  point  Fl  the  supplied 
power  (Fig.  83)  is 

W= mw .  iVV„  =  mwFJ)  sin  [WWj. 

The  power  line  passes  through  the  points  where  the  supplied  pressure 
equals  the  losses.     If  the  point  P1  lies  on  the  power  line  W^O,  we 

have  also  W=V=  mvt\Nv  =  m.Pfi  sin  [W, V], 

where  mm  =  the  scale  of  the  losses.     Hence 

^smtWW,]  (46) 

sin^V] v     ' 

Since  the  loss  line  V  =  0  also  passes  through  the  points  where  the 
useful  power  Wx  equals  the  supplied  power  JF,  we  get  for  a  point  P, 

mwMw  =  m„j>N^ 

mw  sin  [WV]  =  mWl  sin  [  Vv\V], 

w^     «n[WV]     (46a) 

mw     sill[W1V],  v       ' 


Fia.  83. 
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where  mWl  is  the  scale  for  the  useful  power.  Hence  we  get  the  following 
rule  for  determining  the  power  scales  of  the  diagram :  If  two  powers  are 
measured  by  the  perpendicular  distances  of  a  point  from  ike  corresponding 
straight  lines,  the  scales  are  inversely  proportional  to  the  sines  of  the  angles, 
which  the  respective  straight  lines  make  with  the  line  for  which  the  two 
measured  powers  are  equal.  Since  the  perpendicular  distance  of  a  point 
from  a  straight  line  always  remains  proportional  to  the  length  of  the 


PwA 
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line  drawn  at  a  constant  angle  to  the  straight  line,  the  following  Rule 
will  at  once  be  apparent  (see  Fig.  84).  If  two  powers  are  measured  by 
the  distances  of  a  point  from  the  corresponding  straight  lines  in  the  direction 
parallel  to  that  line  for  which  both  the  measured  powers  are  equal,  then  the 
two  powers  will  have  the  same  scale. 
Thus  in  Fig.  84,  for  a  point  P, 

Hjl-EA     Z-^±      Jl-^? 

w~fb>  w-pr>9  wcpf 

If  the  loss  does  not  occur  in  an  impedance  in  series  with  the  load, 
but,  as  is  shewn  in  Fig.  85,  in  a  constant  admittance  y=g+jb  con* 

nected  in  parallel  with  the  load, 
the  useful  power  is 

Wx=W-P*g. 

Let  the  pressure  vector  P  move 
over  the  circle  K  in  Fig.  86, 
which  has  the  equation 

u2  +  v2  -  2fiu  -  2w 

—  &  —  fM2  -  V2  =   —  P29 

and  set  off  the  current  /= /  along 
the  real  axis ;  we  can  then  write 


0»>2(~*-v)-ty(W-V), 


Fig'.  86.— Representation  of  Useful  Powor  with 
Admittance  in  Parallel. 


where 


,2 


V  =  flU  +  w  -  tjr, 


whilst  V  =  0  is  the  equation  of  the  semi-polar  of  the  pressure  circle 
with  respect  to.  the  origin,  or  the  loss  line. 
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Further, 


'2g 


t;  =  W, 


and  W  =  0  is  the  equation  of  the  abscissa  axis. 
We  now  proceed  precisely  as  above,  and  put 


Wi-W-V--m«-(v-^).  +  £ 


From  this  we  see  that  with  a  constant  current  /  the  equation 

Vv\  =  0 

represents  a  straight  line.     This  is  the  power  line  of  the  circuit. 

The  power  line  must  pass  through  the  points  of  the  circle  K  for 
which  the  output  Wx  is  zero.  For  these  points  gl  =  0,  and  consequently 
the  whole  conductance  between  the  terminals  equals  g.  Now  all 
pressure  vectors  for  a  circuit  with  a  constant  current  /  and  conductance 
g  lie  on  the  circle  drawn  about  M,  with  radius  I/'2g  in  Fig.  86. 
Hence  the  power  line  Vv\  =  0  passes  through  the  point  of  intersection 
of  this  circle  with  the  pressure  circle  K. 

For  a  point  Ax  on  the  pressure  circle  K, 


Vv\  -  ^2  +  (f  -  ')*.  ^iV=  MM, .  AAN9 


and  the  output 


JF1^2gMM1.AlN. (47) 


If  the  points  Mt  Mx  and  Ax  are  set  off  to  the  pressure  scale  1  cm  =--  n  volts, 
then  W^ZtfgMM^.A^N  wit* (47a) 

26.   Graphic   Representation   of  Efficiency.      Let  a  straight   line 
(Fig.  87)  from  the  point  P  pass  through  the  point  of  intersection  S 
of  the  three  straight  lines 
W  =  0,    W,=0    and    V  =  0, 
then  for  all  points  on  this 

straight  line  SP  the  ratios 
between  the  several  powers 
remain  constant,  which  fol- 
lows at  once  from  the 
graphic  representation  of 
these  ratios. 

From  this  it  is  seen  that 
the  efficiency  of  a  circuit 
can  be  shewn  as  in  Fig.  87. 

The    line    EF    is    drawn 
parallel     to     the     line    of 
supplied   power  W  =  0  be- 
tween the  power  line  Wj  =  0  and  the  loss  line  V  =  0.     This  line  EF 
is  then  divided  into  100  equal  parts,  as  shewn. 
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For  a  point  P  on  the  current  (or  pressure)  circle,  the  percentage 
efficiency  17  is  given  by  the  point  F,  where  PS  produced  cuts  EF. 

Proof.    For  every  point. P  on  the  line  SP,  we  have  (Fig.  87) 

V     PE' 


Wx    PF' 

Wx  ^  PF' 
W^  PF' 


w\  +  V^W     PE'  +  PF  ^  EF' 
w\    ~wr      W'  PFr 

Thus  ^%  =  100?4=,100  .PF^^P'F. 

/o  W     E'F  EF 

When  the  pressure  acting  on  the  two  terminals  of  a  circuit  is  altered, 
without  altering  the  circuit  constants,  the  current  alters  in  proportion 
to  the  pressure,  and  the  ratio  between  the  powers  in  the  several  parts 
remains  unaltered. 

Hence,  the  method  deduced  above  for  determining  the  relation 
between  two  powers  in  a  current-circle  diagram  holds  even  when  the 
pressure  changes  its  value.  In  like  manner  the  analogous  method  is 
applicable  for  a  pressure-circle  diagram  when  the  current  varies. 
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29.  Several  Impedances  in  Series, 


26.  Circuit  with  two  Impedances  in  Series.  As  an  example  of  two 
impedances  in  series,  we  have  the  power  transmission  line  represented 
in  Fig.  88.  Since  this  case  is  one  of  the  simplest  and  also  of  consider- 
able practical  importance,  we  shall  investigate  it  fully. 

S         V  I 

1 

i. 


'i     *i 
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The  pressure  i\,  which  is  applied  at  the  supply  terminals,  is  consumed 
by  the  resistance  and  reactance  of  the  line  and  the  load  at  the  receiver 
terminals.  Since  the  pressure  required  to  overcome  the  E.M.F.  of  self- 
induction  of  the  transmission  line  leads  the  current  by  90°,  whilst  the 
pressure  consumed  by  the  ohmic  resistance  of  the  line  is  in  phase  with 
the  current,  it  is  obvious  that,  with  constant  supply  pressure  l\y  the 
pressure  P»  at  the  receiver  terminals  depends  to  a  large  extent  on  the 
phase  displacement  of  the  load.  The  receiver  pressure  P2  can  be 
resolved  into  two  components,  the  one  Ir2,  in  phase  with  the  current, 
and  the  other  Iz2,  leading  the  current  by  90°,  where  r2  and  x2  are  the 
constants  of  the  receiver  or  load  circuit.  Conversely,  the  current  I 
can  be  resolved  into  two  components,  one  of  which  Agr9  is  in  phase 
with  the  receiver  pressure  and  the  other  P2b2  lags  90*  behind  it. 

Assuming  the  current  /  to  be  given,  we  can  find  the  receiver 
pressure  P2  from  its  components  Ir2  and  Ix2;  similarly  we  can  find 
the  pressure  drop  Izx  in  the  line  from  its  components  Irl9  Ixr  Px  is 
the  geometrical  sum  of  these  two  pressures  (see  Fig.  89).  Fig.  90 
follows  at  once  from  Fig.  60. 
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Since  r2  and  a^  are  constant,  the  pressure  Iz.  will  be  constant  so  long 
as  the  current  remains  unchanged.  Let  b2  be  kept  constant  in  the 
receiver  circuit  and  g2  varied,  then  extremity  P  of  the  vector  P2  will 

move  over  the  semi-circle  on  AB  =  j-.     If  g2  is  maintained  constant 

and  b9  varied,  the  locus  of  P  is  the  circle  described  on  AC=—. 

9% 
The  assumption  of  constant  current  /  is  of  much  less  practical 

interest  than  the  case  of  constant  receiver  pressure  P2  or  constant 

supply  pressure  P^ ,  which  we  shall  now  discuss. 


KUtU*DtMtn 


Fiob.  89  and  90.— Pressure  Diagrams  of  Two  Circuits  in  Series. 

Since  all  the  vectors  in  Fig.  90  are  directly  proportional  to  /,  we 
can  suppose  the  diagrams  to  be  drawn  for  the  case  /=  1  ;  then  the 
vector  OP  will  represent  the  total  impedance  z  in  the  circuit. 

From  Fig.  89  it  is  seen  that 


^  =  \/(r1  +  ?'2)2  +  (a;1  +  x2)2, 
2     r2      92 


X    *f"  X 

tan</>,  =  J 2, 

1     'i+'i 


P  P 


P„  =  -  =  z, 


Pi 


2 


Vi      2-Jz\  +  isil  +  2r1ri  +  '2xlx2 

Vl  +  (r{  +  aj)<#  +  Jj)  +  2rl92  +  &c& ' 
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or,  by  transformation, 

i>=   , Pl  =P,a,  (48) 

V(  1  +  i\g2  +  zAb2Y  +  (zfa  -  r^2)2 


"Wrl  AT*A  fl,  ss. .— .  — _ —       . 

v/(  1  +  rtf2  +  zj)2y  +  (^2  -  r [bj* 
The  current  is  then 

T-  P„  -  P   J  *  +  * 

-  *y,  -  r,  m  (1  +  r^ + xA)i + ^  _  rA)*> 

and  the  power  at  the  receiver  terminals, 

W2  =  P2x  watt  component  of  current 

If  the  susceptance  62  and  the  supply  pressure  Pl  are  constant,  the 
power  W2  will  have  a  maximum  value.  The  value  of  g^  for  which 
the  power  W2  in  the  receiver  circuit  is  a  maximum,  is  found  by 
differentiation ;  that  is, 


dW%J{P\*%) 


0; 


dg2  dg2 

or,  since  the  reciprocal  of  W2  will  then  be  a  minimum,  we  can  put 
d  /  1  \      d   ((l+rM  +  zhy  +  ixM-r^X     0 
dg2WgJ    dg2\  g2  J 

This  occurs  when  g2  =  *Jg\  +  (ftj  +  &2)* (^) 

In  this  case  _?  =  a  =  - ,—    —  -      — , 

and  the  maximum  power  transmitted  is 

'•--iBsfor ••-••(60) 

Since,  in  general,  the  power  transmitted  to  the  receiver  circuit  can 
be  written  *>/%  watts, 

and  the  total  supplied  power 

^  =  /2(r1  +  r2), 

the  efficiency  ij  is  given  by   ij  %  =  100  — f-  % ; 

M+r2 

or,  since  ,%  =  100— 1—%, 

1  +  ^ 

it  is  obvious  that  the  efficiency  will  be  a  maximum  when  -I  is  a 
minimum.  ?2 
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The  ratio 


rl  ft 


has  its  minimum  value  (with  constant  susceptance  b2)  when 

d  M  +  ft 


(- 


=  0, 


d92^    9* 

i.e.  when  92  =  h- 

Hence  the  mcmmtvm  efficiency  is 

0/  _  _100  100 

''/max  /o  ~" 


(51) 


2fi     l+2rxbs 

9% 

27.  Example  I.  A  load,  having  constant  susceptance  b2  and 
conductance  g2  variable  with  the  load  (e.g.  asynchronous  motors),  is 
fed  over  a  long  transmission  line,  which  has  both  ohmic  resistance 


t-i 


P~-± 


9  ohms       sJLS&SL 


moVolth 


mho 
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and  self-induction.     In  order  to  better  illustrate  the  effect  of  these 
constants  on  the  receiver  pressure  Po,  they  have  been  chosen  larger 
than  would  be  the  case  in  an  efficient  installation. 
We  are  given  (see  Fig.  91) :    , 

Pj  =  2000  volts  ;  ra  =  2-0  ohms ; 
xY  =  5*0  ohms ;      b2  =  0*05  mho. 

Determine  first  bow  the  receiver  (or  load)  pressure  P2  and  the  current  / 
depend  on  the  load ;  and  secondly,  find  the  efficiency  i\  and  the  power- 
factor  cos  <f>x  of  the  system. 

A  simple  solution  of  the  problem  can  be  obtained  by  the  graphical 
method  of  inversion  and  rotation  of  the  co-ordinate  system,  whilst  at 
the  same  time  we  get  a  clear  insight  into  the  working  of  the  system. 

In  Fig.  92  the  circle  JSTT  is  the  image  of  the  impedance  of  the  system 
for  the  case  when  g2  is  varied.     The  impedance  scale  is  1  cm  =  5  ohms. 


Thus 


0^-^-^-1-076  cm, 


AXBX 


1111 


5  ba     5  0-05 


=  4  cm. 


The  current  curve  for  a  constant  pressure  f\  at  the  supply  terminals  is, 
as  already  explained,  the  inverse  curve  A  of  the  image  Kx  of  the 
curve  representing  the  total  impedance  between  the  supply  terminals. 
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The  constant  of  inversion  must  now  be  chosen  so  that  the  current  curve 
is  drawn  to  a  suitable  scale.  Let  1  cm  =  50  amps.,  then  fqr  two 
corresponding  points  Pl  and  P,  which  lie  on  the  impedance  and 
current  curves  respectively, 

5(T     50  z       z9 


01\  .0P  =  8=s  constant  of  inversion. 

In  this  way  the  current  curve  is  obtained  as  circle  K  with  centre 
Af-     Consider  the  points  A  and  B  which   lie  on  this  circle.     The 


Fio.  92.— Current  Diagram  of  Circuit  in  Fig.  91. 

vector  OA  represents  the  current  when  g2=ao  or  »o  =  0,  that  is, 
the  current  when  the  receiver  terminals  arc  short-circuited  (i.e.  A  is 
the  short-circuit  point).     The  current  represented  by  OA  is  therefore 


?]  \Zt         zl/ 


The  vector  OB  represents  the  current  when  g2  =  0,  or  r2  -  x> ,  that  is, 
when  the  load  is  purely  inductive  and  possesses  only  the  susceptance  b2 
(i.e.  B  is  the  no-load  point).     The  no-load  current  is 

P  P 


/o  = 


.1 


For  any  load  resistance  r2 ,  the  vector  OP  gives  the  current  /  both 
in  magnitude  and  phase  displacement  <f>l. 

a.c.  f  ' 
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The  pressure  P2  at  the  receiver  terminals  is  most  simply  represented 
by  the  method  given  in  Section  21,  in  which  we  assume  a  new  co- 
ordinate system  with  origin  at  A  and  real  axis  passing  through  0.    We 

then  choose  the  pressure  scale  so. that  the  distance  AG  represents  the 
supply  pressure  Px  (see  Fig.  93). 


Thus 


Fig.  93. 


1 


^-HJ7'- 


I  ix 

50'  *?,' 


whence  the  pressure  scale  is 

1  cm  =  SCbj  =  50 .  5*38  =  269  volts. 

For  any  load  point  P,  the  vector  AP  gives  the  receiver  pressure  Pt 
in  the  new  co-ordinate  system,  whilst  the  drop  of  pressure  lzx  in  the 

line  is  represented  by  the  vector  P 0.     The  pressure  drop  is  given  by 
the  arithmetical  difference  of  the  primary  and  secondary  pressures, 

i.e.  at  no-load  by  A0-AB=  S0% 

on  load  by  A0  -  A~P=Fd. 

The  increase  of  pressure-drop  from  no-load  to  load  is  AB  -AP^PB'. 
The  wattless  component  of  the  load  current  with  respect  to  the 
receiver  pressure  is        fn  _.p^  .^  _  ft)     . 

Hence  the  watt  component  of  the  load  current  is 
At  no-load,  /ir  =  0    and     /=/0> 
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whence  0  =  I0  -jb^  (IK  -  /0). 

Subtracting  this  last  equation  from  the  previous  one,  we  get : 

fw-il+Mif-Io), 
whilst  the  wattless  component  IWL  of  the  load  current  varies  in  mag- 
nitude and  direction  proportionally   to   the   vector   PA,    the    watt 

component  Iw  thus  varies  proportionally  to  the  vector  BP. 

In  the  previous  chapter,  the  loss  line  of  the  diagram  was  shewn 
to  be  given  by  the  semi-polar  of  the  circle  K+  in  respect  to  the  origin, 
whilst  the  power  line  passes  through  the  snort-circuit  point  A  and 
the  no-load  point  B.  Accordingly,  the  efficiency  v\  will  be  represented 
as  shewn  in  Fig.  92. 

The  point  on  the  circle  K,  for  which  the  transmitted  power  is  a 
maximum,  is  given  by  that  point. on  the  circumference  of  K  which  is 
at  the  maximum  distance  from  the  power  line.  At  this  point  the 
vectors  {IK- 1)  and  (/-/0)  are  equal  in  magnitude;  hence  we  must 
have  . 

Ll=9i= vaLue  °lil  +i*#i)  =  V^ + v*1  +  V  . 

IWL     b2         value  of  jb^  zx 

The  condition  for  maximum  power  is  therefore 


= sTb\+2bxb2+y\  -  ^-K&i  +  V. 


This  is  the  same  condition  as  that  previously  deduced  (eq.  49, 
p.  79)  in  another  manner.  » 

From  the  diagram,  we  can  now  measure  off  the  several  magnitudes' 
P2,  I,  t)  and  cos</>T,  and  plot  the  same  along  rectangular  co-ordinates 
as  functions  of  the  useful  power  JF2.     This  is  done  in  Fig  94. 

In  the  above  example,  we  have 

hence  for  maximum  power 

ft  -  ^  +  (*i  +  »2>8  =  °'232  mho> 

whence  W—  -  2^+n) =  229KJF' 

The  maximum  efficiency  occurs,  as  shewn  above,  when 

02  =  &2  =  O#O5  mho, 

*u  *•  o/         100         100     QO  0  e/ 

so  that  wo/o=i___==_  =  83.3o/o 

As  seen  from  the  diagram  and  curves,  for  every  value  of  the  load 
W2  there  are  two  values  of  P2,  r;  and  cos^.     The  curves  are  drawn 
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for  positive  values  of  the  conductance  fj2,  i.e.  for  points  on  the 
circle  which  lie  above  the  power  line.  For  this  part  of  the  circle 
the  transmitted  power  is  positive.     Points  of  the  current  diagram 
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which  lie  below  the  power  line  correspond  to  negative  values  of  g$ ;  for 
this  region  the  supplied  power  is  negative,  i.e.  the  machines  in  the 
receiver  station  act  as  generators.  The  curves  for  negative  values 
of  g2  are  not  shewn  iu  Fig.  94,  since  they  possess  but  Tittle  interest 
for  us  here. 

28.  Example  II.  We  now  consider  a  power  transmission  scheme, 
in  which  the  line  has  resistance  and  inductance,  while  the  power-factor 
cos  </>„  of  the  receiver  circuit  remains  constant  at  all  loads.  For  such 
a  system,  the  formulae  deduced  on  p.  79  can  be  applied  although  in 
this  case  the  variable  is  not  js  but  ya. 

We  can  write,  therefore, 


P, ___ 

«/(!  +  »'i.V2  cos  *a  +  *&*  sil1  *a)'  +  (*\9i cos  ^  "  »'i ft  sil1  'W2' 
and  since    I=P$2, 

Pi  -fffi+Wi coa  *«  +  3:i 8in  W)1  +  'Vi  cos  5  -  r,  sin  S?. 
From  this  we  get 

/*,  -  s/^^V^H)i  -  J(Y,  cos  *,  +  s,  sin  *,). 
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It  follows  from  that  equation  that  the  curve  of  the  receiver  terminal 
pressure  P2  as  function  of  the  current  is  part  of  an  ellipse. 
The  power  in  the  receiver  circuit  is 

JV2  =  P2I  co&  <f>2 

= I  ooa  <f>2{\/p^-P(xx  cos  <f>2-rx  sin  <l>.2)2  -  I(rx  cos <f>2  +  z1sin<£2)} 


=  7^ 


i^COS^j 


y;-«-o/„  ^ir?Ti^x w 


(rx  +  z2  cos  <£2)2  +  (^  +  *2  sin  <£2)2 

/^  cos  <f>2 

~~  %  +  2?2  +  2zi(rlcos<t>2  +  xl8m<l>2) 

dfV 
The  maximum  potoer  transmitted  occurs  when  -,  2  =  0. 

This  is  the  case  when 

z\+ c*  +  2z2(r1  cos  <f>.2  +  xx  sin  <£2)  -  £2{2,z2  +  2(rx cos  <£2  +  xx  sin <£2)}  =  0  ; 

thus  when  22  =  2lf (52) 

that  is,  whence  the   impedance  of   the   receiver  circuit  equals  the 
impedance  of  the  transmission  line. 

Substituting  this  value  for  z2%  we  get  the  following  expression  for 
the  maximum  useful  power : 

P?  cos  <frs 
2  (zx  -  rx  cos  <f>2  +  zx  sin  <f>2)' 
Assume  the  same  line  constants  as  in  previous  example : 
Px  =  2000  volts ;    rx  =  2  ohms ;    xx  =  5  ohms. 

For  the  sake  of  comparison,  we  shall  develop  the  diagram  for  the 
following  three  cases : 

cos  <f>2  =  0*9,     current  lagging. 

cos<&=  1,        current  in  phase. 

cos  <f>2  =*  0'9,     current  leading. 

In  Fig.  95  (JAX  is  the  image  of  the  impedance  zXi  drawn  to  the  scale 
1  cm  =  2  ohms. 

Draw  the  three  straight  lines  K'u  K\  and  A""  through  the  point  Ax 
at  angles  <&,  </>a  and  <£a  respectively  to  the  vertical.  These  straight 
lines  are  the  images  of  the  sum  of  the  impedances  zx  +  z2  for  the  three 
cases  under  consideration.  By  the  inversion  of  the  impedance  curves 
K j,  K'[  and  K"{  we  get  the  three  circles  K\  K"  and  K"\  which  are  the 
current  curves  of  tne  system.  The  current  scale  is  chosen  so  that 
1  cm  =  75  amps.  If  Px  and  P  are  two  corresponding  points  on  the 
impedance  curve  and  current  curve  respectively,  then 

nA      1   T      1     2000         2000 
OP—  —  1= — =  ; 

75       75       z       U.2.0PX 
consequently  the  constant  of  inversion  is  0PX .  OP  —  13*3. 
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The  circles  can  be 
they  must  all  pass 
through  the  origin 
centres  M' ,  M"  and 

bisects  OA  at  right 
make  angles  <&,  #$' 


still  more  simply  determined  if  we  remember  that 

through  one  common  short-circuit  point  A  and 

0  of  the  co-ordinate  axes.     Consequently  the 

M'"  of  the  circles  must  all  lie  on  the  line  which 

angles.    Further,  the  lines  0M\  OM"  and  OM'" 
and  <&"  respectively  with  the  abscissa  axis.    For 


Fio.  95. 

the  case  <&$  =  0  (non-inductive  load),  the  centre  M'  falls  on  the  abscissa 
axis.     The  receiver  pressure  P2  is 

P 2  =  ?l  ~  I*x  =  ?l  (f  -/)  =  ?!  (/r  -  /), 

whilst  the  short-circuit  current  IK  is  given  by  the  vector  OA.  For 
a  point  P  on  the  current  curve,  the  current  (IK-I)  is  represented  by 

the  vector  PA.  When  we  choose  the  pressure  scale  so  that  the  length 
AO  represents  the  supply  pressure,  P1  =  2000  volts,  then  the  distance 
AP  from  the  short-circuit  point  A  to  the  respective  load  point  P»on 
the  current  curve  gives  the  receiver  pressure  P«.  It  is  seen  that  the 
drop  of  pressure  is  greatest  for  inductive  loads.  For  non-inductive 
loads  the  pressure  drop  is  not  so  large,  whilst  for  capacity  loads  there 
is  a  pressure  rise  at  small  loads,  provided  4>2><f>\- 

At  no-load,  the  power-factor  cos^  of  the  system  approaches  the 
value  cos</>2,  for  in  this  case  the  effect  of  the  line  is  negligible.  As 
the  load  increases,  the  effect  of  the  line  reactance  begins  to  make  itself 
felt,  and  the  power-factor  cos  <f>}  falls  as  the  inductive  or  non-inductive 
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load  rises.     On  the  other  hand,  with  capacity  load,  cos<^  rises  until 


90  100  150  200  290  300 

Fio.  96,— Load  Curves  for  Leading  Powor  Factor  at  Secondary  Terminals. 


350  K.W 


it  reaches  unity,  as  the  load  increases,  but  falls  again  when  the  load  is 
further  increased. 


V%  vo 

O  o 


6    ^ 


rtO  |100j400200oP 


50  100  150  200  250  K.W 

Fio.  97a.— Load  Curves  for  Unity  Power  Factor  at  Secondary  Terminals. 

All  the  circles  have  the  same  power  line  OA  with  different  scales. 
The  maximum  power  is  obtained  when  the  extremity  of  the  current 
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vector  lies  midway  between  0  and  A  on  the  current  curve.  At  this 
point  the  vector  of  the  pressure  drop  in  the  line  has  the  same  length 
as  the  vector  of  the  pressure  in  the  receiver  circuit ;  thus, 

Izx  =  lz%,    i.e.  zl  =  zi, 

as  shewn  previously  by  another  method. 

Each  current  curve  nas  its  own  loss  line,  which  is  the  tangent  to  the 
circle  at  the  origin.  The  efficiency  for  each  kind  of  load  is  found  in 
the  usual  way  (see  Fig.  95). 

In  Figs.  96,  97a,  976,  the  curves  for  P2,  I,  ij  and  006$.,  as  taken 
from  the  diagram,  are  plotted  as  functions  of  ,the  load.     It  is  seen  that 


K.W. 

Vw.  fflb.— Load  Ciincn  (nr  l«(tKiii(c  Pomr  FUtor  *t  Heenddwy  Terminal* 

the  maximum  power  is  greatest  for  the  capacity  load  and  least  for  the 
inductive.  Here  also,  as  in  Example  I.,  for  every  load  there  are  two 
corresponding  values  of  each  of  the  respective  magnitudes.  Of 
these  two  values,  that  which  lies  on  the  full-line  curve  is  the  usual 
one — it  corresponds  to  the  point  on  the  current  curve  which  lies 
between  the  origin  and  the  point  of  maximum  power. 

Points  on  the  current  curve  lying  below  the  power  line  correspond 
to  the  case  when  the  receiver  circuit  works  as  generator.  This  part  of 
the  diagram  has  not  been  plotted  in  the  rectangular  co-ordinates. 

29.   Several  Impedances  in  Series.     If  several  impedances,  with  the 

constants  r1(  x1 ;  r2,  %-•,  r3,  xi;  and  so  on,  are  connected  in  series, 
the  resistance  of  each  impedance  will  require  an  E.M.F.  component  in 
phase  with  the  current,  and  the  reactance  an  k.m.f,  component  which 
leads  the  current  vector  by  90°. 
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To  drive  the  current  /  through  the  circuit,  a  terminal  pressure  P 
is  required.       p  _  ^  _ ^  +  /(f>  ^  +  /(r>  ^  + 

= /fa -;«,) = /*,, 

where  r<  =  r1  +  r2  +  r8+...  =2(r) 

and  ^  =  ajj  +  x2  +  iCg  +  ...  =  2(a:). 

7%c  fofaZ  impedance  of  a  circuit  consisting  of  several  impedances  in  sei'ies  is 
equal  to  the  geometric  sum  of  these  impedances;  or,  expressed  symboli- 

CaIly,  ?<  =  ?i  +  ?2  +  ?3+ (54) 

Fig.  98  shews  the  graphical  addition  of  the  e.m.f.'s  necessary  to  drive 
the  current  /  through  the  several  impedances.  Since  the  current  is  the 
same  throughout  the  whole  circuit, 
the  same  result  would  have  been 
obtained  by  summing  up  the  imped- 
ances of  the  circuit. 

Assuming  that  each  part  of  the 
circuit  is  uniform,  i.e.  r  and  x  are 
uniformly  distributed  over  the  re- 
spective portions  of  the  circuit,  and 
also  that  one  terminal  of  the  circuit 
has  zero  potential,  then  the  polygon 
OA^A^A^  and  so  on,  illustrates 
the  distribution  of  potential  in  the 
circuit.  The  potential  at  any  point 
in  the  circuit  is  given  by  the  dis- 
tance of  the  corresponding  point  P 
in  the  polygon  from  the  origin,  and 
the     phase     displacement    of     this 

potential  from  the  current  /  equals  the  angle  <f>  which  the  vector  OF 
makes  with  the  ordinate  axis.  The  difference  of  potential  between 
two  points  Pl  and  P%  in  the  circuit  equals  the  distance  between  the 
two  corresponding  points  on  the  polygon.  The  straight  line  PXP2 
gives  this  potential  difference  both  in  magnitude  and  direction. 


Fig.  98. 
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30l  Circuit  with  Admittances  in  Parallel.     31.  Current  Resonance.     32.  Equi- 
valent Impedance  of  Two  Parallel  Impedances. 

30.  Circuit  with  Admittances  in  Parallel.  We  shall  now  con- 
sider  t<he  case  in  which  a  pressure  p  =  J2P  sin  id  acts  at  the  terminals 
A    and   B   of   a   compound    circuit    having   two    parallel   branches 

(Fig.  99).     We  denote  the 
0  I  ^  a  currents  in  these  two  branches 

by  I0  and  I2.  These  can  be 
resolved,  as  shewn  above, 
into  the  components  Pg0,  Pb0 
and  Pg2f  Pb2.  By  setting  off 
these  components,  as  in  Fig. 
100,  we  get  the  currents  i0 
and  J2,  and  hence  their 
geometric  sum,  the  resultant 
current  Ix.  Let  P,  g0  and 
b0  be  constant ;  we  can  then 
represent  what  takes  place 
in  the  circuit  when  g2  or  b2 
is  varied  by  the  diagram  in  Fig.  101  (cp.  Fig.  54).  If  x2  is  kept  con- 
stant, whilst  u  is  varied,  the  locus  of  Ix  will  be  the  semi-circle  0XBA. 
Conversely,  when  r2  is  con- 
stant and  x2  varied,  the 
current  vector  will  move  over 
circle  O^BC.     The  semi-circle 

lying  to  the  right  of  Ofi 
applies  to  the  case  when  x2 
is  a  capacity-reactance. 

If     several     admittances 
having  the  constants  gu  bx; 

9i>  hi  9z*  K}  an(*  80  on» 
are  connected  in  parallel,  the 

pressure  P  applied  at  the  ter-     Fig  100t_Geometric  Addition  of  Currente  ta  Two 
minals  will  send  a  current  Parallel  Circuit*. 


B 


Fio.  99.— Circuit  with  Two  Admittance*  in  Parallel 


Wattless  Currrrti 
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through  each  admittance,  which  can  be  resolved  into  a  watt  com- 
ponent Pg  in  phase  with  the  pressure  and  a  wattless  component  Pb 


WattUti  Current 


Fig.  101.— Current  Diagram  for  Two  Parallel  Circuits. 

lagging  90°  behind  the  pressure.    Hence  the  current  flowing  in  the  whole 
circuit  is  /-Pfo +;■&,)  + J>(ftV«k)  +  f  <fc+A>+  ••> 

where  ;    ft-ft+jb  +  ft*  •••  =  2(0)> 

&t  =  &1  +  62  +  &8+...  =  2(6); 

whence  it  follows,  that  the  total  admittance  yt  of  a  circuit  with  several 

admittances  connected  in  parallel  equals  the  geometric  sum  of  these  admit- 
tances ;  or,  expressed  symbolically, 

•    .     .     . 

31.  Zero  Susceptance.  If  two  circuits  are  connected  in  parallel, 
one  of  which  contains  capacity  and  the  other  inductance,  the  current 
in  the  former  will  lead  and  in  the  latter 
lag  in  respect  of  the  applied  pressure. 
Consequently  the  wattless  component 
of  the  resultant  current  will  be  less 
than  the  wattless  components  of  the 
currents  in  the  branches.  If  the  watt- 
less currents  in  the  two  branches  are 


* 


r=4= 


1 


J 


Fio.  102. — Circuit  for  Current  Resonance. 


equal  but  of  opposite  sign,  the  resul- 
tant current  will  be  in  phase  with  the 
pressure,  and  the  total  susceptance  will  therefore  be  zero.     In  such  a 
case,  resonance  is  said  to  prevail  in  the  circuit,  and,  in  distinction  to 
pressure  resonance — which  we  have  seen  (p.  46)  takes  place  in  series 
circuits — resonance  in  parallel  circuits  is  called  current  resonance* 
We  can  write  the  reactance  of  the  two  circuits  in  Fig.  102  thus: 

1  T 

♦As  explained  for  series  circuits,   this  condition  can  only  truly  be  termed 
**  Resonance  "  when  the  resistance  of  the  oscillatory  circuit  is  negligible. 
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The  condition  necessary  to  give  equal  and  opposite  wattless  currents  in 
the  two  circuits  is  a  —  a 

Uc  ""*  Ut  I 


or 


xm 


*. 


*!  + 


1        ??  +  u>2# ' 


en 


2(72 


If  we  draw  OAc  =  OA.  =  be  =  b.  in  Fig.  103,  the  above  condition  for 
resonance  is  fulfilled  as  soon  as  the  extremity  Be  of  vector  yc  falls  on 
the  vertical  through  A0>  and  the  extremity  B,  of  vector  y,  on  the 
vertical    through    A$;    for    then    the    resultant    admittance   y=0I) 

coincides  with  the  ordinate  axis.     The  circles  on  0A'C  and  0A\  are  the 
loci  of  the  images  of  the  impedances  ze  and  zt. 


Via.  103.— Diagram  for  Zero  Suaceptanoe. 

When  rc  =  r,  =  0,  we  have  the  same  condition  for  zero  susceptance  in 
the  parallel  circuits  as  for  zero  impedance  in  the  series  circuit  (see 
Sect.  16).     We  then  get 

1 


0,A>  =  ^=*«o  =  *co  =  Zo> 


AA8^- 


(55) 


When  rc  =  rt  =  r3  g  0,  the  total  susceptance  becomes  zero  in  two  cases : 
Case  1.    When  zt  =  xe=z^ 


(i>L  = 
LC= 


1 


(i> 


2 


(56) 


In  this  case  the  resultant  conductance  of  the  two  branches  is 

£-&  +  &> 
or,  since  gt  =  gc  =  gly    • 

9=%9i 
equals  double  the  conductance  in  one  branch. 
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Cask  2.    When         tf  =  a^-a!,)  =  a%«-7* (56a) 

This  case  is  shewn  in  Fig.  104.     The  resultant  conductance  of  the  two 
paths  is  here  r        r 


Now,  since 
we  get  also 


i  **+£    iii  i 


XT2 
•  1 


'*?*! 


Fio.  104. — Diagram  for  Zero  Susceptance  Independent  of  Frequency. 

The  resultant  resistance  between  the  terminals  is  therefore 

•    '  1 

9      l 
equal  to  the  resistance  in  one  branch. 

This  latter  example  of  a  circuit  with  zero  susceptance  is  of  special 
interest  as  the  effect  is  independent  of  the  frequency. 

32.  Equivalent  Impedance  of  Two  Parallel  Impedances.    If  the 

two  impedances  %x  and  z2  are  connected  in  parallel,  and  we  write 
symbolically :  j  2 

•  « 

then  the  impedance  of  the  parallel  circuit  is 

1 

«  =  -, 

■    v 


where 


or 


1     1      1 

y=yi+y2=-=-+-> 


i 


z  = 


_   nyg 


?i+y2  ?i+?2 


(57) 


94 


THEORY  OF  ALTERNATING-CURRENTS 


This  expression  is  similar  to  that  for  the  resultant  resistance  of  two 

ohmic  resistances  joined  in  parallel. 

The  impedance  z  can  be  determined  graphically  in  a  simple  manner. 

In  Fig.  105,  let  —A  ,     _ 

6        '  0A  =?1    and    0B  =  z2. 

Then  OC^^  +  z^z'. 

Make  A  ODB  similar  UxAOAO. 

Then  OD-UE-^-^P-l- 

00      9 

Hence  the  required  impedance  z  is  given'  by  the  vector  0D. 


-:>¥ 

^   ! 

! 


Fia.  105. — Graphical  Construction  of  Equivalent  Impedance  for  Two  Parallel  Impedances. 

This  can  also  be  proved  as  follows:  If  we  write  equation  (57)  in 
the  form  g  „_„  m 

•     ^  •  I ^  £J  __     ^  __l 


?2       ?l  +  ?o       # 


'2 


then,  for  the  absolute  values,  we  have 


*9  V 


and  for  the  angles 


or 


lB0D  =  lC0A. 


From  this  we  see  that  the  construction  of  Fig.  105  is  correct. 

The  point  D  can  also  be   found  from  the  following  construction 

(Fig.  106).  Draw  0M2  and  0MX  perpendicular  to  the  impedances 
z2  and  Sj.  Determine  the  points  A'  and  B\  which  are  respectively 
the  images  of  points  A  and  B  with  respect  to  these  perpendiculars 

0M2  and  0MV     Then  we  have 

A  OAK  similar  to  A  OA'B  similar  to  A  BOO, 

whence  lOAB  =  l  BOO =lDA0, 

l0BA'  =  lB0C=lDB0. 

The  desired  point  D  therefore  lies  on  the  two  lines  AB  and  BA\ 
i.e.  D  is  the  point  where  these  two  lines  cut. 
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For  the  case  when  the  impedance  z2  is  altered  in  amount  but  not 
in  phase — i.e.  its  direction  remains  unchanged — the  point  B  moves 
on  a  straight  line  through  0  and  B.    Thus  lOBC-lOBA  remains 


Pio.  106.— Impedance  Diagram  for  Two  Parallel  Impedance* 

constant.  The  point  D  then  moves  over  a  circle  described  about  M2 
as  centre  and  passing  through  the  points  0,  A  and  A',  Conversely, 
if  ?«  is  constant  and  zx  alters  in  value  but  not  in  direction,  the  points  B 
and  B'  remain  fixed,  whilst  the  point  D  moves  over  the  circle  described 
about  M^  which  passes  through  0,  B  and  B . 


CHAPTER  VI. 


THE  GENERAL  ELEOTEIC  CIBCT7IT. 

33.  Impedance  in  Series  with  Two  Parallel  Circuits.  34.  Pressure  Regulation 
in  a  Power  Transmission  Scheme.  35.  Compounding  of  a  Power  Trans- 
mission Soheme.  36.  Losses  and  Efficiency  in  a  Compounded  Transmission 
Scheme. 


33.  Impedance  in  Series  with  Two  Parallel  Circuits.  Having  now 
dealt  with  compound  circuits  consisting  of  a  number  of  impedances 
connected  respectively  in  series  and  in  parallel,  we  may  proceed  to  the 
more  complex  case,  in  which  one  impedance  is  in  series  with  two 
others  connected  in  parallel. 

Almost  all  the  circuits  met  with  in  practice  may  be  reduced  to  such 
a  circuit,  provided  the  constants  of  the  circuit  are  in  fact  constant. 
The  case  is  so  generally  applicable  that  it  may  be  termed  the  General 
Electric  Circuit. 

Such  a  case  is  met  with,  for  example,  when  power  is  transmitted 
over  an  inductive  line  to  a  receiver  station,  where  two  admittances  are 
f  joined  in  parallel.    Fig.  107  shows 

a  circuit  of  this  kind,  in  which 
we  have  the  line  impedance  ru 
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Flo.  107.— Circuit  with  Impedance  in  Series  with 
Two  Parallel  Circuit*. 


xlt  in   series  with  two  parallel 
branches.    We  may  take  the  case, 
in  which  the  admittance  ya  of 
the  first  branch  and  also  the  re- 
actance x2  of  the  second  branch 
remain  constant,  whilst  the  load 
resistance  r2  is  varied  at  will. 
The  graphical  process  by  which  the  current  curve  is  obtained  for  this 
circuit,  with  constant  supply  pressure  /\ ,  may  be  summarised  as  follows. 
The  combined  admittance  curve  of  the  two  parallel  branches  is  first 
obtained  (as  in  Fig.  101,  p.  91)  by  graphical  addition  of  the  constant 
admittance  ya  and  the  variable  admittance  corresponding  to  Sg  and  r2. 

The  total  impedance  of  the  circuit  is  now  obtained  by  adding  the 
impedance  corresponding  to  xxrx  to  the  combined  impedance  of  the 
two  parallel  branches,  obtained  by  inversion  of  the  curve  of  their 
combined  admittance. 

The  third  and  final  step  is  the  inversion  of  the  total  impedance 
curve  in  order  to  obtain  the  admittance  of  the  circuit,  which  multi- 
plied by  the  constant  pressure  P,  gives  the  current  curve.  This  final 
inversion   would   naturally  be  unnecessary,   if  it  were   required   to 
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determine  the  voltage  required  to  maintain  a  constant  current  in 
the  circuit. 

This  graphical  process  is  analogous  to  the  algebraic  calculation  with 
complex  quantities,  in  which  we  get  the  combined  admittance  of  the 
parallel  circuits  1 

and  the  total  impedance  of  the  complete  circuit 


1                1 
fc  =  ?i  +  -  =  ?i  + 

p  p 

Hence  the  total  current  /=£-*  = m-±— 

'      ft 


*L  + 


1 


y«+ 


h 


The  current  diagram  (Fig.  108)  has  been  drawn  for  the  following 
values :  ^  =  2  -j&  ohms ;     z2  =  r2  -j'4  ohms, 

ya  -  0-0033  +J0-02  mho, 

Px  =  1000  volts. 


Pin.  108.— Construction  of  Current  Diagram  for  Circuit  in  Fig.  107. 

Take  1  cm  =  005  mho.  and  mark  off  P'n  at  a  distance  -^—^  =  04  cm 

005 

to   the  left  of  0'  and  g^g  =  0*066  cm  above  it.     The   vector   OT'Q 
represents  the  admittance  ya.     Draw  P'^t^  =  -^-= .  —  =  5  cm  parallel  to 

the  abscissa  axis,  and  on  it  as  diameter  describe  the  circle  K'  to  repre- 

1 
sent  the  admittance  .V„  +  — .     By  the  inversion  of  the  circle  K'  with 


'2 


A.C. 


o 
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respect  to  (/,  we  get  the  impedance 

1  z 


2 


The  impedance  scale  is  1  cm  =  8  ohms,  hence  the  constant  of  inversion  is 

"7/ 


The  inverse  circle  of  K'  is  K 

:   O'  and    spfr.fr.incr   nff 


Starting  again  from  point  0'  and  setting  off  „l  =  0*625  cm  to  the 


v 

right  and  -£  =  0*25  cm  downwards,  we  get  the  point  0.  As  00'  repre- 
sents the  line  impedance  *,,  the  circle  K'\  in  respect  to  point  0,  then 
represents  the  impedance  oetwecn  the  supply  terminals.  If  wo  now 
wish  to  have  the  admittance  between  the  supply  terminals  to  the 
scale- 1  cm  =  0  025  mho,  we  must  take  the  inverse  of  circle  K"  with 
respect  to  0  with  the  constant  of  inversion 

1  =  _1 5 

8.0-025 

The  inverse  of  K"  is  the  circle  K.     Since  the  supply  pressure  Px  =  1000 
volts,  the  circle  K  represents  the  current  Ix  to  the  scale  1  cm  =  0*025 
x  1000  =  25  amps. 

The  point  PQ  corresponds  to  the  load  r2  =  x ,  and  is  called  the 
no-load  point  of  the  system.  The  no-load  cuirent  Ix0  is  given  by  the 
vector  OPq.     The  point  PK  is  the  short-circuit  point,  and  corresponds  to 

the  load  r2~0-     The  short-circuit  current  I1K  is  given  by  the  vector  0PK. 
If  0X  is  the  inverse  point  of  the  origin  0'  to  the  ratio  of  inversion  5, 

then  00x  corresponds  to  the  current  — i.     0}  is  thus  the  short-circuit 

point  for  the  case  when  the  receiver  terminals  are  short-circuited.  Let 
P  be  any  point  on  the  circle  AT,  then  the  vector  P0X  represents  a  current 

i»,    /_P,-7l5l=i>2 

Hence  if  we  construct  a  new  co-oi*dinate  system  with  the  origin  Ox 
and  with  the  real  axis  passing  through  0,  and  further  choose  the 
pressure   scale   so   that    0X0  =  PX    volts,    then    in    this    new    system 

the  vector  0XP  represents  the  receiver  pressure  P2  (see  Chap.  III. 
Sect.  21).  In  this  system  of  co-ordinates,  therefore,  the  triangle  0XPO 
is  the  pressure  triangle  of  the  installation.     The  pressure  drop  in  the 

transmission  line  equals  the  algebraic  difference  0X0  -  0}P.  At  no- 
load,  the  drop  of  pressure  is  0X 0  -  0XP0.  From  no-load  to  load,  therefore, 
the  pressure  falls  0XP0  -  0XP. 
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The  current  Ia  in  the  constant  admittance  y„  is  proportional  to  the 
pressure  P2.     Whence 

P  P 

T  —     2  T   —  __?  T 

J-a~~  p     J-a0        n     ■LQi 
2q  So 

irrenl 
pressure.     From  the  diagram,  we  get 

P      0~P 

P       OP         ° 

Hence,  in  the  original  current  scale, 

0Pt 


where  /„,  =  /<,  *8  ^ne  no-load  current  and  P^  is  the  no-load  receiver 


OP 

To  complete  the  diagram,  we  draw  in  the  loss  and  power  lines.     For 
the  loss  in  the  impedance  zv  we  put 

where  V\  =  0  is  the  shortened  form  of  the  equation  of  the  loss  line  (see 
Section  23).     This  line  V2  =  0  is  the  semi-polar  of  the  origin  0,  with 
respect  to  the  circle  K  (Fig.  108),  and  is  constructed  as  previously  shewn. 
The  loss  in  the  parallel  connected  admittance  ya  is 

Since  P«  can  De  nere  represented  by  the  vector  OxPy  the  line  for 
the  loss  Vn  is  the  semi-polar  of  the  point  0X  in  respect  to  the  circle  AT. 
Writing  Va  =  0  for  the  equation  of  this  straight  line,  we  get 

where  Ba  is  a  constant,  and  the  co-ordinates  of  the  point  P  are 
inserted  in  the  linear  expression  Va.  Similarly,  writing  the  equation  of 
the  abscissa  axis  Wj  =  0,  the  equation  of  the  supplied  power  can  be 
written  in  the  form  :     ^  =  p^  CQS  ^  =  JW) 

where  Ax  is  a  constant.  In  this  particular  case,  Ax  is  simply  equal 
to  the  supply  pressure  and  W3  is  the  watt  current,  or  the  ordinate 
of  the  point  P. 

The  power  received  by  branch  2  of  the  parallel  circuits  is : 

=  A2W2  =  AfNx  -  By,  -  BaVa  =  Ax W,  -  £laVla. 

Since,  on  the  one  hand, 

B^-B^  +  B^, 

VlB  =  0  is  the  equation  of  a  straight  line  passing  through  the  point  of 
intersection  of  Vj  =  0  and  Vtt  =  0.  Thus  Vla  =  0  is  the  resultant  loss 
line  of  the  current  diagram. 

Since,  however,  on  the  other  hand, 

then  W2  =  0  is  the  equation  of  the  useful  power  line  of  the  circuit. 
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This  line  W2  =  0  passes  through  the  point  where  the  resultant  loss 
line  Vla  =  0  cuts  the  abscissa  axis  W\=0.  Again,  since  the  power 
line  W2  «=  0  passes  through  the  points  for  which  the  power  in  the  load 
r«  is  zero,  it  is  obvious  that  it  passes  through  the  no-load  point  P0  and 
the  short-circuit  point  PKi  and  can  thus  be  drawn  at  once.  To  find  the 
resultant  loss  line  Vla  =  0,  on  the  one  hand,  we  have  the  point  of  inter- 
section of  the  two  loss  lines  Vx  =  0  and  Va  =  0,  and,  on  the  other  hand, 
the  point  of  intersection  of  the  power  line  and  the  abscissa  axis,  and 
from  this  follows  the  construction  for  the  determination  of  the' efficiency 
as  shewn  in  Fig.  109.  This  figure  is  drawn  for  the  same  constants  and 
to  the  same  scale  as  Fig.  108. 


o, 


Fig.  109.— Complete  Current  Diagram. 


Since  the  straight  lines  Vj  =  0,  Vfl  =  0  and  Vlft  =  0  must  all  cut  at  a 
point,  the  direction  of  the  straight  line  Vla  =  0  can  be  found  from 


/  / 


since  the  ratio  of  the  intercepts  of  the  three  lines  on  any  horizontal 
straight  line  is  the  same  as  that  of  the  intercepts  on  the  abscissa  axis. 

34.  Pressure  Regulation  in  a  Power  Transmission  Scheme.  Until 
now  we  have  always  assumed  that  the  pressure  at  the  supply  terminals 
was  maintained  constant,  and  have  determined  the  pressure  at  the 
receiver  terminals  for  various  loads.  In  practice,  it  is  often  required 
to  maintain  a  constant  receiver  pressure.  This  can  be  accomplished 
by  suitable  regulation  of  the  supply  pressure.  If,  by  way  of  example, 
it  is  required  to  maintain  a  constant  receiver  pressure  P2  at  the  end  of 
a  transmission  line  of  impedance  z1}  then  the  pressure  at  the  supply 
terminals  must  be  p      p   ,  r  „ 

We  may  take,  by  way  of  example,  the  case  in  which  the  load  current 
/i  =  ^V-  Fziff+fo)  *s  giyen  by  the  curve  K  in  Fig.  110. 
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This  curve  K  to  another  scale  also  represents  the  admittance  curve 
of  the  load  due  to  the  constant  receiver  pressure  P2  which  is  set  off 
along  the  ordinate  axis. 

Since  £«*(&  +  /,) 

we  get  £  =  ^CH?} 

(P   \  * 

-?  J  is  the  short-circuit  current  in  the  line  under  pressure  P2.     If 

we  displace  the  origin  to  0l  by  making 

0A=p£z    and    AO^p/d 


then  the  current  -~  +  Ii  is  given  by  the  vector  0XP.     Hence,  if  we 


Fin.  110.— Pressure  Regulation  of  a  Transmission  Line. 


choose  the  pressure  scale  so  that  the  line  0X0  equals  the  constant 

receiver  pressure  P2i  the  line  0XP  will  give  the  supply  pressure  Px 

corresponding  to  the  current  vector  Ix  =  OP.     The  rise  of  pressure  is 

thus  BP. 

The  supply  pressure  Px  leads  the  receiver  pressure  P2  by  the  angle 
0,  whilst  the  current  Ix  lags  behind  the  receiver  pressure  P2  by  the 
angle  </>?.  Hence  the  phase  displacement  at  the  supply  terminals  is 
^  =  ^2  +  0.  If  we  draw  a  circle  to  pass  through  0  and  0lt  and  with 
its  centre  on  the  abscissa  axis,  then 

lP2OC=0    and    lPOC^^  +  O)^^. 

We  will  now  determine  graphically  the  loss  and  efficiency  of  the 
transmission  line  for  the  usual  case,  in  which  the  current  curve  is  re- 
presented by  the  circle  K  as  in  Fig.  Ill,  with  the  receiver  pressure  P2. 
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The  loss  in  the  line  is  Vx  =  I2rv 

and  is  represented  as  before  by  the  loss  line  Vj  =  0,  the  semi-polar  of 
the  circle  K  with  respect  to  the  origin  0. 
The  power  given  to  the  receiver  circuit  is 

where  u  and  v  are  the  co-ordinates  of  a  point  P  on  the  circle  K.    The 
power  line  W2  =  0  is  therefore  the  abscissa-axis  in  this  case. 
The  supplied  power  is 

Wx=  W2  +  V^  =  P2v  +  I\  =  P2v  +  (u*  +  v*)rr 


W,-tf 


Fio.  111. 

Since  the  equation  of  the  circle  is     % 

(u  -  fi)2  +  (v  -  vf  =  R* 
or  u2  +  v2  =  2/xtt  +  2vv  -  p\ 

we  get  for  the  supplied  power 

w\  =  P2V  +  2ri/AW  +  2rivv  ~  r\P2  =  A\  WP 
where  Wt  =  0  is  the  shortened  equation  of  the  power  line. 

If  now  a  is  the  angle  this  line  makes  with  the  abscissa  axis,  we  have 

tan  a  =  -  j7   -  *'       =  fl- 

2ri 
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Since  the  line  W^O  must  further  pus  through  the  intersection 
of  the  loss  line  with  the  abscissa  axis,  it  can  at  once  be  constructed 

(Fig.   111).     The  power  line  is  perpendicular  to  the  line  MrM.    A 

p 
circle  described  about  Mr  as  centre  with  radius  —2-  must  pass  through 

the  short-circuit  point  01 ;  and  the  power  line  W\  =  0  and  this  new 
circle  cut  the  circle  K  in  the  same  points. 

To  obtain  the  efficiency  of  the  system  at  any  point  P  on  the  current 
curve,  we  now  proceed  as  follows : 

Draw  a  line  0-100  parallel  to  the  power  line  Wj  =  0  between  the 
loss  line  and  the  power  line  W2  =  0 ;  join  PS  and  produce  to  cut  this 
line.  Marking  off  the  line  0-100  into  ten  parts  to  represent  10%, 
20%,  up  to  100  %  efficiency,  the  efficiency  at  the  point  P  may  be  read 
off  directly  at  the  point  where  this  efficiency  line  is  cut  by  PS  produced. 

36.  Compounding  of  a  Power  Transmission  Scheme.  From  Fig.  110 
it  is  seen  that  the  pressure-rise  Px  -  P2  only  depends  on  the  magnitude 
and  direction  of  the  current  vector  Ilt  and  that  /\,  and  consequently 


Fig.  112. — Compounding  of  a  Transmission  Line. 

1\  -  /'2,  will  be  constant  so  long  as  the  extremity  P  of  the  current 
vector  Ix  moves  over  a  circle  described  about  0X  as  centre.  But  the 
current  curve  K  of  the  load  is  not  a  circle  as  a  rule.  It  is  possible, 
however,  to  connect  a  machine  to  the  receiver  terminals — i.e.  in  parallel 
with  the  load — whose  current  I0  can  be  so  regulated  that  the  line 
current  vector  Ix  =  I2  +  /g  describes  a  circle  whose  centre  is  at  0V  A 
transmission  scheme  in  which  this  is  the  case  is  said  to  be  compounded. 
The  current  I0  can  be  a  pure  wattless  current.  Such  a  machine  joined 
to  the  receiver  terminals  for  the  purpose  of  giving  or  taking  a  wattless 
current  is  called  a  pliase  regulator. 

In  Fig.  112,  curve  K2  represents  the  load  (current)  diagram  for  the 
constant  receiver  pressure  P2.     The  current  is  represented  by 

I2  =  72(cos  <k  +j  sin  <k)  =  P2(g*  +jb2)  =  /„,  +jIWL, 
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0X  is  the  short-circuit  point  for  the  line  of  impedance  zx. 

Let  Kx  be  the  circle  about  0,  whose  radius  equals  the  constant  supply 
pressure  Px,  then  /j  is  the  line  current,  and  consequently  I0  is  the 
lagging  wattless  current  given  by  the  phase  regulator. 

The  line  current  /,  possesses  the  same  watt  current  Iw  as  the  load 
current  /2,  and  in  addition  it  has  a  leading  wattless  component  FWL, 
which  can  be  determined  from  Fig.  1 1 2  as  follows : 

(iw+ p&f + (PA-rWLf-iyi, 

The  lagging  wattless  current  supplied  by  the  phase  regulator  will  be, 
therefore,  I^I„L  +  PJ>^l%-(P^lwf. W 

P 

Dividing  all  through  by  P2  and  putting,  as  before,  -J  =  a,  we  get 

-ib-ib+i,-  V^-(^i+^)8> (58a> 

where  b0  is  the  susceptance  of  the  phase  regulator.  We  write  -b0 
because  A  is  not  the  lagging  wattless  current  consumed  by,  but 
produced  by  the  phase  regulator.  Hence,  so  long  as  the  right-hand 
side  of  the  equation  is  positive,  the  phase  regulator  acts  as  a  capacity. 

The  wattless  current  produced  by  the  phase  regulator  consists  of 
two  parts.  The  one  part  IWL  is  the  wattless  current  of  the  load  and 
is  given  by  the  current  curve  K2  as  a  function  of  the  watt  current  of 
the  load.  The  other  part  TWL  is  the  leading  wattless  current  which  is 
necessary  for  the  line.  The  latter  is  likewise  given  as  a  function  of 
the  watt  current  by  the  circle  K* ,  and  depends  therefore  on  the  value 
of  the  supply  pressure  Px.  If  A  >  P«,  1WL  will  be  zero  for  a  certain 
watt  current,  and  will  lag  at  small  loads.  A  part  of  the  load  wattless 
current  can  then  be  supplied  by  the  line  current,  and  the  current  of 
the  phase  regulator  will  be  correspondingly  smaller.  The  wattless 
current  of  the  phase  regulator  is  always  given  by  the  horizontal 
distance  between  the  two  curves  Kx  and  A2.  If  these  two  curves 
cut,  then  70  =  0  at  the  point  of  intersection.  Passing  beyond  this 
point,  I0  becomes  negative,  i.e.  the  current  given  out  of  the  phase 
regulator  is  leading,  or  that  taken  in  by  it  is  lagging — the  same  then 
acts  as  an  inductance  and  b0  becomes  positive. 

With  a  riven  transmission  line  and  given  pressures  Px  and  P?>  ^ne 
transmitted  power  has  a  maximum  which  is  given  by  the  highest 
point  B  on  the  circle  Kx .     At  this  point 


/r-P1yi-J,rf,-J,i(5-fc)l 

J 


(59) 
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The  same  condition  for  maximum  power  is  given  by  equation  (58a), 
since  for  larger  values  of  g2  the  root  becomes  imaginary.  In  this  case, 
the  wattless  current  of  the  phase  regulator  is 

The  maximum  power  is 

P^-Hto-Wh-iVft-gi) (60) 

If  the  supply  pressure  Px  is  maintained  constant,  whilst  the  receiver 
pressure  P2  is  varied,  we  get  different  circles  K19  all  of  which  Jiave 
the  same  radius,  and  whose  centres  lie  on  the  straight  line  001  at 
distances  from  0  proportional  to  P2. 

The  highest  points  B  of  these  circles,  and  accordingly  the  watt 
currents  at  maximum  load,  are  represented  by  a  parallel  to  00l. 
Thus,  whilst  P2  increases  as  a  straight  line  function,  the  watt 
current  lw  decreases  as  a  straight  line  function.     Hence  there  is  a 

certain  ratio  a  =  -^  for  which  the  maximum  power,  which  can  be  trans- 

fi 
mitted  over  a  line  of  given  constants  i\  and  xv  attains  its  highest 

value.     This  value  of  a  can  be  found  from  the  condition : 

^=-*Kft-**>-0      or     .-i-i. 
For  this  maximum,  therefore, 

fc-^-ft-Pi*     -A  =  Ji  +  &2 (61) 

The  maximum  power  itself  is 

"—-^tfto-ir;   

and  represents  the  maximum  power  which  can  be  transmitted  over  the 
given  line  at  the  given  supply  pressure  Pv 

It  is  also  of  interest  to  determine  the  phase  displacement  at  the 
supply  terminals  of  a  compounded  power  transmission  scheme.  Fig.  113 
represents  the  same  diagram  as  Fig.  112,  except  that  the  current 
curve  K2  of  the  load  and  the  load  current  I2  have  been  omitted.  The 
extremity  C  of  the  vector  of  the  line  current  IY  moves  over  jthe  circle 
Kx  described  about  0j .  This  circle  is  thus  the  current  diagram  of  the 
line  current.     The  receiver  pressure  P2  coincides  with  the  ordinate  axis. 

The  angle  P20C  is  thus  the  angle  of  lead  of  the  line  current  with 
respect  to  the  receiver  pressure.     On  the  other  hand,  if  we  consider 

0X0  as  the  real  axis  of  a  new  system  of  coordinates  in  respect  to  the 

origin  0P  then,  as  shewn,  P2  is  represented  by  the  vector  0X0  and 

Pj  by  Ofi.  The  angle  by  which  the  supply  pressure  P1  leads  the 
receiver  pressure  P2  is  thus  l  00^0=  6.  If  we  draw  a  circle  K  to  pass 
through  0  and  0l  with  its  centre  on  the  abscissa  axis,  it  will  then  be 
seen  that  l00,C=l P20D  =  l6, 


(62) 
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and  the  angle  COD  gives  the  phase  displacement  <^>1  at  the  supply 

terminals. 

p 
The  radius  of  the  circle  K  is,  as  already  shewn  above,  — K     Since 

ZlJU\ 


0XC=  P,yx ,  the  phase  displacement  at  the  supply  terminals  cannot  become 
iless  p  p  x 


zero  unless 


PxVi^    or 


W  = -^  =  am  <j>v 


Fio.  118. — Phase  Displacement  between  Current  and  Pressure  at  Primary  Terminals. 

When  the  equality  sign  holds,  the  phase  displacement  only  disappears 
for  the  one  load  where  g„  =  ^ .  If  the  inequality  sign  holds,  the  phase 
displacement  in  the  supply  circuit  disappears  at  two  loads,  which  arc 
graphically  determined  by  the  points  of  intersection  of  the  two  circles 
Aj  and  A.  Between  these  two  load  points  the  current  in  the  supply 
station  leads — otherwise  it  lags. 

If  it  is  required  to  over-compound  the  transmission  scheme,  then 
P,,  rt  and  x.  are  constants,  whilst  the  receiver  pressure  P2  increases 
with  the  load. 

If  we  put,  for  example,    P2=P^-vlwrWy 

where  P^q  is  the  receiver  pressure  at  no-load  and  rw  is  a  resistance, 
in  this  case,  the  wattless  current  70  is  obtained  by  an  equation  similar 
to  equation  (58).  

70  =  /„.  +  (/>*.,>  +  lwrw)bx  -  s/jfyl  -  {P^x  +  (rtrffl  +  l)/„}2.  ...(63) 
Hence  in  an  over-compounded  system,  when 

r   _  '  \V\  ~  "v. o9\  _{n~  '' 2. o**i 
we  get  maxim  urn  power    //  'mM  =  P2I  w  =  (i^  o  +  7  wr  H.)  /  „ 


or 


ur     _>  p     M2i "~  nofi  ,  /"igi  -  °g.oriYy 

''  mux  —  £  2. 0  -  -         2       +  I 2      )  '  W 

rwrx  +  zx        \    r^  +  Zj   J 


■(64) 
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36.  Losses  and  Efficiency  in  a  Compounded  Transmission  Scheme. 
Since  the  diagram  of  the  line  current  in  a  compounded  transmission 
scheme  is  a  circle  (see  above),  we  can  represent  the  powers  and  losses 
by  straight  lines,  as  shewn  in  Sections  23  to  25.  Since,  however,  in 
that  case  we  started  with  the  diagram  for  the  supply  circuit,  we 
obtained  the  abscissa  axis  for  the  line  of  supplied  power.  In  this 
case,  on  the  contrary,  we  start  from  the  diagram  for  the  receiver 
circuit,  and  consequently  get  the  abscissa  axis  as  the  line  of  the  power 
given  out. 

The  loss  in  the  line  is  Vx  =  I*rl9 

and  is  represented  by  a  loss  line  which  is  the  semi-polar  of  the  origin 
with  respect  to  the  circle.  Denoting  the  co-ordinates  of  the  current 
curve  Kj  in  Fig.  112  by  (w,  v),  and  taking  abscissae  to  the  right  as 
positive,  we  then  get  the  equation  of  the  circle  Kr : 

(u  -  pjtf + <• + Ptfi? = *M = *M  ^ 

or  «2  +  #  -  2P26,«  +  2P29lv  =  XfiQi  - 1). 

The  heating  losses  in  the  line  are  therefore 

where  Bx  =  2P^ 

and  V^a^-r^  +  ^^-l^O. 

This  latter  is  the  equation  of  the  loss  line.     The  power  given  out  is 

and  the  power  supplied, 

=  SPaW*  -  2PJM  +  P2v  +  i*(l  -  l)^  =  AxVix . 

The  straight  line  W^O  is  thus  the  line  for  the  supplied  power. 
As  seen  from  the  form  of  its  equation,  this  line  passes  through  the 
point  where  the  loss  line  \/l  =  0  cuts  the  abscissa  axis  v  =  0.  In 
order  to  be  able  to  draw  this  line  Wj^O,  we  further  determine  the 
tangent  of  the  angle  a  which  it  makes  with  the  ordinate  axis.     This  is 

.  _I         i__ 

#1?1        O  9)-         01 

tana= f  =  ^rh . 

0i*i  &i 

As  already  shewn,  the  point  Ox  is  the  point  of  intersection  of  two 

P  P 

circles,  one  of  which  has  the  radius  —1  and  the  other  ,  2.     These 

two  circles  cut  one  another  rectangularly  in  the  origin  0  and  at 
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the  point  0V     In  Fig.  114  the  centres  of  the  two  circles  are  denoted 
by  Mr  and  Mx.     As  seen  from  this  figure,  the  power  line  Wt  =  0  is 

perpendicular  to  the  line  Mr0v  and  is  therefore  parallel  to  the  line  MX0V 

The  efficiency  of  the  scheme  can  now  be  determined  from  the  loss  line 

and  the  two  power  lines  (see  the  construction  in  Fig.  114). 

The  efficiency  of  the  line  depends  on  the  line  constants  rx  and  xx 

P 
on  the  ratio  a  =  -^  and  also  on  the  watt  current  of  the  load;  but  is 

■*  i 
independent  of  the  wattless  current  of  the  load.     In  practice,  syn- 
chronous machines  are  used  as  phase  regulators.*    As  is  well  known, 
such  machines  yield  a  leading  or  lagging  wattless  current  according 


Fig.  114. 

as  they  are  over-  or  under-excited.  In  the  former  case  they  act  as  a 
capacity,  in  the  latter  as  self-induction.  In  addition  to  the  wattless 
current,  the  phase-regulator  on  no-load  also  requires  a  watt  current 
to  cover  its  losses,  which  fprm  an  additional  load  in  the  system. 
The  phase  regulator  can  also  be  used  for  other  purposes  at  the  same 
time,  e.g.  as  a  motor  giving  out  mechanical  work  or  as  generator  for 
the  production  of  a  watt  current. 

By  means  of  the  above  diagrams,  a  whole  series  of  problems  on 
compounding  of  transmission  schemes  can  be  solved.  A  comparison 
of  these  diagrams  with  the  load  diagram  of  a  synchronous  motor  with 
constant  excitation  shows  the  great  similarity  between  the  two.t 

*For  details  of  the  use  of  synchronous  machines  as  phase  regulators,  see 
Arnold- la  Cour,  Wecfiselstronitechnik,  vol.  iv.  p.  447. 

t  Arnold-la  Cour,  Wechselstromtechnik,  vol.  iv.  p.  418. 
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MAGNETICALLY  INTERLINKED  ELECTRIC  CIRCUITS. 

37.  Magnetic  Interlinkage  between  Two  Circuits  (The  action  of  a  Trans- 
former). 38.  Sell-,  Stray  and  Mutual  Induction  of  Two  Circuits. 
39.  Conversion  of  Energy  in  the  General  Transformer. 

37.  Magnetic  Interlinkage  between  Two  Circuits.  Until  now 
we  have  investigated  only  the  phenomena  which  occur  in  a  single 
closed  circuit.  Since,  however,  the 
k.m.f.'s  in  a  circuit  are  generally  due 
to  induction,  as  is  the  case,  for  example, 
in  all  electromagnetic  machines  and 
transformers,  it  is  of  the  greatest  im- 
portance to  study  exactly  the  relation 
between  two  electric  circuits.  The 
simplest  of  all  electrical  apparatus  met 
with  in  practice  is  the  single-phase 
transformer,  which  consists  of  two 
electric  circuits — a  primary  and  a* 
secondary — magnetically  linked  to 
one  another.  In  Fig.  115  the  prin- 
ciple of  a  transformer  of  this  type, 
viz.  a  mantle  or  shell  transformer,  is 
represented   diagrammatically,   whilst 

Figs.  116a  and  b  shew  photographs  of  such  transformers.  Both 
primary  and  secondary,  which  are  insulated  from  one  another,  are 
wound  on  the  core  in  the  centre,  whilst  the  two  outer  cores  or 
mantle  serve  as  a  return  path  for  the  flux.  The  single-phase  current 
is  supplied  to  the  transformer  on  the  primary  side,  and  is  withdrawn, 
transformed,  from  the  secondary  side.  Fig.  1166  is  a  view  with  part  of 
the  stampings  removed,  to  shew  the  windings  more  clearly. 

Fig.  117a  shews  how  the  field  is  distributed  in  such  a  transformer. 
/  is  the  primary  winding  and  II  the  secondary.  As  a  rule,  the 
number  of  turns  wl  on  the  primary  is  not  the  same  as  the  number  w2 
on  the  secondary,  although  these  may  be  equal.     The  chief  part  of  the 


PlO.  116.- 


-Diagram  of 
former. 


of  a  Shell  Trans- 


110  THEORY  OF  ALTERNATING -CURRENTS 

flux  passes  through  the  laminated  iron  core,  and  thus  embraces  the 
total  turns  of  each  winding.  Another  part  of  the  flux  ia  interlinked 
with  some  of  the  primary  turns  or  with  some  of  the  secondary,  but 
not  with  both ;  whilst  still  another  part  may  be  interlinked  with 
many  turns  of  the  one  winding,  but  only  with  few  of  the  other. 

The  magnetic  force  in  the  air  gap  for  the  section  aa  is  represented 
by  the  curve  0  in  Fig.  1176. 

In  developing  the  theory  of  the  transformer,  it  is  best  to  split  up  the 
field  into  tubes  of  force.     Considering  a  single  tube  of  force  inter- 


linked with  wta  primary  turns,  and  «fc,  secondary  turns,  then  the  flux 
in  this  tube  is  proportional  to  »,«>,,  +-v%,  where  i,  and  L  denote  the 
currents  in  the  primary  and  secondary  windings  respectively.  If  the 
number  of  turns  on  primary  and  secondary  is  the  same,  the  currents 
»,  and  i3  will  be  very  nearly  equal  to  one  another,  but  will  flow  in 
opposite  directions. 

Now,  since  .... 

hwta  +  Vtt*  =  (i,  +  O  «>*.  +  hfa*  -  «W 

or  =(ti+4)tP„  +  s(«t  -«■.), 

the  flux  can  be  split  up  into  two  parts,  one  of  which  is  proportional  to 
the  magnetising  current  (i,  +  i.,)  and  the  other  either  to  the  primary 
or  the  secondary  current.  The  first  part  of  this  flux  is  called  the 
main  flux  and  the  second  the  dray  flux.. 
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The  flux  of  this  tube  induces  an  e.m.f.  in  the  primary  winding 
proportional  to 

and  an  e.m.f.  in  the  secondary  proportional  to 


dt 


{(i,  +  t^a*.  +  »**U'«*  -  «0}- 


Fio.  1IT« WAffnun  ol  Tubei  of  Fori 


n  a  Shell  TMiufon 


From  this,  we  see  that  the  main  flux  of  every  tube  always  induces  the 
same  e.m.f.  in  both  primary  and  secondary  windings,  whilst  the 
k.m.F.'h  induced  by  the  stray  flux  are  proportional  to  the  currents  in 
the  respective  windings.  The  stray  flux  has  a  large  part  of  its  path 
in  air,  and  is  therefore  in  phase  with  the  current  which  produces  it. 
Most  of  the  main  flux,  however,  has  an  iron  path,  the  hysteresis  of 
which  will  cause  this  flux  to  lag  (by  an  amount  equal  to  the  hystcretic 
angle  of  advance)  behind  the  magnetising  current  (i,+i2). 

Summing  up  the  k.m.F.'s  induced  in  each  winding,  we  get,  for  the 
primary  circuit,  the  differential  equation  : 

PjJ*  sin  (W  +  0,)  -  ■  -  -•>■  ■<?  ^  ■*■  «--** 


*irr 


'  dt  ' 


;$5a) 


and  for  the  secondary  circuit: 

0  =  P2J2sin(*d 
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where  P2  and  P2  are  the  respective  primary  and  secondary  terminal 
pressures ;  Sx  denotes  the  sum  of  the  interlinkages  with  the  primary 
stray  flux  (that  is,  that  part  of  the  primary  flux  which  is  not  inter- 
linked with  the  secondary)  produced  by  unit  current  in  the  primary. 
Similarly  for  S2.  Sx  and  S2  are  called  the  coefficients  of  stray  induction, 
and  are  /  \ 

1 B ' 

M*  L (66) 

where  Rx  is  the  reluctance  offered  to  the  tube  of  force  which  is 
interlinked  with  wu  primary  and  w^  secondary  turns.     <i\  is  the 

ideal  main  flux,  which  is  com- 
pletely interlinked  with  both 


Pt 


Pt 


primary  and  secondary  wind- 
ings and  induces  an  E.M.F.  in 
both  which  is  proportional  to 
the  sum  of  all  the  interlinkages 
2(3vwx)  of  the  main  flux. 

The  above  two  differential 
equations  (65a  and  b)  apply 

both  to  the  transformer  (Fig.  115)  and  to  the  circuit  shewn  in  Fig.  1 18. 
In  the  branch  AB,  the  current  ix  +  i2  =  ia  flows,  and  requires  between 

the  terminals  A  and  B  the  pressure 


Fio.  118. — Equivalent  Circuit  of  a  Transformer. 


e  =  w 


dt' 


which  is  equal  but  opposite  in  direction  to  the  E.M.F.  -  e  induced  by 
the  main  flux  in  the  two  circuits.  This  e.m.f.,  of  course,  has  the  same 
frequency  c  in  both  circuits,  since  they  are  embraced  by  the  same  flux 
and  fixed  with  respect  to  one  another.     Since  <£>»  lags  behind  the 


fl* 


magnetising  current  ia  by  the  angle  -  -  ^rt,  the  pressure  e  leads  the 
magnetising  current  ia  by  the  angle  \pa.     Hence  we  can  thus  write  : 


where 


Eya  =  E{ga+jba), 
6. 


tan^0  = 


9a 


In  this  way  we  may  replace  the  transformer  by  the  circuit  represented 
in  Fig.  118,  and  can  treat  the  same  analytically  just  as  any  other 
circuit  having  an  impedance  in  series  with  two  parallel  branches. 

Denoting   2ircSl  by  xl  and  2ttcS2  by  x2,  we  may  then  write  the 
above  differentials  as  follows : 

?i-E  =  Jiri-JJi*i  =  fih>     -$-?*  =  if *-Ji&  =  i#» (67) 

where  ^  « la  - I2  =  Eya  - I2 

and  zx  =  rx  -jxl ,     z2  =  r2  -;>2 . 
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When  the  secondary  circuit  is  open,  i.e.  when  the  transformer  is  on 
no-load,  /o  =  0,  and  the  primary  current  Ix  equals  the  magnetising 
current  i0.  Since  the  resistances  and  reactances,  and  also  the 
magnetising  current,  of  a  normal  transformer  are  usually  very  small, 
it  follows  that  at  no-load  the  secondary  pressure  P2  =  E  will  be  nearly 
equal  to  the  primary  pressure  Pl9  assuming  of  course  that  the  number 
of  turns  on  the  primary  is  the  same  as  that  on  the  secondary,  i.e. 

w1  =  w2  =  w. 

The  currents  and  pressure  of  a  transformer  can  be  best  shewn 
graphically,  as  in  Fig.  119.  Set  off  the  main  flux  <i\  along  the  negative 
direction  of  the  abscissa  axis, 


In 


then  the  e.m.f.  -E  induced 
by  $A  falls  along  the  negative 
direction  of  the  ordinate  axis 
(since  the  induced  E.M.F.  lags 
90°  behind  the  inducing  flux). 
The  flux  itself,  however,  is 
not  in  phase  with  the  m.m.f. 
(or  magnetising  current),  but 
follows  the  same  at  the  angle 

—  ^a.      This  lagging  of  the 

flux  behind  the  magnetising 
current  is  due  to  the  hysteresis 
and  eddy  currents,  caused  by 
the  continuous  reversal  of  the 
magnetisation  in  the  core, 
which  is  treated  more  fully 
in  Chapter  XVIII. 

The  magnetising  current  Ia 
can  be  calculated  from  the 
circuit  constants  and  set  off  in 
the  diagram.  Further,  if  the 
secondary  current  12  is  known, 
the  secondary  pressure  P2  can 
be  found  by  geometrically  sub- 
tracting  the    secondary  impedance  pressure  I%z2  from   the  induced 

E.M.F.  —  xJr. 

Since  the  current  I2 — induced  in  the  secondary  winding  by  the  flux 
&h — is  always  directed  so  that  it  tends  to  weaken  the  inducing  field, 
it  is  obvious  that  a  primary  current  - 12  must  be  supplied  to  overcome 
the  reaction  of  the  secondary  current  I2  on  the  field,  if  &h  is  to  be 
kept  constant.  Consequently,  the  current  supplied  to  the  primary  has 
two  components.  The  one  component  is  the  magnetising  current  Iat 
necessary  for  producing  the  field,  while  the  other  component  is  the 
compensating  current  -72  required  to  neutralise  the  reaction  of  the 
secondary  current  J2  on  the  main  field.     Hence  the  primary  current  IY 


Fio.  119. — Vector  Diagram  of  the  Currents  and 
Pressures  in  a  Transformer. 
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is  simply  the  resultant  of  the  currents  Ia  and  -  72.  Again,  if  we  add 
the  impedance  pressure  Iz,  to  the  pressure  E,  which  is  equal  and 
opposite  to  the  e.m.f.  -E  induced  by  the  main  flux  &k9  the  primary 
pressure  P1  will  be  obtained.  If  we  now  turn  the  pressure -triangle 
-2?,  P2  through  180°  to  the  position  E,  -Pp  we  get  a  clear  view  of 
the  pressure  drop  from  the  primary  terminal  pressure  P,  to  the 
secondary  terminal  pressure  -P2*  The  pressure  E  often  termed  the 
E.M.F.  consumed  by  the  counter-electromotive  force  -  E,  is  required 
for  driving  the  magnetising  current  Ia  through  the  circuit,  and  there- 
fore leads  the  latter  by  the  angle  t//a%  as  shewn  in  the  figure. 
The  power  EIm«m^~E*g. 

is  consumed  by  the  iron  losses  in  the  magnetic  circuit,  and  is  dissipated 
in  the  form  of  heat. 

The  phenomena  which  occur  in  a  transformer  occur  in  every  other 
form  of  electromagnetic  apparatus,  although  in  a  somewhat  modified 
form.  In  every  case,  however,  we  ham  the  secondary  current  induced  by 
the  main  flux,  and  the  coiresponding  compensating  current  which  combines 
with  the  magnetising  current  necessary  to  produce  the  flux,  to  form  the  primary 
current.  The  main  flux  serves  to  transmit  the  power  from  the  primary 
side  to  the  secondary,  just  as  a  belt  transmits  the  power  from  one  pulley 
to  another. 

In  the  stationary  transformer  the  power  EIX  cos  \px  is  transmitted 
from  the  primary  circuit  to  the  main  flux.  Here,  in  the  main  flux, 
the  iron  losses  EIa  cos  \pn  are  consumed,  so  that  the  power  transmitted 
to  the  secondary  circuit  is 

EI2  cos  \p2  =  EIX  cos  \f/l  -  EIa  cos  \f/a ; 

but  since  EIa  cos  \pa  is  usually  very  small,  nearly  the  whole  power  is 
conveyed  from  the  primary  to  the  secondary. 

The  frequency  of  both  primary  and  secondary  is  the  same.  The 
only  reason  therefore  for  using  a  stationary  transformer  is  to  effect 
a  change  of  pressure  as  the  power  is  transmitted  from  primary  to 
secondary.  This  is  achieved  by  choosing  different  numbers  of  turns 
for  the  primary  and  secondary  windings.  If  there  are  wx  turns  on  the 
primary  side  and  w2  on  the  secondary,  then  the  e.m.f.  induced  in  the 
latter  will  be  ™ 

*    wx    J      u 

since  the  flux  $4  induces  the  same  E.M.F.  in  every  turn.  The 
secondary  current  is 

72=3-/c  =  u/c, 

where  Ic  is  the  compensating  current  in  the  primary  winding.  This 
follows  at  once  from  the  fact  that  the  ampere  turns  of  the  two 
currents  I2  and  Ic  must  be  equal  and  opposite,  u  is  the  ratio  of 
transformation,  which  in  a  stationary  transformer  is  the  same  for 
currents  as  pressures.     In  the  equivalent  circuit,  where  the  primary 
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and  secondary  circuits  are  electrically  connected,  all  secondary 
pressures  must  be  reduced  to  the  primary  by  multiplying  by  w,  and 
secondary  currents  by  dividing  by  u.  The  powers  remain  unaltered, 
since  /F         \ 

(E2I2)  =  (^.uIey(ExIc). 

On  the  other  hand,  the  impedances  must  be  converted  in  the  ratio  u2 

8ince  £*3.  ^=A. 

I2      u  '  ule     U*Ie' 

By  these  reductions  the  equivalent  circuit  and  all  the  calculations  may 
be  made  independent  of  the  ratio  of  conversion  of  the  transformer. 

38.  Self-,  Stray  and  Mutual  Induction  of  Two  Circuits.  Neglecting 
the  iron  losses  in  a  transformer,  the  main  flux  at  no-load  can  be 
written, 

**~    IT' 

where  wx  =  number  of  primary  turns  and  i£  =  magnetic  reluctance 
offered  to  the  ideal  flux  completely  interlinked  with  both  primary  and 
secondary  windings.  The  E.M.F.  induced  in  the  secondary  winding 
is  then  *-  *.  ,. 

"»        w*  dt  It     dt         M  dt 

Iff  Iff 

M  =  — L_2  is  called  the  (efficient  of  mutual  induction  between  the  primary 

and  secondary  windings.  Introducing  this  coefficient  into  equation 
(65a)  we  get  at  no-load : 

P1V2sin(W/+d10)-i1o'-i  +  (^  +  -V5)%!  =  ho»-1  +  A^-0. 

where  Lx  denotes  the  total  interlinkages  of  the  primary  winding  with 
the  flux  produced  by  unit  current  in  this  winding.  This  is  called 
the  coefficient  of  self-induction  of  the  primary  winding.  Between  the 
coefficients  of  self-,  stray  and  mutual  induction,  there  exists  therefore 
the  following  relation, 

j^-Sj  +  JfS,  (68a) 

for  the  primary  winding,  and  similarly 


w2 


L2  =  S0^M^    (686) 


for  the  secondary  winding. 

By  multiplying  these  two  expressions,  we  get 

M2  =  (L1-Sl)(L2-S2) (68c) 

Of  the  flux  produced  by  and  interlinked  with  the  primary,  the  part 

u) 
corresponding  to  M -J  is  interlinked  with  the  secondary,  whilst  the 

2 

part  corresponding  to  Sx  is  interlinked  only  with  the  primary. 
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In  practice,  the  ratio 


A  -   A    - 


=  (T 


W2 


is  known  as  the  leakage  coefficient,  a  name  given  by  J.  Hopkinson.  <r  is 
always  greater  than  unity,  and  represents  the  ratio  between  the  total 
flux  and  the  flux  4\  which  is  interlinked  with  the  secondary ;  or,  in 
other  words,  the  ratio  between  the  total  and  the  useful  flux.  The 
flux  which  is  only  interlinked  with  one  winding  is  called  stray  flux. 
Both  the  primary  and  the  secondary  have  their  own  stray  fluxes. 

In  electromagnetic  machinery,  we  have  nearly  always  to  deal  with 
a  main  flux  and  a  stray  flux,  or  with  corresponding  magnitudes, 
viz.  the  coefficients  of  mutual  and  of  stray  induction.  This  is  due  to 
the  fact  that  these  fluxes  are  actually  present  in  the  machine,  whilst 
the  fluxes  corresponding  to  the  coefficients  of  self-induction  do  not  as  a 
rule  exist,  and  consequently  are  not  easy  to  calculate.  Moreover,  the 
former  method  of  calculation  has  the  advantage  that  all  machines  can 
be  analytically  replaced  by  equivalent  electric  circuits,  since  in  the 
equivalent  circuits  the  only  constants  which  occur  are : 

ba= ,     xl  =  2vcSJ     and     x2=*2ircS2. 

2ircM^ 

W2 

On  the  contrary,  the  reactance  2ircLl  is  not  at  all  confined  to  one 
electric  circuit,  but  is  distributed  over  two  circuits  in  which  different 
currents  flow.  Consequently,  with  machines,  it  is  not  convenient  to 
work  with  the  reactance  due  to  self-induction. 

In  the  case  of  mains  or  other  similar  circuits  however,  where  little 
or  no  iron  at  all  is  present,  the  conditions  are  different  Here  the 
reaction  of  the  currents  in  neighbouring  conductors  is  often  so  small 
that  the  stray  flux  is  larger  than  the  main  flux.  In  such  cases  it  is 
best  to  use  the  coefficients  of  self-induction,  and  estimate  as  nearly  as 
possible,  by  approximate  calculations  and  experiments,  the  damping 
effect  of  secondary  currents  in  the  neighbourhood  or  in  the  conductors 
themselves. 

When  a  circuit  is  influenced  by  a  closed  secondary  circuit  in  its 
neighbourhood,  the  differential  equations  (65a  and  b)  appear  in  the 
following  form : 

n^+S^  +  M^  +  M^^  +  L^  +  M^ (65.) 

and  0  =  v-2  +  ^§  +  ^§  +  3/§  =  i2r2  +  I2§  +  J.4   ...<65rf) 

Instead  of  solving  these  two  equations  with  the  unknowns  ix  and  t2, 
each  of  which  would  bring  us  to  a  differential  equation  of  the  second 
degree  for  ix  alone  or  i2  alone,  we  may  demonstrate  the  damping  effect 
of  secondary  circuits  by  the  following  simpler  considerations. 
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For  the  sake  of  simplicity,  assume  that  the  resistances  rx  and  r2  in 
the    equivalent   circuits    are    negligibly    small    compared    with    the 


^"OTOToVo'OT^ 


Fig.  180. 


reactances.     We  then  get  the  circuit  shewn  in  Fig.  120.     The  total 
reactance  of  this  circuit  is 


xt  =  xY  + 


1 


1 

-  + 


y=*i  + 


Xa      X2 


xa  +  x2 


& 


■^■S 


Thus  the  secondary  currents  reduce  the  self-induction  of  the  main 
conductor,  and  the  greater  the  ratio  of  the  mutual  induction  to  the 
self-induction  of  the  secondary  conductor,  the  greater  is  this  reduction. 
When  w1  =  w2f  M  is  always  smaller  than  jL2;  and  if  we  take,  for 
example,  M=\L^\LXi  then  the  total  reactance  of  the  main  circuit 
will  be  ,       /i\2v 

xt  =  2ircLx (l  -  ^- J  =  27rcLx \ £, 

i.e.  some  6  %  less  than  when  the  secondary  circuit  is  not  present. 
Taking  into  account  the  resistances  rx  and  r2i  and  also  denoting 

xLi  =  271-cLj     and    x^  =  2ircL29 

we  obtain  the  total  impedance, 

1 

?*  —  ?i  + 


■ 

?l  =  '"<  ~J'Ct9 


1  "  ?1    TTy^' 


or,  neglecting  gm, 

in  which  expression  the  resistance  and  reactance  are  given  by  the  values 


rt  =  rx  + 


•*/#  ^—  Xi 


72  +  J'L*J 


(69) 


Thus  the  secondary  currents  in  neighbouring  conductors  and  the  eddy 
currents  in  the  conductor  itself  cause  an  apparent  increase  in  the 
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resistance  and  a  decrease  in  the  self-induction  of  the  main  circuit. 
This  is  also  what  one  would  expect,  for  example,  in  a  round  conductor ; 
the  eddy  currents  are  so  directed  that  at  the  centre  of  the  conductor 
they  flow  against  the  main  current,  and  at  the  surface  with  the  main 
current.  Owing  to  this  unsymmetrical  distribution  of  the  current 
over  the  section  of  the  conductor,  the  losses  are  of  course  increased ; 
and  since  at  the  centre  of  the  conductor — where  the  self-induction 
is  greatest — the  current  density  is  least,  the  total  self-induction  of 
the  conductor  will  be  less  than  that  calculated  on  the  assumption  that 
no  eddies  are  present.  We  shall  shew  in  Chap.  XXI.  how  the  effect 
of  the  eddy  currents  on  the  circuit  constants  can  be  calculated. 

Lastly,  it  may  be  pointed  out  that  formula  (69)  shews  clearly 
that  the  disturbing  influences  of  the  secondary  and  eddy  currents 
increase  with  the  frequency  of  the  main  current  and  with  the  dimen- 
sions of  the  conductor. 

39.  Conversion  of  Energy  in  the  General  Transformer.  In  the 
above  section  we  have  considered  two  magnetically-interlinked  electric 
circuits  and  have  seen  that  the  magnetic  flux  serves  to  transmit  the 
energy  from  one  to  the  other.  If  the  primary  and  secondary  circuits 
are  fixed  relatively  to  one  another,  the  total  energy  given  out  by  the 
primary  will  be  taken  in  by  the  secondary,  neglecting  iron  losses. 
In  many  cases,  however,  the  two  windings  may  be  capable  of  motion 
relatively  to  one  another. 

For  example,  the  primary  winding  may  be  fixed  and  the  secondary 
arranged  on  a  rotating  axis  in  such  a  way  that  the  magnetic  field 
is  still  linked  with  both  windings.  This  condition  is  obtained  by 
placing  the  secondary  winding  in  slots  on  the  periphery  of  a  laminated 
cylinder  and  the  primary  in  slots  on  the  inner  surface  of  a  coaxial 
ring,  inside  which  the  cylinder  rotates.  In  such  a  machine  the  inter- 
linkages  of  the  two  windings  with  the  rotating  field  pulsate  with 
different  frequencies  ca  and  c2. 

For  the  fixed  primary  winding,  the  frequency  c,  is  proportional  to 
the  speed  of  the  rotating  field,  while  for  the  moving  secondary,  c2  is 
proportional  to  the  speed  of  the  flux  relative  to  the  rotating  winding. 
In  this  case  the  total  power  given  out  by  the  primary  will  not  be  taken 
in  by  the  secondary. 

If,  for  example,  the  main  flux  4>A  induce  in  the  primary  an  E.M.F. 

having  the  frequency  (\  ;  and  in  the  secondary  an  *E.M.F. 

having  the  frequency  c2. 

Then  the  two  e.m.f.'s  have  the  ratio 

Since  in  this  case  also  the  compensating  ampere-turns  of  the  primary 


CONVERSION  OF  ENERGY  IN  GENERAL  TRANSFORMER     119 

circuit  must  equal  the  ampere-turns  of  the  secondary  circuit,  we  must 
have  nijl^  —  m^w^,  where  mx  denotes  the  number  of  similar  primary 
circuits  having  the  turns  wly  and  m2  the  number  of  similar  secondary 
circuits  having  the  turns  w2.     On  transposing,  this  becomes 

w2    mJJ 
and  combining  this  with  the  above  ratio  of  the  E.M.F.'s,  we  get 

W2^2  =  J2 (70) 

We  have  here  L(ElIe)  =  L(E2I2)  =  \j/29  as  in  the  transformer  diagram 
(Fig.  119). 

The  power  taken  in  by  the  secondary  circuit  is  therefore  less  than 
that  given  out  by  the  primary,  in  the  same  ratio  as  the  frequency 
of  the  secondary  current  is  less  than  that  of  the  primary.  The 
difference 

(mlElIc  -  m2E2I2)  cos  ^2  =  -* — ^mlExIe  cos  \p2 

°\ 

between  the  power  given  out  by  the  primary  and  that  taken  in  by  the 
secondary  must  therefore  appear  in  some  other  form,  since  energy 
cannot  be  lost.  This  difference  does  not  appear  in  the  form  of 
electrical  but  mechanical  energy,  and  it  is  thus  possible  for  the 
general  transformer  to  work  also  as  a  motor.  The  power  transmitted 
from  the  primary  circuit  to  the  magnetic  circuit  therefore  appears 
partly  as  electrical  power  in  the  secondary  circuit  and  partly  as 
mechanical  power.     The  former  (the  electrical)  part  is  proportional  to 

<\  ci 

i.e.   proportional  to  the  velocity   with   which   the  secondary   circuit 

lags  behind  the  primary,  whilst  the  latter  (the  mechanical)  part  is 

c 
proportional  to  the  velocity  -a  with  which  the  secondary  circuit  is  cut 

.  by  the  main  flux.  ci 

Putting  c2  =  scj , 

*•»  ^=v^\. <71> 

or,  with  the  same  number  of  turns  on  the  primary  as  on  the  secon- 
dary, i.e.  wl  =  w2, 

E2^sEl (71a) 

Assuming  further  that  the  number  of  primary  and  secondary  circuits 
is  the  same,  i.e.  n\  =  m2i  then 

w. 

.                                          Eq     sE->        ,  .„_ 

and  ?2=/  =sj=sh>     (72) 

*  &  •  c 
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where  z'2  denotes  the  impedance  of  the  secondary  circuit  reduced  to  the 
primary.  Further,  let  x2  denote  the  reactance  of  the  secondary 
circuit  at  frequency  clf  then 

z2  =  r2  —j  ~  x2  =  r2  -jsx2 . 

Hence  *'  =  h  =  hzlEi  =  H  _jx 

'*      s  s  s      J  2 

We  may  therefore  replace  the  general  transformer  with  relatively 
movable  primary  and  secondary  circuits  by  an  equivalent  electric 
circuit  (Fig.  121);  for,  by  reducing  the  secondary  frequency  to  that 


n  ft    _ 


#/-/; 


Fig.  121.— Equivalent  Circuit  of  the  General  Transformer. 


of  the  primary,  the  continuity  of  the  transmission  of  energy  remains. 
In  the  equivalent  scheme,  the  power  given  out  by  the  primary  is : 

„  r  E 

J*  7'  =  /a  "7  C08  **  =  IeEi cos  ^2' 

Since,  however,  only  the  power       V,z^l\ia 
appears  in  the  secondary  circuit  as  electric  energy,  the  difference 

ffWl^-Tjr.-Jfcg-l)   (73) 

must  appear  in  the  form  of  mechanical  energy.  To  absorb  an  amount 
of  electrical  power  corresponding  to  the  motor  effect  of  the  general 
transformer,  we  may  therefore  employ  a  resistance  in  the  secondary 
circuit  of  the  equivalent  diagram,  having  the  value 


(--l)  ohms (73a) 


r2[- 

This  is,  of  course,  a  completely  non-inductive  load.  Hence,  in  spite 
of  the  mutual  displacement  of  the  primary  and  secondary  windings,  we 
can  represent  the  general  transformer  by  a  simple  equivalent  electric 
circuit,  whose  frequency  and  pressure  are  those  of  the  primary  3  whilst 
all  the  formulae  deduced  for  the  equivalent  circuit  hold  also  for  the 
general  transformer.  The  ratio  of  conversion  of  the  pressures, 
assuming  the  same  frequency  in  both  secondary  and  primary,  is 

_  E\  _  wi 
whilst  the  ratio  of  conversion  of  the  currents  is 

Ie    m2w2 
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and  since  &\  _  h  .  J_  _  _^L, 

the  ratio  of  conversion  of  the  impedances  is 


*.*,-— i>     <74> 

where  w1  and  w.,  denote  the  number  of  effective  primary  and  secondary 


Fio.  IK.— Induction  Motor. 

The  ordinary  form  of  the  general  transformer  is  the  asynchronous 
motor,  which  consists  of  a  stationary  laminated  core,  or  stator,  on 
which  the  primary  is  wound,  and  a  rotating  laminated  core,  or  rotor, 
which  carries  the  secondary  windings.  The  two  windings  arc  embedded 
in  Blots  in  their  cores  and  lie  directly  opposite  to  one  another,  and  as 
near  to  the  surface  as  possible  so  as  to  reduce  the  stray  flux  to  a 
minimum.  Fig.  122  shews  the  photograph  of  a  modern  induction 
motor,  with  the  bearing  shield  removed. 
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Example 

i.    For 

A 

=  500  volts, 

ri  =  rasrsl  onm> 

xx  =  5  ohms, 

£2=*  2*5  ohms, 

ga  =  0-002  mho, 

6a  =  0-01  mho, 

the  curves  in  Figs.  123a  and  b  have  been  plotted  for  the  following 
powers  as  functions  of  the  slip  s : 
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1.  The  power  supplied* to  the  primary  JV1  =  l}1I1Q08<t>l 

2.  The  primary  copper  loss  Vx  =  l\rx . 

3.  The  iron  losses  Va^E^ga. 

4.  The  power  transferred  to  the  secondary 

W=  Wx -Vx-  Fa  =  EI2cos  +v 

5.  The  secondary  copper  loss  V2  =  7§r2. 

6.  The  mechanical  power  ^-If/J~  - 1  J  =  /iT(l  - s). 
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In  Fig.  1236  the  scale  of  the  abscissa  axis  has  been  increased,  in 
order  to  shew  the  curves  more  clearly  in  the  neighbourhood  of 
synchronism. 


nKV- 


s     29%  Rlip 


Fio.  1236. 

As  seen  from  these  figures,  the  general  transformer  works  as 
motor  between  s  =  0  and  s=l,  i.e.  between  rest  and  the  speed  at 
which  no  e.m.f/s  are  induced  in  the  rotor  circuits.  This  speed 
(i.e.  s  =  0)  is  called  the  synchronous  speed,  being  that  speed  at  which 
the  secondary  circuit  is  at  rest  relatively  to  the  main  flux,  as  the  rotor 
rotates  synchronously  with  the  main  flux,  s  is  called  the  slip,  since 
this  ratio  shews  how  much  the  secondary  slips  relatively  to  the  main 
flux. 

From  s  =»  0  in  the  negative  direction  the  general  transformer  works 
as  a  generator  and  supplies  electrical  energy  to  the  mains ;  and  from 
8  =  1  in  the  positive  direction  it  works  as  an  electric  brake,  receiving 
both  electrical  and  mechanical  power,  both  of  which  are  dissipated  in 
the  transformer- 
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CAPACITY  IN  CIRCUITS. 


40.  Transmission  of  Power  over  Lines  containing  Capacity.  41.  Condenser 
Transformers.  42.  Transmission  of  Power  over  Lines  containing  Dis- 
tributed Capacity.  43.  Current  and  Pressure  Distribution  in  Lines  with 
Uniformly  Distributed  Capacity.  44.  Transmission  of  Energy  over 
Quarter-  and  Half-wave  Lines.  45.  Equivalent  Circuit  of  a  Power 
Transmission  Liue  containing  Uniformly  Distributed  Capacity.  46. 
Uniformly  Distributed  Capacity  in  Transformers  and  Alternating-current 
Machines.     47.  Distributed  Capacity  in  Lightning-protecting  Apparatus. 

40.  Transmission  of  Power  over  Lines  containing  Capacity.    For 

transmitting  alternating-current  over  long  distances,  overhead  lines  are 

usually  employed.     The  capacity 


It  ■-_-**»■_-■ 
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effects  of  such  lines  are  compara- 
tively small,  except  at  very  high 
pressures.  Often,  however,  the 
current  must  be  taken  along  cables 
laid  in  the  earth  over  parts  where 
overhead  wires  cannot  be  used,  and 
the  capacity  of  these  sections  has 
to  be  considered.  A  simple  and 
approximate  calculation  of  the  capacity  effects  in  all  such  cases  can  be 
obtained  by  assuming  the  total  capacity  of  the  conductors  and  cables 
to  be  concentrated  at  the  centre  of  gravity  of  the  distributed  capacity. 
We  thus  get  the  equivalent  circuit  shewn  in  Fig.  124,  which  can  be 
treated  in  the  same  way  as  the  circuit  described  in  Chap.  VII.  By 
way  of  example,  we  shall  here  consider  the  case  where  the  load 
current  at  the  receiving  end  of  the  line  is  chiefly  used  for  driving 
induction  motors.  The  current  vector  will  then  move  over  a  curve 
which  will  be  approximately  a  circle  when  all  the  motors  are  uniformly 
loaded.      Let  this  circle  be  represented  by  Kb  in  Fig.  125  and  the 

power  line  by  i^J/* . 

By  inversion  of  this  circle,  we  get  the  load  impedance  zb.  To  this 
add  the  impedance  z2,  and  then  a  second  inversion  gives  the  admittance 
^",  which  is  in  parallel  with  ya.     After  adding  yu  and  a  further 
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inversion,  we  get  the  impedance  z\  which  is  in  series  with  zv  Lastly, 
by  adding  zx  to  z  and  once  more  inverting,  we  get  the  load  current  in 
the  supply  circuit,  which  is  represented  by  the  circle  K.  All  the 
loss  and  power  lines  can  be  now  drawn,  but  it  will  here  suffice  if 


i . 


FiQ.  125. 


we  merely  shew  the  line  PAPR  for  the  total  losses  and  the  resultant 

power  line  P0PK,  from  which  the  efficiency  and  maximum  power  of  the 
system  can  be  obtained. 


41.  Condenser  Transformers.  In  1891  Boucherot  proposed  to  use 
condensers  to  transform  from  a  constant  pressure  to  a  constant  current 
or  vice  versa.  Such  transformers — known  as  condenser  transformers — 
were  employed  by  Boucherot  for  series  circuits— for  example,  for 
tunnels  or  gardens  lighted  by  arc-lamps  or  incandescent  lamps  in 
series,  in  which  cases  this  system  can  be  used  with  advantage. 

Three  systems  proposed  by  Boucherot  are  shewn  in  Figs.  126a-c. 
They  are  all  for  the  same  purpose,  viz.  for  obtaining  a  constant  current 
in  the  load  circuit  AB  independently  of  the  load,  when  the  supply 
pressure  Px  is  constant.  Considering  first  the  scheme  shewn  in 
Fig.  1 26a :  we  have 

*  E        _      E 

•  /     —  _: 
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r2  -J% 
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and  the  total  current 


-1     "  \r,  -  jx9    jxj 
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The  supply  pressure  is  therefore 

P1-b-ijx1-b(i--&k--&) 
1    .     .  l/~l    .  y     Ti  _}zi  JXJ 

Choosing  the  reactances  xx  and  xa  equal,  then  the  current  in  the  receiver 


circuit  will  be 


/i-J 


•  •  *     or    A  =  -  • 


£, 


sc 


That  is,  with  constant  supply  pressure  Pv  the  current  I2  in  the  load 
circuit  is  constant,  and  is  thus  independent  of  the  load  resistance. 


«i 


A  -\SJjS.wla^ 


l»_J_5__J_fi. 

Pig.  126a. 


B 


Fio.  1266. 


Fia.  126c. 


The  total  current  II  is 

■j^e(-L-+1), 


but 


hence 


or 


2  -;«2    ^i 


Thus  the  total  current  is  a  minimum  when  x2  —  xl.     In  this  case 

T       —  "J1^?  _    *r* 

When  the  load  circuit  is  open  (i.e.  no-load)  r2  =  oo,  and  Ix  will 
therefore  be  infinite ;  whilst  when  the  load  resistance  is  short-circuited, 
(i.e.  r2  =  Q),  ^  =  0.  In  other  words,  no-load  in  the  load  circuit  acts  as  a 
short-circuit  to  the  supply  terminals,  and  conversely,  short-circuit  in 
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the  load  circuit  acts  as  no-load  to  the  supply  circuit.     For  this  reason, 

care  must  be  taken  that  the  circuit  is  not  broken  when  a  lamp  is 

extinguished.    This  is  effected  by  connecting  choking  coils  in  parallel 

with  the  lamps,  or  by  using  a  small  transformer  for  each  lamp.     In 

the  latter  case  all  danger  of  short-circuit  is  removed. 

Of  the  different  schemes  given  above,  that  in  Fig.  126c  is  the  best, 

since  here  the  current  L  is  zero  when  the  load  circuit  is  short-circuited 

p 

(z2  =  0),  instead  of  72  =  — l,  as  in  the  other  two  cases. 

xl 

Recently  the  condenser  transformer  has  also  been  used  for  producing 
pulsations  of  high  pressure  and  frequency.  If,  for  example,  a  path 
containing  inductance,  resistance  and  a  spark-gap 
is  placed  in  parallel  with  the  condenser  (Fig.  127), 
electric  pulsations  will  be  set  up,  provided  the 
self-induction  L2  is  made  large  enough  compared 
with   the  resistance   r%.     When   an   alternating 

pressure  PY  is  applied  at  the  supply  terminals,  a         vT ^  C 

large  pressure  will  be  set  up  across  the  gap  and  r— HI— 

will  give  rise  to  a  spark.  The  pressure  then 
falls  immediately,  and  the  spark  is  extinguished 
by  the  rising  air  warmed  by  itself.  This,  how- 
ever, is  scarcely  completed  when  the  pressure 
again  rises  and   produces  a  further  spark.      In        .  0  0 


o 


this    manner,   sparking   will    continue,   and    the  Flo  m 

frequency  cH — which  only  depends  on   the  con- 
stants  of   the   receiver  circuit — will   be   found   to   be    the    natural 
frequency  of  the  circuit,  viz.: 

This  frequency  is  almost  invariably  muc*h  greater  than  that  of  the 
applied  pressure.  The  oscillations  in  the  receiver  circuit  produce 
similar  oscillations  in  the  supply  circuit  also.  When  the  natural 
frequency  is  much  greater  than  that  of  the  supply  pressure,  the  oscilla- 
tions disappear  during  the  time  the  condenser  is  discharged. 

'  42.  Transmission  of  Power  over  Lines  containing  Distributed 
Capacity.  We  now  come  to  the  most  general  case  of  the  transmission 
of  power  by  alternating-currents.  We  commence  by  considering  the 
physical  occurrences  in  the  conductors  and  in  neighbouring  bodies. 

Let  a  constant  alternating  k.m.f.  act  at  the  supply  terminals  of  a 
long  two-wire  system  used  for  the  transmission  of  a  single-phase 
alternating- current  to  the  receiver  circuit  which  contains  the  load. 
At  any  instant,  every  point  in  the  line  will  have  its  own  definite 
potential.  Regard  the  earth  as  having  zero  potential.  In  order  to 
give  the  line  its  potential,  a  certain  charging  current  is  necessary, 
and,  since  there  are  both  conductors  and  dielectrics  in  the  electro- 
static field  due  to  the  line-potential,  this  charging  current  will  be 
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dependent  on  the  constants  of  these  bodies,  and  may  be  quite  con- 
siderable. Moreover,  every  conductor  has  imperfections  in  its 
insulation,  through  which  a  quantity  of  electricity  proportional  to 
the  potential  difference  passes.  To  this  latter,  we  must  also  add  the 
escape  of  electricity  into  the  air — known  as  "  silent  or  glow  discharge  " 
(corona). 

This  potential — which  varies  from  point  to  point  along  the  line — 
requires  a  current  due  to  which  an  electromagnetic  field  is  formed 
around  the  conductor.  Moreover,  this  current  is  not  constant  at 
every  section  of  the  conductor,  but  varies  according  to  the  quantity 
of  electricity  required  for  charging,  for  insulation  leakage  and  for 
discharge  into  the  air. 

The  above,  however,  applies  only  to  what  happens  at  any  particular 
instant,  for  the  applied  e.m.f.  is  not  constant,  but  is  a  function  of  the 
time.  For  the  time  being,  assume  that  the  pulsating  e.m.f.  follows  a 
sine  law. 

Both  the  electrostatic  and  the  electromagnetic  fields  vary  with  the 
time.  Owing  to  the  pulsation,  of  the  electrostatic  field,  energy  is 
consumed  in  the  insulating  media.  This  causes  a  loss-current,  which 
is  in  phase  with  the  potential  difference  at  the  respective  point.  The 
presence  of  foreign  bodies  in  the  field  causes  an  increase  in  these 
displacement  currents ;  to  this  also  belongs  electrostatic  influence.  The 
displacement  currents  can  be  resolved  into  two  components,  one  of 
which  is  in  phase  with  the  difference  of  potential,  and  the  other  dis- 
placed 90°  from  it. 

The  alternating  electromagnetic  field  induces  e.m.f.'s  both  in  the 
line  itself  and  in  outside  conductors.  The  e.m.f.'s  induced  in  the  line, 
i.e.  the  e.m.f. 's  of  self-induction,  can,  under  certain  conditions,  cause 
an  unequal  distribution  of  the  current  over  the  cross-section,  which 
will  cause  an  increase  in  the  ohmic  resistance  of  the  line  (skin-effed). 
The  closed  conductors  lying  in  the  electromagnetic  field  act  as  trans- 
former secondaries  with  the  transmission  line  as  primary.  Hence  in 
the  closed  secondaries  current  will  flow  which  will  react  on  the  main 
conductor  (mutual  induction). 

These  e.m.f.'s  of  mutual  induction  can  also  be  resolved  into  an 
energy  component  in  phase  with  the  current,  and  an  idle  component 
at  90°  to  the  same.  The  latter  component  decreases  the  apparent 
self -induction  of  the  line.  Eddy  currents  can  also  be  added  to  the 
currents  in  adjacent  conductors. 

The  electromagnetic  field  produces  losses  in  magnetic  bodies  due  to 
hysteresis;  these  losses  can  be  approximately  allowed  for  by  an 
increase  in  the  ohmic  resistance,  since  the  field  strength  is  nearly 
proportional  to  the  current,  so  long  as  the  field  is  weak. 

Fig.  128  shews  a  two-wire  transmission  scheme,  representing  the 
effects  that  have  just  been  discussed  above. 

We  now  make  the  assumption,  without  which  calculation  is  difficult, 
that  the  conductor  is  uniform,  so  that  the  constants  of  the  conductor 
per  unit  length  can  be  given.     The  calculation  of  these  constants  is 
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complicated  and  inexact,  since  tbey  depend  on  the  frequency,  the 
pressure  and  the  atmospheric  conditions. 

Franke*  and  Breisig}  have  shewn,  however,  how  these  constants 
can  be  determined  by  simple  measurements.  A  conductor  can  be 
represented  by  four  constants,  which  we  may  suppose  to  have  been 
experimentally  determined. 

Since  these  measurements  and  calculations  must  serve  as  the  foun- 
dation in  working  out  new  installations,  we  shall  briefly  summarise 
them  here,  and  shew  the  influence  which  the  constants  exert. 

rd  denotes  the  equivalent  ohmic  resistance  per  kilometre  by  which 
the  current  /  must  be  multiplied  in  order  to  obtain  the  pressure  in 
phase  with  the  current.  This  pressure  drop  is  due  to  the  ohmic 
resistance  of  the  line  and  the  watt  components  of  the  pressures 
induced  by  the  resultant  electromagnetic  field. 

xd  denotes  the  equivalent  reactance  per  kilometre  by  which  the 
current  /  must  be  multiplied  in  order  to  obtain  the  E-M-F/s  which 
the  current  leads  by  90°.  These  e.m.f.'s  are  the  wattless  components 
of  the  e.m.f.'s  induced  by  the  resultant  electromagnetic  field. 


—  h 


■*t 


i, 
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Fio.  128. — Single-phase  Transmission  Line  with  Distributed  Capacity. 

gt  denotes  the  equivalent  conductance  per  kilometre  by  which  the 
pressure  P  must  be  multiplied  in  order  to  get  the  currents  in  phase 
with  the  pressure.  These  currents  are  due  to  the  losses  in  the 
insulation  and  the  air,  and  to  the  watt  components  of  the  displace- 
ment currents  induced  by  the  electrostatic  field. 

bt  denotes  the  equivalent  susceptance  per  kilometre  by  which  the 
pressure  P  must  be  multiplied,  in  order  to  get  the  currents  which 
lag  90°  behind  the  pressure.  These  currents  are  the  wattless  com- 
ponents of  the  displacement  currents  induced  by  the  resultant 
electrostatic  field. 

Writing  symbolically,  we  get 

?*  =  (rd-jxd)lv 

where  L  is  the  single  length  of  the  line  in  kilometres. 
Let  tne  pressure  at  the  receiver  terminals  be 

p2  =  ^2\/2  sin  orf, 

and  the  constants  of  the  line  and  load,  i.e.  g2  and  b2,  be  given ;  we 
can  then  calculate  the  pressure,  the  current  and  their  phase  displacement 


•E.T.Z.  1891,  Heft  35. 


iE.T.Z.  1899,  Heft  10. 


A.C. 
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at  any  point  in  the  line.  When  this  is  done,  we  shall  be  able  to 
find  the  load  on  the  supply  station. 

At  a  point  P  distant  I  from  the  receiver  station,  we  have  a  pressure 
p  =  PJ'2  sin  (ad  4-  ^)  and  a  current  i  =  I»J2  sin  (<d  +  ^  -  <f>). 

Since  the  sinusoidal  terminal  pressure,  under  steady  conditions, 
always  produces  sinusoidal  currents  and  pressures  throughout  the 
whole  system,  it  is  not  necessary  to  deal  with  momentary  values  in 
this  case,  so  that,  for  the  sake  of  simplicity,  we  will  introduce  the 
symbolic  expressions  P  and  /  and  use  these  for  the  preliminary 
calculations.  In  the  formulae  deduced,  we  can  then  return  to  the 
instantaneous  values,  where  these  assist  in  explaining  the  same. 

Let  /  be  negative  when  taken  in  the  direction  of  the  flow  of  energy, 
and  positive  when  taken  in  the  opposite  direction  ;  then,  in  the  element 
dl  of  the  conductor,  the  increase  of  current  is 

'     '  Zx  dl     '  lx 

Further,  the  increase  of  pressure  in  the  conductor-element  dl  due  to 
the  current  /  is 

dP  =  &dl     or      },=&> 
'  lx  dl      •  /j 

By  differentiating  these  two  equations,  we  get 

~dP~  dl  ]\~  •    /* 
&P     dlzd     „Wi 


(75) 


and  -sp-aii;-^ 

These  two  equations  are  homogeneous  linear  differential  equations 
of  the  second  order,  and  their  indefinite  integrals  are  : 

and  /=  J?'(a/H  -  B<W^ti, 


where  A  and  B  are  the  constants  of  integration.     These  can  be  deter- 
mined thus : 

At  Z  =  0,     P  =  P2    and     /=/2. 

Substituting  these  in  the  above : 

P<,  =  A  +  B 


.  2 


and  h-VzU-m. 
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or  ii  = 


A + h  V 


?4 


2 
Hence 

P^J^Ve      •    <i  +  €         •    ij  +  $l2^±\€      •    <l-€         •    IJ    (76) 

and     /«}/s\c    •  fi  +  €       •  l*'+hP*<\  —  Vc    •  'i-€       •  V (77) 

-    Substituting,  for  the  sake  of  brevity, 

we  can  now  measure  the  values  of  /\  and  /j  at  the  supply  terminals, 
where  /  =  /j  for  the  following  two  cases  as  suggested  by  A.  Frarike : 

(1)  At  no-load,  i.e.  the  receiver  terminals  are  open  and  the  current 
I2  in  the  receiver  circuit  is  zero, 

y0  can  be  called  the  apparent  admittance  of  the  conductor.     Further, 
the  pressure  at  the  receiver  terminals  at  no-load  is 

ft-% <78> 

(2)  At  short-circuit,  i.e.   the   resistance  and  therefore  the  pressure 
between  the  receiver  terminals  is  zero ;  i.e. 


A=o 


and 


/iff         _  ?d 


zK  may  be  called  the  apparent  impedance  of  the  conductor.    The  short- 
circuit  current  at  the'  receiver  terminals  is 

h-(i' (79) 

By  the  division  and  multiplication  of  zK  and  y0,  we  get 

g  =  ?Jand  sfcr.-1-p1, (80) 
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Then,  by  introducing  C,  y0  and  zK,  we  get  the  equations  for  the 
supply  pressure  and  current : 

A  =  C(P3 + zX) = CP2(l  -  zKy0)  +  zKIt 

•  «  a 

-§+y» (si) 

and  /,  =  C(I2+  y0P2)  =  Cl2{  l-z£y0)  +  y0Px 

•  •  • 

I 

C 

or  ft-Wi -**4) 


-tf  +  J^i. (82) 


/*-Wi-yoft)J 


,  .„„....  (83) 

and 

Since  these  equations  hold  in  general  for  the  pressures  and  currents 
in  any  particular  part  of  the  conductor,  and  the  constants  C,  y0  and  zK 
of  this  part  are  independent  of  anything  that  lies  beyond  its  limits, 
it  will  be  seen  that  the  equations  are  sufficient  for  calculating  the 
electric  conditions  at  any  part  of  the  line. 

It  is  sufficient  therefore  to  know  the  constants  rd,  xdy  gl9  b,  or  C9  y0,  zK  and 
the  electric  conditions  at  any  point  of  the  conductor,  m  order  to  be  able  to 
calculate  the  electric  conditions  for  any  other  point  of  the  conductor.  The 
three  characteristic  magnitudes  of  the  conductor  (7,  yQ  and  zK  are  de- 
termined by  the  short-circuit  and  no-load  experiments. 

The  calculation  of  these  three  quantities  can  then  be  carried  out 

either  graphically  or  analytically.     In  both  cases  we  start  from  €  *?*• 
We  have 

Working  out  the  root,  we  get 

2\fi  =  glxd  +  blrd 
and  A'  +  ^-^  +  ifj^  +  aJ), 

from  which  we  get  the  following  expressions  for  A.  and  p : 

and  M-VjWtoJ  +  ifXfi  +  ai)-^-^)}.) 

The  quantities  A.  and  fi  depend  only  on  the  electric  properties  of  the 
line  per  unit  length  and  the  frequency,  and  for  a  system  with  uniform 
conductors  can  be  calculated  once  for  all. 

Since  bt  is  a  capacity  susceptance  and  Vi  —  fa-ib^l^  then  bt  is  always 
positive,  /a,  whose  sign  is  determined  by  the  product  2Aj*,  will  then 
also  be  positive  as  a  rule. 
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In  calculating  the  phenomena  in  long  conductors,  it  is  also  useful 
to  know  the  following  ratio : 

where  ^  is  a  positive  angle. 

43.  Current  and  Pressure  Distribution  in  Lines  with  Uniformly 
Distributed  Capacity.  By  means  of  the  constants  A.  and  /*,  the  value 
of  the  current  and  pressure  along  the  line  can  also  be  calculated.  For 
this,  it  is  best  to  start  from  the  equations 

and  I-JLiA^-Br'^b 

'?<   • 

y  z4 

and  use  the  transformation 

€±(a  -Mi  _  €±Ai€TjpU  =  €±m  C08  qj  j-j  sin  /1r)- 

We  then  get  the  following  expressions  for  the  pressure  and  current  at 
any  point  in  the  line : 

P  =  (4^  +  £c-")oobjJ  -j(4*U  -  J?€-Ai)sin  ill 
and  /-y^  {(A<"-BrKl)co8id-j(ASl  +  B€-kl)zinfd}. 


3* 


The  two  constants  ^f  and  2?  represent  pressure  vectors,  and  can 
be  written 


■fi+V'-» 


2 

and  £  = Vli_  =  iW 

Substituting  these  expressions  in  the  equations  for  /*  and  /,  we  get 

P=P  ^-W+J+A  +  P  --<* -»*+#* 

and  /=  Jft  {PJ*-M+»A  - p^-^-^K+J^} 
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Turning  now  from  the  symbolic  expressions  to  the  momentary  values, 
the  pressure  will  be 

p  =  PA€Klsin(wt  +  td-\[>A)+  PB€~klain(<i>t  -fd-  \f/B) 

and  the  current 

These  equations  shew  that  at  any  instant  both  p  and  i  vary  along 
the  conductor  after  a  sine  wave.     If  we  consider  the  momentary  values 


7T 


at  the  end  of  the  line  and  at  a  distance  -  from  the  end,  it  will  be  seen 

that  these  have  opposite  values.  This  shews  that,  in  very  long  con- 
ductors, at  different  points  the  pressures  oppose  one  another  and  the 
currents  flow  in  opposite  directions. 

2ir 
Since  the  currents  and  pressures  at  points  along  the  line  /  =  — 

apart  have  the  same  phase,  the  length  of  the  current  and  pressure 


o- 


Waves  is  — .     From  this  it  is  further  seen  that  the  waves  require  a 

P  /       1\  2ir 

complete  period  IT=~)  to  traverse  the  distance  — ,  and  since  the 

frequency  is  c  cycles  per  second,  the  speed  at  which  the  wave  travels  is 

2irc     CD 

v=  —  =  -. 

H      [i 

Hence  the  currents  and   pressures  in   long  lines  travel  at  finite 

velocities  which  depend  only  on  the  constants  of  the  line. 

If  we  neglect  the  losses  in  the  line,  i.e.  put  gt  =  0  and  r4  =  0,  we  have 

■ 

and  the  speed  at  which  the  waves  travel  will  be 

2ttc        1      ,      , 

*=T=;rakm/8ec-' 

where  Ld  and  C,  represent  the  self-induction  and  capacity  of  the  line 
per  kilometre. 

As  will  be  seen  later  on,  the  speed  at  which  the  electric  waves  travel 
along  a  conductor  approaches  the  velocity  of  light,  viz.  300,000  km/sec. 

Thus  the  current  and  pressure  waves  pass  along  a  long  transmission 

line  of  100  km  in   1/3000  sec,  i.e.  with  a  frequency  of  50,  during 

c         1 

=  —   cycle,  which    corresponds  to  a  phase  displacement  of   6° 


3000     60 

between  the  momentary  values  at  the  two  ends. 

The  expressions  for  p  and  i  are  made  up  of  two  parts,  one  of  which 
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increases  with  the  distance  I  from  the  receiver  terminals,  whilst  the 
other  decreases  in  the  same  direction. 

The  phase  displacement  between  these  two  waves  at  a  point  along 
the  line  is  fa  -  fa  +  2/x/,  i.e.  it  increases  with  the  distance  from  the 
receiver  terminals.  f 

The  second  wave,  therefore,  can  be  regarded  as  the  reflection  of 
the  first  wave,  the  point  of  reflection  lying  beyond  the  receiver 
terminals.  The  second  wave  lags  fa  -  fa  more  behind  the  first  than 
the  lag  corresponding  to  the  time  during  which  the  wave  travels  from 
the  point  in  question  to  the  receiver  terminals  and  back. 

It  is  also  interesting  to  note  that  the  resultant  pressure  wave  is 
formed  from  the  sum  of  the  outgoing  and  the  reflected  pressure  waves, 
whilst  the  resultant  current  wave  equals  the  difference  between  the 
outgoing  and  reflected  current  waves. 

This  is  also  clear,  for  at  any  point  in  the  line  the  pressures  must 
add,  whilst  the  current  must  be  the  difference  between  that  flowing 
towards  the  receiver  terminals  and  the  reflected  current  flowing  back 
to  the  generator. 

In  addition,  each  current  wave  lags  ^(fa-ypi)  in  phase  behind  the 
pressure  wave  producing  it. 

Since  the  two  separate  waves  move  along  the  conductor  like  waves 
on  the  surface  of  water,  they  can  be  regarded  as  progressive  waves, 
while  the  resultant  waves  are  similar  in  character  to  a  stationary  wave. 

(a)  In  the  special  case  where  the  receiver  terminals  are  open  and  the  line 
losses  negligible,  _      .  ^      r=r-~ 

7,-0,     PA  =  PB  =  &  =  $P2 

Vd  Jxd  ^d 

thus,  at  any  point  in  the  line, 

p  =  £P2  sin  (mt  +  /*/)  +  hP2  sin  (&t  -  pi)  —  P2  sin  <at  cos  fil 

and    t  =  \P2  A/yi  [sin  (td  4-  /d)  -  sin  (tot  -  pi)  ]  =  P2  y-^-  cos  mt  sin  /*/, 

whence  follows  7=  ^\T' tan  ^" 

In  this  special  case,  therefore,  the  resultant  current  and  pressure 
waves  possess  the  same  properties  as  stationary  waves  with  nodes  and 
loops  well  known  in  acoustics.     At  the  points 

,     ,v      rr      2ir      3ir      4ir 

fl     fj.      fl      fl 

the  current  is  always  zero,  whilst  between  these  points  it  pulsates 
between  a  maximum  and  minimum.  At  the  first  points  we  have 
nodes,  at  the  others  loops  of  the  current  wave. 
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The  pressure  wave  which  leads  the  current  wave  by  90°  both  in 
space  and  time  has  its  nodes  at  the  positions  1=  .-,  x  -,  0— ,  •••,  and  its 
loops  at  Z  =  0,  *    ?r,  6w9  .... 

fA       fl         fA 


5tt 


If  the  length  of  the  line  is  ^  =  ^,  as  in  Fig.  129,  then  in  this  special 
case,  where  A.  =  0  and  I2  is  zero,  no  applied  pressure  is  necessary  to 
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produce  large  current  and  pressure  waves  in  the  line;   a  condition 
we  have  already  denoted  as  pressure  resonance. 

It  may  also  be  mentioned  that  the  ratio  of   the  current  to  the 

pressure  waves  is  the  same  everywhere,  viz.  A/-p. 

(b)  We  will  also  consider  the  opposite  case  to  no-load  in  the  receiver 
circuit,  namely  that  in  which  the  receiver  terminals  are  short-circuited  ami 
the  line  losses  negligible. 


hence 


and 


m 

p  =  I2  sJyr  cos  <at  sin  /a/, 
i  =  I2  sin  <ut  cos  \d 


In  this  case  also  we  get  a  stationary  wave,  as  shewn  in  Fig.  130, 

IT     ^7T      3ir 

in  which  the  current  loops  occur  at  1  =  0,  -,  — ,  — ,  etc.,  and  the 

it    3tt   5tt  **     **      /x 

pressure  loops  at  l  =  ^-i  ^->  5-1  etc.     For  a  conductor  whose  length  is 

JtlL     JifM     Ap» 

|   of  the  wave-length,   no  current  will   flow   in  the  short-circuited 
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conductor  even  with  a  large  applied  pressure  at  the  terminals.  This 
condition  corresponds  to  current-resonance. 

From  the  above  it  follows  that  stationary  waves  can  only  be  produced 
with  the  receiver  circuit  either  open  or  short-circuited  and  negligible  line 
losses.  When  one  of  these  conditions  is  not  fulfilled,  the  current  and 
pressure  waves  travel  along  the  conductor  at  a  speed  approaching  that 
of  light  in  a  vacuum. 

With  normal  loads,  therefore,  it  is  best  to  deal  with  the  outgoing  and 
reflected  waves,  and  from  the  ratio  between  the  amplitudes  of  these 
two  waves  at  the  receiver  terminals  and  their  phase  displacement 
Mb  -  ^a\  calculate  the  current  and  pressure  waves  over  the  whole  line. 
At  the  receiver  terminals,  where  I «  0,  the  relation  between  the  ampli- 
tudes of  the  reflected  and  outgoing  waves  is 


2       p 


B  A+ 


or 


-  it  [cos(^  -  +a)  +;  sin(^  -  £,)]. 


The  formula  shews  also  that  the  reflection  is  only  complete  when 
Pa-^-Pb  and  ^5=  ^Af  which  is  only  the  case  at  no-load  or  short-circuit. 
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The  kind  of  reflection  under  normal  conditions  depends  both  on  the 
load  at  the  receiver  terminals  and  on  the  line  constants. 

For  the  case  when  the  ratio  of  the  resistance  of  the  line  to  the 
self-induction  is  the  same  as  that  of  the  conductance  to  the  capacity, 

£?,  then 
bi 


i.e. 


when    " 


VI=Vf-Vf=Vt  ■*  *--*-<»■ 


Such  a  line  is  by  0.  Heaviside  termed  distortionless. 
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Suppose,  further,  the  load  in  the  receiver  circuit  is  non-inductive;  then 

*2~  ^\~Q 


P,  +  l 


a 


a 


and     ^  =  ^  =  ^2«0. 


Under  these  conditions,  the  outgoing  waves  are  reflected  at  the  same 
angle  as  they  arrive  at  the  receiver  terminals.  The  reflected  waves 
are  weaker,  however,  the  greater  the  load,  and  vanish  entirely  when 

that  is,  when  the  electrostatic  energy  due  to  the  receiver  pressure 
equals  the  electromagnetic  energy  due  to  the  receiver  current  and 

stored  around  the  line.  For  this 
special  case  where  the  reflected 
wave  vanishes, 


o  =  (P2  + 1,  yl%yi  sin  (mt  +  pi), 
*=(/,+  P2  <y/£' V  sin  (orf  +  pi) 


and 


P 
1 


P2  +  /2 


Vc, 


h+P, 


Vz< 


7         \Ld 


It  follows  further  that  the  angle 
of  phase  displacement  between 
current  and  pressure  is  zero,  i.e. 
cos  0=1,  at  every  point  in  the 
line,  which  distinguishes  the  pro- 
gressive wave  in  the  circuit  free 
from  disturbance  from  the  station- 
ary wave.  We  also  see  that  the 
phase  displacement  chiefly  depends 
on  the  phase  difference  in  the 
receiver  circuit  and  to  a  much  less 
extent  on  the  relation  between 
the  electrostatic  and  the  electro- 
magnetic energy  stored  in  the  fields 
around  the  conductors  at  a  given 
load.  If  these  two  quantities  of 
energy  are  kept  equal,  the  phase 
displacement  between  the  receiver  station  and  the  generator  station 
will  not  change  much.  If  the  electrostatic  energy  preponderates,  the 
phase  displacement  will  be  less,  and  vice  versa  when  the  electromagnetic 
energy  is  the  greater.    In  designing  long  lines,  therefore,  it  is  necessary 
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to  see  that  these  two  quantities  of  energy  are  such  as  to  give  the 
best  conditions  of  working.      In   Chap.  IX.  we  shall  see  that  the 

efficiency  of  such  a  transmission  line  is  highest  when  P^gt  —  l\rd,  that  is, 
when  the  no-load  losses  with  normal  receiver  pressure  equal  the  short- 


Pig.  132. 

circuit  losses  with  normal  receiver  current,  and  this  is  the  case  when, 
as  above,  the  power  factor  throughout  the  line  is  unity. 

In  Fig.  131  the  values  of  /and  P  are  set  off  both  in  magnitude  and 
direction  along  the  polar  co-ordinates  for  a  power  transmission  line 
with  abnormal  conditions.  The  plotted  points  correspond  to/x/=15\ 
The  pressure  P2  at  the  end  of  the  line  coincides  with  the  ordinate  axis. 
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The  vector  I2  lags  <j>2  behind  P2.  By  projecting  the  radii- vectores  of 
these  two  curves  on  to  the  rotating  time-line,  we  get  the  momentary 
values  wof  the  pressures  and  currents  at  every  point  along  the  line. 
These  instantaneous  values  are  represented  in  Fig.  132  as. functions 
of  the  length  of  the  line  for  six  different  instants  of  time  taken  -fa  of  a 
complete  period  from  one  another. 

From  these  curves  it  is  clearly  seen  that  the  pressure  and  current 
vary  after  a  sine  law  along  the  line,  and  at  the  same  time  we  see  how 
the  pressure  and  current  waves  progress  along  the  line. 

44.  Transmission  of  Energy  over  Quarter-  and  Half-wave  Lines. 

We  have  just  seen  that  very  long  lines  with  negligibly  small  line 
losses  have  certain  peculiarities.  The  current  and  pressure  waves  are 
stationary  when  the  receiver  terminals  are  either  short-circuited  or 
open.  We  will  now  see  how  these  lines  behave  when  line  losses  are 
present. 

Quarter-ioave  Transmission  Line.  We  will  first  consider  a  line  whose 
length  is  a  quarter  of  the  wave-length  of  the  current  and  pressure 
waves.     Such  a  line  we  can  call  a  quarter-wave  transmission  line. 

Then  ^  =  -, 

whilst  A.  is  not*  zero. 
It  then  follows 

€±<a*,  -M)  „  €±*h  (^  ^  ^j  sin  pjj  =  /€±A\ 

and  the  constant  C  of  the  line  will  be 

€<*  -Mh  +  €  -  (a  -M)ii       _  /'i  +  €  -  a*, 
(7- g ' 2 -nn(/Wi), 


whilst  Czr  = 


r  €(*-.»)fi  _€-&-M)ii 


2 


~~VftJ  -   2" 

9 

=-VS;cos0AZi) 


?"-  o  =  J ^j  COS  (jkl,). 

The  pressure  and  current  at  the  supply  terminals  will  then  be, 
from  equations  81  and  82, 

/»,  =  CP,  +  CzKI2  =  -  Asin  O'At)  -jfJ*  cos  {jUt) 

m 

and  /x  =  CI2  +  Cy0P2  =  - I2  sin  (jXlJ  -jP2J^co8  (jMJ. 

?4 
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Prom  this  it  is  easy  to  see  the  influence  of  the  load  in  the  receiver 
circuit  kind  that  of  the  line  losses  on  the  load  in  the  supply  circuit. 
If  we  put,  for  example,  A  =  0 ;  by  making  the  line  losses  negligible,  then 


and  ^  -  ^2  hi 

Such  a  line  therefore  behaves  like  Boucherot's  condenser  transformer, 
converting  a  constant  pressure  into  a  constant  current,  and  conversely. 
Thus  if  we  wish  to  increase  the  current  in  the  receiver  circuit,  the 
supply  pressure  must  be  raised ;  whilst  if  the  receiver  pressure,  is  to  be 
raised,  the  current  in  the  supply  circuit  must  be  increased  accordingly. 
Since  no  losses  occur  in  the  line,  the  supplied  energy  equals  the  received 
energy,  and  since,  further,  PJX  =  -  Pj2,  the  phase  displacement  in  the 

supply  station  equals  that  in  the  receiver  station. 

Examining  the  effect  of  the  line  losses  on  the  load  in  the  supply 
station,  these  occur  in  the  first  two  terms  of  the  expressions  for 
Pj  and  Ix,  viz.  in 

P2  sin  0  Mi)    and    I2  sin-  (/AZ, ). 

Since  A/2  is  comparatively  small,  the  sine  can  be  replaced  by  the  angle, 
and  we  get  for  the  two  loss  components,  P2jMx  and  I2j^ly  The  line 
losses  are  thus  directly  proportional  to  Xl19  a  quantity  which  can  be 
calculated  as  follows :  w  \ 

Since  2  A/i  =  gpd  +  btrd 

and  /a2  ~  bftdi 

then  —  ~  —  +  ,-. 

p      xd     ot 

where  bt  is  to  be  taken  as  positive.     Since  we  also  put  cos^'Ai^^l, 


fc 
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If  the  load  in  the  receiver  circuit  is  non-inductive,  which  is  best  in 

such  long  transmission  lines,  and  we  take  —  =  ?',  then  \—=\tt>  an(* 

the  phase  displacement  at  the  supply  station  will  thus  be  zero  also, 
i.e.  cos  <t>  -  1  in  both  the  supply  and  receiver  stations. 
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Fio.  133.— Load  Curves  of  a  Quarter-wave  Transmission  Line. 

In  Fig.  133,  the  load  curves  of  the  supply  and  receiver  stations  of  a 
quarter-wave  transmission  line  are  shewn  for  constant  receiver  pressure, 
and  cos  <f>2  =*  0*95. 

The  supply  pressure  increases  rapidly  along  a  straight  line  with 
increasing  load,  whilst  the  supply  current  only  increases  slightly,  but 
also  along  a  straight  line.  The  increase  in  current  serves  to  cover  the 
line  losses  as  they  increase  with  the  load.  This  method  of  transmis- 
sion has  recently  been  fully  treated  by  Steinmetz,  who  illustrated  its. 
practical  value  for  very  long  lines.  At  50  cycles,  the  length  of  the 
transmission  by  means  of  the  quarter-wave  line  is  about 


300000 
4x50 


=  1500  km. 


Half -wave  Transmission  Line.     Here  the  length  of  the  line  equals 
half  a  wave-length,  i.e.  ^\  —„. 

whilst  A.  is  not  zero. 
It  then  follows  that 


M*h-Mh)_AMi 


=  € 


'(cos/x/j+ysm/x/j)^  -c 


+A/, 
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The  line  constant  is  then 

(7= » =  -  cosOA/j), 

mi  it 

>-jm)'i        -(a-.>m)«i 

whilst  fe        '*""  " 


■      yy, 


rd 


=  -  P9coa 

4       f« 


ft        2 

and  Ci,0=j  M  sin  (jkl,). 

The  pressure  and  current  at  the  supply  terminals  are,  accordingly, 

/>,  =  67>2  +  C'?,  h 

and  /1  =  q/2+cy0/'2 

=  -  /2cos  O'X^j)  +jf>iJ^L  s»n  0'wi)- 

If  the  line  losses  were  negligible,  i.e.  X  =  0,  then  we  should  have 

P,=  -A    and.  /!=-/,. 

Consequently,  the  line  behaves  under  steady  working  conditions  like 
a  line  possessing  no  resistance,  inductance  or  capacity.  Taking  the 
line  losses  into  account  and  making  the  same  assumptions  as  above, 

cos  O'X/,)  =  1 
and  rinO-WI)=/U1-^(g  +  g) 

which  are  quite  obvious.  '  At  50  cycles,  the  length  of  a  half-wave  line 

is  about  -^ — ^-  =  3000  km.     The  current  and  pressure  vectors  in 

Fig.  131  correspond  to  a  half- wave  transmission  line  where  the 
electrostatic  energy  predominates.  The  current  in  the  receiver  circuit 
lags,  whilst  that  in  the  supply  circuit  leads.  The  losses  in  this  line 
are  chosen  unduly  large,  as  clearly  seen  from  the  relation  between 
/,/>,  and  /,/>,. 
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46.  Equivalent  Circuit  of  a  Power  Transmission  Scheme  containing 
Uniformly  Distributed  Capacity  in  the  Line. 

First  Form  of  Equivalent  Circuit.  In  Section  40,  the  total  capacity  in 
the  line  was  replaced  by  a  capacity  concentrated  at  the  centre  of 
gravity.  We  shall  now  shew  that  this  is  allowable  in  the  case  of  a 
uniform  conductor,  provided  the  capacity  and  the  impedances  of  the 
equivalent  circuit  are  properly  chosen. 


1+C 


pro 


*»% 


w 


A 
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and 
or 


Consider  the  circuit  in  Fig.  134 — we  have  the  following  equations : 

/.-f^(/»,+/,1;?) 

Similarly  for  the  supply  pressure  : 

zKC  zK0 

ZKC  ZKyJJ*  ZkC2 

—  P    4-  J         —   4-  P  *K"0V     4.  /  _r___ 
-^2  +  /21+(7+r21+6r+/21+Cr' 


or,  putting  zKy0  =  1  -  ^-2, 


A  «(7(A +  /,*,). 


Thus  we  get  the  same  equations  for  the  circuit  in  Fig.  134  as  for 
the  uniform  power  transmission  line  with  uniformly  distributed  capacity 
(cp.  equations  (81)  and  (82)),  and  the  effects  of  the  latter  can  nearly 
all  be  simply  deduced  from  the  equivalent  circuit. 

The  admittance  ya  of  the  equivalent  circuit  is 

^Oik^M^^r^)  (85) 

and  the  impedance  z  is 


he  V  Vl 


1+6' 


2  +  € 


y*iu 


+  € 


-V.Vj 


I'd 


.(86) 
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Second  Form  of  Equivalent  Circuit,  The  equivalent  circuit  just  deduced 
has  the  form  of  a  three-phase  star,  as  we  shall  see  in  Chap.  XVII.  It 
is  shewn  there  that  every  star-system  can  be  reduced  to  an  equivalent 
mesh-system.      Such  a  mesh-system  is   shewn   in   Fig.   135.      Every 

Z'CZk 


*•: 


Fio.  135. 

uniform  transmission  line,  therefore,  can  be  replaced  by  a  circuit  like 
that  in  Fig.  135.     The  three  branches  of  this  circuit  have  the  constants 

_    _   a 

ya— y<»—  J  +  cV°* 

To  prove  this  we  derive  the  following  equations  for  the  equivalent 
circuit : 

/i  =  h  +  ?*Va  +  [(/« +  -PrfO?  +  /V|y« 


Here 

Hence  we  have 


C* 


1  +  sy.-  1  +sKy0  x '  c     (see  eq.  80,  p.  131.) 


Jx  =  C72  +  (1  +  C)  P2ym  =  C(I2  +  P2y0). 
Similarly,  for  the  supply  pressure : 

We  thus  get  the  same  equations  (81  and  82)  for  this  circuit  as  those 
deduced  for  the  transmission  line.  The  following  formulae  serve  to 
determine  the  constants  of  this  equivalent  circuit : 


Va     1  +  C 
where,  as  before  from  eq.  80, 


Vtti 

TTi Vo  —  77=  ./..-    » 


2 +  «'*>+€ 


(87) 


6*2  = 


A.C. 
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From  this  equivalent  circuit,  we  see  that  every  uniform  transmission 
line  with  inductance,  resistance  and  capacity  behaves  like  a  line 
possessing  only  inductance  and  resistance,  provided  that  two  equal 
capacities  are  assumed  to  be  in  parallel  with  the  load  and  the 
generators  respectively. 

If  the  current  diagram  of  the  load  for  such  a  line  is  given 
for  a  definite  P2,  we  must  first  add  the  constant  current  P$a  to 
the  load  current  and  invert  the  current  curve  thus  obtained  by  the 
rules  already  given,  and  then  add  the  impedance  z.  By  a  further 
inversion  and  adding  the  current  Pxyai  the  diagram  for  the  current 
at  the  supply  terminals  is  obtained  for  a  constant  supply  pressure 
Pl.  One  advantage  of  this  equivalent  circuit  over  that  deduced 
above  is  due  to  the  fact  that  only  two  inversions  are  required 
for  the  current  diagram,  whilst  four  are  necessary  in  the  other. 
On  the  other  hand,  if  we  have  to  find  the  pressure  diagram  of 
the  generators  from  the  load  pressure  diagram,  the  first  form  is 
preferable. 

46.  Uniformly  Distributed  Capacity  in  Transfonners  and  Alternating - 
current  Machines.  Not  only  in  high-tension  transmission  lines,  but 
also  in  high-pressure  windings  of  electromagnetic  apparatus,  dis- 
tributed capacity  is  met  with.  Under  ordinary  working  conditions, 
however,  this  is  chiefly  confined  to  transformers  for  very  high 
pressures.  In  machines,  distributed  capacity  only  becomes  dangerous 
on  switching  in  and  when  sudden  load  variations  occur.     Since,  for  the 

«  moment,  we  are  only  dealing  with  steady  con- 

s    ■  £  ditions,  we  shall  only  deal  here  with  high-pressure 
transformers. 

(a)  Under  steady  working  conditions,  individual 

coils  in  the  transformer  windings  assume  potentials 

p  considerably  higher  than  that  of  the  surrounding 

— 1 1  iron,  which  is  usually  connected  to  earth ;  as  a 
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consequence  of  this,  condenser  action  takes  place 
between  the  high  tension  coils  and  the  earthed 
masses  of  iron.  The  insulation  of  the  winding 
and  the  oil  or  air  act  as  dielectrics.  Assuming 
that  the  middle  point  of  the  high-tension  winding 
of  the  transformer  is  earthed,  we  get  the  following  equivalent  scheme 
for  the  distributed  capacity  in  the  transformer  (Fig.  136),  when  the 
capacity  between  the  several  parts  of  the  winding  is  neglected.  As 
in  the  high-tension  lines,  we  denote  the  impedance  per  unit  length  of 

the  winding  by  r4-jxd  =  *-  and  the  admittance  per  unit  length  of  the 
winding  by  *i 

..      Vi 

In  addition,  we  have  here  an  e.m.f.  Ed  induced  per  unit  length  of 
the  winding.     Denote  the*  pressure  at  distance  /  from  the  earthed 
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point  by  P,  and  the  current  at  the  same  point  by  7;  then  in  the 
element  dl,  the  current  increase  will  be 

df-  +py±di, 

and  the  increase  of  pressure 

dr-(?4*j2)di, 

where  the  first  sign  refers  to  the  secondary  winding  of  a  transformer 
and  the  armature  windings  of  a  generator,  whilst  the  other  sign  refers 
to  the  primary  of  a  transformer  and  the  stator  winding  of  a  motor. 
By  differentiating  the  last  equation  and  eliminating  I,  we  get 

i*P        zdVl 
'—  =  p  --•■-- 


dp     '    £ 


that  is,  the  same  differential  equation  as  for  transmission  lines. 

The  E.M.F.  Ed,  induced  in  the  winding  from  outside,  has  no  effect 
therefore  on  the  form  of  the  differential  equation,  but  makes  its 
appearance  in  the  limiting  conditions.  Similarly,  by  differentiating  the 
first  equation,  we  have 

dP=fx+H; 

which  differs  from  the  current  equation  for  transmission  lines. 

It  is  best  therefore  to  start  from  the  pressure  equation.  The 
solution  of  this  is  (see  p.  130) 

VyjZrf  i  -  ^iHzd  L 

The  limits  are  1  =  0,    P  =  0, 

/-*,,    /'  =  />„ 
and  give  0  =  A+B, 

hence  A=  '  1 


cVyizrf  __  €-^>/izd 


and  />=P, 


e     *    *i  —  c        *    'i 
{Syi*d  _  €-^yi^d 


Inserting  this  value  of  P  in  the  equation 

Tzd     _(dP     „\ 
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we  get  the  following  expression  for  /: 


''^4'-^ 


If  no  point  of  the  transformer  winding  were  connected  to  earth,  then 
any  point  in  it  might  assume  earth -potential,  and  from  this  both  1  and 
P  would  then  be  calculated. 

In  tbis  connection  it  must  also  be  remembered  that  the  several  parts 
of  the  low-tension  winding  in  a  high-tension  transformer  are  statically 
charged,  since  they  act  as  the  second  plate  of  a  condenser,  the  first 

Elate  of  which  is  formed  by  the  high-tension  winding.  These  charges, 
owever,  neutralise  one  another  when  the  potential  of  the  high -pressure 
winding  is  symmetrically  distributed  with  respect  to  the  neutral  point. 
If  the  high-tension  winding  is  not  earthed  and  its  potential  is  not 
symmetrical  with  respect  to  the  neutral  point,  the  electrostatic  charges 
in  the  secondary  winding  do  not  neutralise  one  another,  and  the  whole 
secondary  winding  can  assume  a  fairly  high  static  pressure  with 
respect  to  earth,  when  the  secondary  winding  is  well  insulated  from 
earth.  When  the  low-tension  windings  of  high-tension  transformers 
are  not  earthed,  it  is  still  advisable  to  earth  their  neutral  point  through 
a  pressure  safety  device,  such  as  a  water-spray,  etc. 

Assume  further  that  the  winding  is  the  secondary  of  a  transformer 
on  no-load ;  then  the  current  at  the  terminals  is 

A-o. 


Thus  the  pressure  at  the  secondary  terminals  of  a  transformer  on  no-load, 
which  possesses  distributed  capacity,  is 


Let  us  consider  the  simple  case  when  the  resistance  r„  and   the 
conductance  g,  of  the  winding  are  negligible;  then 

•J**  -  A  -mo  < ~fiL)  ->wro 

E  1 
and  Pl0=    Jj-tmm-JLO. 

Since  tan  lajLC  is  greater  than  <o-JLC  for  values 
of  wjLC  less  than  5,  the  pressure  at  the  terminals 
will  always  be  greater  than  the  e.h.f.  induced  in 

(b)  We  now  proceed  a  step  further  and  consider 
the  capacities  which  exist  between  the  several  turns  and  coils ;  they 
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act  like  shunted  condensers  to  the   winding  elements,  as  depicted 
in   Fig.   137.      Let  the  condensers  be  denoted  by  the  admittances 

Qw-jbw^i   per  unit  length;  then  the  increase  of  current  in  a  winding 

element  will  be  /   v     v  (&P\ 

and  the  increase  of  pressure 

Thus  we  get  the  two  differential  equations  for  pressure  and  current, 


\1+  jj  /  dP~~r 7J 


Vi 


d?P      „zd        I 


or  —z-  =  P^ 


dt*        Zx        ywzd 
1  + 


y±  yt 

d 


and  similarly,  3p-/£ — yj*^d      yjt 

1+-^        1+-"" 


Since  these  two  differential  equations  only  differ  from  the  former 
by  the  factor  « 

y'i      t 

y  =  — 1 — > 
h  .  y~z* 

instead  of  yf  all  the  formulae  deduced  above  can  also  be  used  for 

1 
this  case,  if  we  substitute  y\  for  yt. 

Thus  the  capacity  Cw  between  turns  and  coils  acts  like  an  increase 
in  the  capacity  C  with  respect  to  earth.  In  all  the  formulae,  instead 
of  yt  we  have 

,_     vi    = ^ 

^"ufcw     1  +  (9»  -Jh)  (rd  -jzd) ' 
I    I 

For  the  case  when  g„  and  rd  are  very  small, 

,_    yt       _      cue 

^    l-xj>m~    J 1  -  MCW 
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and  the  secondary  pressure  of  the  transformer  on  no-load 


P       EJ^l-MC 

10  ~  -»jm~' 


<a 


JLC 


L— OOOOOOOOOOO— i 


Fig.  138. 


So  long  as  ufiLOw<\9  this  expression  is  of  the  same  nature  as  that 
found  without  considering  the  capacity  between  the  conductors. 
In  transformers  the  capacity  (7W  between  the  turns  is  usually  much 
larger  than  the  capacity  with  respect  to  earth,  although  in  high- 
pressure  machines  C  can  assume  high  values  compared  with  0^ 

47.  Distributed  Capacity  in  Lightning-protecting  Apparatus.  The 
multi-gap  lightning-arrester  of  the  General  Electric  Co.  of  Schenectady 
— as  shewn  in  Fig.   138 — consists  of  one  or  more  series  of  metallic 

A  cylinders  or  rollers  insulated  from  one 

another,  the  first  of  which  is  connected 
to  the  line  to  be  protected  and  the 
last  to  earth,  either  directly  or  through 
a  resistance.  When  the  line  is  charged 
to  a  high  potential  by  atmospheric 
electricity,  the  rollers,  which  can  be 
regarded  as  the  elements  of  several 
condensers  in  series,  all  become  charged. 
If  now  the  pressure  between  two  cylinders  becomes  greater  than  the 
break  -down  pressure  for  the  air-gap  between,  a  spark  will  jump  across 
and  then  across  the  other  cylinders,  whereby  the  line  is  discharged  to 
a  lower  potential.  If  the  potential  of  the  line  and  also  the  charge  of 
the  first  cylinder  be  steady  and 
uniformly  directed,  then  all 
the  cylinders  take  up  the  same 
steady  charge,  and  the  pressure 
between  the  line  and  earth  dis- 
tributes itself  uniformly  over 
all  the  gaps,  so  that  the  poten- 
tial across  all  the  rollers  can 
be  represented  by  the  dotted 
straight  line  I  in  Fig.  139. 
Since,  however,  the  metallic 
cylinders  possess  not  only 
mutual  capacity,  but  also,  with 
respect  to  earth,  all  the 
cylinders  do  not  take  up  the 
same  charge,  but  the  charge  on 
the  cylinders  decreases  towards  earth,  instead  of  the  dotted  straight 
line  we  get  the  full-line  potential  curve  II.  If,  in  addition  to  the 
capacities,  the  conductance  from  cylinder  to  cylinder  and  from  cylinders 
to  earth  is  considered,  we  get  Fig.  140  as  shewing  completely  the 
circuit  of  the  lightning  arrester. 

(a)  As  this  circuit  is  similar  in  character  to  the  transmission  line 
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in  Fig.  128,  the  equations  deduced  for  the  latter  may  also  be 
used  for  the  mathematical  investigation  of  the  roller  lightning 
arrester.  Naturally  the  differential  equations  for  the  transmission 
line  are  deduced  for  an  alternating  potential  P1  in  the  line  and  not  for 


Pro.  140. 


a  steady  one.  Since,  however,  an  alternating  potential  occurs  as 
frequently  as  a  steady,  and  further,  since  the  differential  equations 
for  the  former  can  be  suitably  simplified  for  the  case  of  a  steady 
potential,  we  shall  start  with  the  general  differential  equations  for 
an  alternating  potential. 


These  are 


and 


Here 


and 


dl*     •   X 

dP  ~  •  T* 


Vi = (ft  -;*i)  *i  =  (ft  -y»c,)  *i 
'i    y*   (9*  -A)   (g*-~j<»c*y 


where  all  constants  refer  to  one  roller  and  /  therefore  is  expressed 
as  the  number  of  rollers  by  which  the  respective  point  is  away  from 
the  roller  connected  to  earth.  Usually  Cd  is  of  the  order  10"11  farad, 
whilst  Ct  is  about  xj^  of  Cd.  As  seen  from  these  expressions,  we  have 
neglected  the  small  inductance  L  of  the  rollers,  which  is  only  of  the 
oraer  2. 10~8  henry,  and  consequently  only  begins  to  have  an  influence 


Q> 


on    the  pressure  conditions  when   the  frequency   c  =  -—    approaches 

i  2tt 

the  order ==^ ,  i.e.  about  35  millions. 

We  can  therefore  neglect  self-induction  entirely,  and  thus  obtain  the 
following  differential  equations 


dh~ 


and 


dy 

dfi 


%±=I 


ft  -juCi 


'  9d  -j<»Cd' 
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The  solutions  of  these  equations  are 

1 

Inserting  the  limits 

1  =  0,     P  =  0, 

l~llt    P  =  P„ 
we  get  0  =  A  +  B 

Jfih       -J&, 

and  P.=Atyu   +  P,€    y  n  ; 

#<   -  VI' 

hence  P  =  7\  — 1—. -, — 


c      '-    -< 


and 


(6)  Consider  first  the  simple  case  where  the  conductance  gt  bears  the 
same  relation  to  the  capacity  Ct  as  the  conductance  gd  to  the  capacity 
Cd ;  then  the  ratio 

yA     Cd    gd 
is  a  positive  real  number,  and 

•  •   J. 


Jd  *     d 

—  € 


VJ»  -v.- 


"      -€ 


The  pressure,  therefore,  follows  a  curve  independent  of  the  frequency, 
which  also  holds  for  a  continuous  (steady)  pressure. 

In  Fig.  139  the  potential  curve  II.  is  calculated  for  the  case  of  a 
roller  lightning  arrester,  where  Cd  =  400(7  and  /x  =  50  cylinders.     Then 

V*  1    V400 
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With  the  assumption  ^  =  ?*  the  current  will  be 

1       d  _  __ 

C-V|'.  -VI'. 

€  —  €  * 

It  increases  with  the  frequency,  i.e.  with  w. 

For  a  steady  (continuous)   pressure,  a>  =  0,  and  the  current  is  a 
mi*,  imum,  /—  /— 

V-'  -V-' 

€         a      —  € 

Ihe  pressure  between  two  cylinders  is,  in  general, 

V?'  -# 

"d,~  '^vfr^vf; 


AP=  - 


—  € 


This  is  greatest  between  the  first  two  cylinders,  that  is  between  the 
two  nearest  the  line,  and  for  the  example  in  question  approximately 

VTT    P 
j*  =  ^.     If  this  pressure  exceeds  the  break-down  pressure, 

a  spark  passes  between  the  first  two  rollers,  and  so  on  along  the  whole 
eries,  for  when  the  pressure  breaks  down  across  the  first  two,  the 
pressure  between  the  second  and  third  is  increased,  and  so  on.  In 
lightning  arresters  which  consist  of  many  cylinders,  it  is  often 
observed  that  the  sparks  vanish  before  all  the  rollers  have  been 
passed.  This  is  due  to  the  fact  that  the  charge  which  the  spark 
carries  with  it  becomes  less  from  roller  to  roller,  the  decrease  being 
caused  partly  by  the  conductance  to  earth  and  partly  by  the  capacity 
of  the  rollers  with  respect  to  earth. 

From  the  foregoing,  it  is  seen  that — contrary  to  a  popular  view — 
the  distribution  of  the  potential  over  the  gaps  of  roller  lightning 
arresters,  not  only  with  rapidly  alternating  potentials,  but  also  with 
steady  potentials,  is  quite  unsymmetrical,  and  consequently  the 
potential  curve  in  both  cases  deviates  considerably  from  a  straight  line. 

(c)  We  will  now  return  to  the  general  case  where  there  is  no  definite 
relation  between  the  capacity  and  conductance.  Here  the  potential 
does  not  always  follow  the  difference  of  two  exponential  curves,  but 
under  certain  conditions  the  difference  of  two  sine  curves,  whose 
amplitudes  decrease  according  to  an  exponential  curve.     In  this  case, 


V! 
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where 


and 
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i2+         2         1 2 


•) 


There  is,  however,  a  case  when  the  potential  curve  follows  nearly  a 
straight  line,  namely  when  yt  is  very  small  compared  with  yd ;  then  we 

put  -^  =0,  and  therefore  P^P^j. 

This  occurs  when  either  the  conductance  and  capacity  to  earth  are 
very  small,  or  when  the  conductance  from  roller  to  roller  is  very  large. 
This  latter  is  the  case  when  sparks  pass  between  the  cylinders,  for  then 
the  resistance  of  the  air-gaps  becomes  a  minimum,  due  to  ionisation  of 
the  air.  Consequently,  across  the  rollers  where  small  sparks  pass,  the 
potential  curve  follows  a  straight  line.  It  ceases  to  be  a  straight  line, 
however,  where  the  sparks  disappear — from  this  point  the  curve 
follows  the  general  equation.  This  phenomenon  was  first  noticed  by 
Rushmore  and  Dubois,*  and  is  represented  in  Fig.  139  by  curve  III. 

Usually  the  conductance  gt  to  earth  in  relation  to  the  capacity  Ct  is 
much  smaller  than  gd  to  Cd.  Consequently,  A,  and  with  it  the  drop  of 
potential  AP  between  the  first  cylinders,  increases  with  the  frequency. 

r  This  explains   why  a  potential  at 

—    a  high   frequency  discharges   itself 

across   a   roller    lightning    arrester 

more  easily  than  the  same  potential 

at  a  lower  frequency. 

According  to  Rushmore  and 
Dubois,  an  ideal  lightning  arrester 
should  behave  the  same  with  all 
potentials  independently  of  the  fre- 
quency. This  is  the  case  with  a 
roller  lightning  protector  when  the 
potential  curve  follows  a  straight 
line.  This  can  be  obtained,  as  is  done  by  the  G.E.C.,  by  placing 
several  resistances  of  different  values  between  the  line  and  the  first 
rollers,  as  shewn  in  Fig.  HI.  By  this  means,  yd  is  made  much 
greater  than  yt,  and  the  potential  curve  follows  a  broken  curve,  which 
does  not  deviate  largely  from  the  straight  line  /  (Fig.  139).  The 
same  authors  have  also  shewn  that  the  discharge  currents  of  low* 
frequency  pass  along  the  largest  resistance,  whilst  the  high  frequency 
discharge  currents  pass  along  the  rollers. 

*  Proceedings  A.I.E.E.  1907. 
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CHAPTER  IX. 
NO-LOAD  AND  SHORT-CIRCUIT  DIAGRAMS. 

48.  The  No-load  and  Short-circuit  Constants  of  an  Electric  Circuit.  49.  Deter- 
mination of  the  Pressure  Rise  in  a  Circuit  by  means  of  the  Short-circuit 
Diagram.  50.  Determination  of  the  Change  of  Current  in  a  Circuit  by 
means  of  the  No-load  Diagram.  51.  Change  in  Phase  Displacement. 
52.  Maximum  Power  and  Efficiency.  5.3.  A  Transmission  Line.  54.  A 
Single-phase  Transformer. 

48.  The  No-load  and  Short-circuit  Constants  of  an  Electric  Circuit. 

(a)  Main  Equations  of  the  General  Circuit.  In  the  previous  chapters 
we  have  discussed  different  kinds  of  electric  circuits :  firstly,  ordinary 
conductors  containing  resistance  and  inductance ;  then,  electromagnetic 
apparatus  whose  circuits  are  magnetically  interlinked ;  and  lastly, 
circuits  containing  uniformly  distributed  capacity.  Moreover,  we 
have  seen  how  all  these  circuits  can  be  replaced  by  a  simple  circuit 
containing  an  impedance  in  series  with  two  parallel  admittances. 
This  naturally  suggests  that  all  circuits  are  governed  by  the  same 
laws,  which  is  actually  the  case,  whilst  to  find  these  laws  we  have 
but  to  apply  the  generalised  form  of  KirchhofFs  Laws  and  the  Law 
of  Superposition. 

In  what  follows  it  will  be  necessary  to  show  the  importance  of  the 
no-load  and  short  circuit  constants  of  the  general  electric  circuit,  and 
this  we  shall  do  under  the  assumption  that  the  Law  of  Superposition 
is  always  applicable ;  that  is  to  say,  the  effect  produced  in  a  circuit 
by  any  cause  is  independent  of  any  other  causes  which  may  be  at 
work  at  the  same  time  in  the  circuit.  Thus,  a  pressure  produces  the 
same  currents  in  a  circuit  whether  other  pressures  are  present  or  not, 
or  a  current  causes  the  same  drop  of  pressure  when  other  currents  are 
present  as  when  no  other  currents  are  present.  Further,  for  the  time 
being,  we  shall  assume  the  applied  pressure  1\  is  a  sine  wave. 

Fig.  142  shews  the  diagram  of  a  general  circuit,  which  may  contain 
transformers,  converters  or  any  other  kind  of  alternating-current 
apparatus. 

Let  the  supply  pressure  jPj  act  at  the  terminals  PP  of  the  circuit, 
whilst  at  the  terminals  SS  at  any  part  of  the  circuit  suppose  we  have  a 
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load  W2.  We  must  now  study  the  effect  of  this  load — which  depends 
on  the  pressure  P2  and  the  current  J2 — on  the  electric  properties  of 
the  circuit.  The  two  vectors  P,  and  I2  are  at  an  angle  <£2  to  one 
another,  so  that  the  power  }P2  =  P2I2coa<j>2. 


^*-T ♦ 


Fio.  142. 

First  let  the  whole  circuit  be  unloaded,  and  the  -terminals  SS  open, 
and  let  the  supply  pressure  Pl0  be  so  regulated  that  the  pressure  P2, 
corresponding  to  the  load  JF2,  acts  at  the  terminals  SS. 

When  this  is  the  case,  the  installation  is  said  to  be  on  no-load  and  a 
current  I0  will  be  taken  by  the  circuit. 

We  can  then  write  i>10  =  C1P2 

and  /0  =  P10y0, 

where  all  the  quantities  are  to  be  taken  as  symbolic.  Cx  =  C\ijn  is  a 
complex  number  expressing  the  relation  between  the  two  vectors 
P10  and  P2.  y0  is  a  measure  of  the  electric  conductance  of  the  circuit, 
and  can  be  called  its  admittance.     Thus 

I0  is  the  no-load  current  of  the  circuit,  and  has  the  watt  component 
Pl0g0  and  the  wattless  component  Pxob0.  The  losses  due  to  the  no- 
load  current  IQ  are  then  iv  —  P*  n 

We  now  connect  the  terminals  SS  by  a  conductor,  whose  resistance  is 
zero,  and  so  regulate  the  supply  pressure  PK  that  the  current  72 
corresponding  to  the  load  W2  flows  between  the  terminals  SS.  Under 
these  conditions — known  as  short-circuit — a  current  IlK  is  taken  by  the 
circuit.     Symbolically,  IiK  =  CJ2 

and  Pjc  =  IikZk- 

m 

Q2  =  C2*?**  is,  like  6^ ,  complex  and  expresses  the  relation  between  the 
current  vectors  IlK  and  /2.  zK  is  a  measure  of  the  apparent  electric 
resistance  of  the  circuit,  and  can  be  called  its  impedance.     Thus : 

?jr  =  rx  ~~JXK  =  ZK* 

PK  is   the  short-circuit  pressure  of  the  circuit  with  respect  to  the 
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terminals  SS,  and  has  the  watt  component  IiKrK  and  the  wattless 
component  llxzM.     The  losses  due  to  the  short-circuit  current  are  then 

Having  considered  these  two  extremes — no-load  and  short-circuit — 
we  now  pass  on  to  the  normal-load  condition.  For  this  purpose,  we 
can  start  either  from  no-load,  I.2  =  0,  and  gradually  increase  the  current 
passing  between  the  terminals  SS,  without  altering  the  pressure  P2; 
or  from  the  short  circuit,  and  gradually  increase  the  pressure  P2  at  the 
terminals  SS,  without  altering  the  current  72.  The  pressure  A  at 
the  terminals  SS  requires  at  the  terminals  PP  a  pressure  vector  C^P2 

and  a  current  vector  /0  =  Pioyo-  Similarly  the  current  I2  in  the 
receiver  circuit  SS  requires  at  the  supply  terminals  PP  a  current 
vector  CJ2  and  a  pressure  vector  PK  =  I\KzK.     Now,  since  any  two 

conditions  of  the  circuit  are  independent  of  one  another,  the  load 
condition  can  be  obtained  by  superposing  the  no-load  and  short-circuit 
conditions.  Hence,  when  the  circuit  is  on  load,  the  pressure  at  the 
supply  terminals  is       p_p.p      np±r   ~ 

V i  =  f i  o  +  Vk  =  l*iP\ 2  +  *\kZk 

and  the  current  Ix  =  /0  +  /,  K  =  P,  $0  +  C2I2 , 
or,  since  I1K  =  C2I2  and  Pl  0  =  6^  P2 , 
then  ft-CPi  +  CJgs  (88) 

■ 

and  /i-CA  +  ft/V, (89) 

These  two  equations  are  the  chief  equations  of  the  circuit,  and  by  means 

of  them  the  conditions  in  the  circuit  for  any  load  W2 — P2,  12 — can 

be  determined.     As  is  seen  from  these 

two  equations  (88  and  89)  every  circuit    P^  °  °  °  V*  oY^r  °  °  °§°  o¥  V* 

is  determined  by  four  constants   C19 

6'2,  y0  and  zK.  q 

It  can  be  shewn,  however,  that  a 
definite  relation  exists  between  these 
four  magnitudes,  so  that  only  three    p 


Zf         h         3, 
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constants  are  sufficient  to  determine 
the  characteristics  of  a  circuit.      Consider  the  circuit  represented  in 
Fig.  143  having  the  constants  Sj,  z2  and  ya — we  can  then  calculate 
the  constants  zKty0,  C\  and  C2  for  this  circuit  as  follows: 
At  no-load  this  circuit  takes  a  current  I0,  where : 

A"       l-l+*y.      ,^' 

The  receiver  pressure  P2  is 

P   —  P  Tv   —  P  /lO^a?!  __       M0_        #10 

*  2  —  -T 10  ""  i&i  —  f  10  ~~  I    ,    „  _r  —  i    "    „  «.    **   /r   ' 
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Hence,  for  this  circuit,  C  =l+zv  (90) 

and  y0=& (91) 

At  short  -circuit  the  supply  current  is 

/i  k  =  h  +  f&%«  =  /«0  +  *#«)  =  I*C2 
and  the  short-circuit  pressure 

whence  ft  =  1  +  z$a      (92) 

a«d  ?*  =  ?!  +  !? - (93) 

V2 

From  equations  (90)  to  (93),  we  get  by  multiplying  zK  and  yQ: 


ft  ft  ft  ft  ft 


or  Wl-*s,)-l (94) 

We  have  thus  the  relation  between  y0,  zK,  ft  and  ft.  Such  a  relation 
might  have  been  predicted,  from  the  fact  that  the  four  constants 
y0,  zKy  ft  and  ft  can  be  expressed  by  the  three  magnitudes  zl9  z2  and  ya. 

(b)  Determination  of  the  Constants  of  a  General  Circuit  by  Measurement. 
Every  circuit  can  be  defined  by  the  four  constants  ft,  ft,  y0  and  zK; 
and  since  these  can  be  expressed  by  three  independent  constants  z*9 
z2  and  yai  it  is  possible  to  replace  every  circuit  by  an  equivalent  circuit 
similar  to  that  in  Fig.  143.  The  above  relation  (eq.  94)  holds  for 
this  circuit,  and  can  therefore  be  applied  generally. 

Hence  ft  ft  ( 1  -  y<pK)  —  1 

is  the  third  chief  equation  of  an  electric  circuit. 

From  this  we  see  that  only  three  measurements  are  necessary  for 
determining  the  constants  ft,  ft,  y0  and  zK. 

From  equation  (94)  we  get 

h 

where  I0  and  IK  denote  the  no-load  and  short-circuit  currents  for  one 
and  the  same  supply  pressure  Pl . 
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In   Fig.    144  let  0PO  be  the  no-load   and   0PK  the  short-circuit 
current;  then 


CiC8  = 


OP. 


Also 


P<fK  -  J*  - /„  cos  (.ft,  -<l>x) 

h  +  tt-cOPsP,, 


(95) 


(96) 


From  this  it  is  seen  that  the  greater  the  ratio  of  the  no-load  current 
I0  to  the  short-circuit  current  1K,  the  greater  CXC.2  will  be;  the  angle 
(^x  +  ^2),  on  the  contrary,  depends  chiefly  on 
the  difference  (<f>0  -  <f>K)  of  the  phase-displace- 
ment angles  at  no-loaa  and  short-circuit.     If, 

in  addition  to  yQ  and  zKy  either  C\  =  C^1  or 

ft.— ft****  is  measured,  the  other  constants 
can  easily  be  calculated  from  formulae  (94) 
and  (95). 

In  many  cases  it  is  impossible,  and  under 
any  conditions  difficult,  to  measure  ft  and  C2 
directly,  since  they  are  both  complex  quan- 
tities. The  absolute  magnitudes  of  the  same 
can  be  found  from  the  no-load  and  short-circuit  measurements, 


FiO.  144. 


P 
P  —10 
Ul-~p- 


and 


ft8*3    / 


The  angle  $\  ™  tfie  phase-displacement  angle  between*  the  supply 
and  receiver  pressures  at  no-load,  and  the  angle  ^2  is  the  phase- 
displacement  angle  between  the  supply  and  receiver  currents  at  short- 
circuit. 

These  phase-displacement  angles  are  small,  and  consequently  not 
easy  to  measure.  When  the  supply  and  the  receiver  terminals  are 
a  long  distance  apart,  it  is  even  impossible  to  determine  these  angles 
exactly  by  direct  measurement.  Hence  we  shall  shew  how  these  two 
angles  can  be  simply  determined  by  indirect  measurement. 

From  the  three  chief  equations,  we  get,  by  simple  transpositions, 


or 


and 


or 


ft-/A  =  Cift(l-**)-& 

ft  =  ft(ft -/,**),  (88a) 

■ 

/i  -  ft^o  =  CJ2(l  -  y^K)  =  ^ 

Vl 

/8-ft(/i-A*) (89a) 
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The  two  equations  (88a)  and  (89a)  are  in  every  way  equivalent  and 
analogous  to  the  chief  equations  (88)  and  (89).  Whilst,  however, 
by  means  of  equations  (88)  and  (89),  it  is  possible  to  calculate  the 
supply  current  /,  and  pressure  Pj  for  a  given  receiver  load  (P2,  /2), 
the  equations  (88a)  and  (89a)  enable  us  to  calculate  P2  and  /2, 
when  tho  load  (P19  /,)  at  the  supply  station  is  known. 

Let  the  pressure  P2  act  at  the  receiver  terminals  with  the  supply 
circuit  open ;  then  the  current  /,  in  the  supply  circuit  is  zero,  and 
the  current  at  the  receiver  terminals  is 

whilst  the  receiver  pressure  P2  =  C2Pl.  From  the  receiver  terminals, 
a  current  /2  0  =  - 12  =  CJ*^  =  P2  0  jr  h  =  A  #i  will  flow  into  the  circuit, 
and  the  pressure  at  the  receiver  terminals  is 

• 

C     v' 
From  this,  we  get  -^  =  "°, 

where  y'0  is  the  admittance  of  the  circuit  when  the  supply  terminals 
are  open. 

If  we  now  short-circuit  the  supply  terminals  (/\=0)  and  apply  the 
pressure  at  the  receiver  terminals,  the  current  will  be 

and  the  short-circuit  pressure  at  the  receiver  terminals  is 

z'K  is  the  impedance  of  the  circuit  when  the  supply  terminals  are  short- 
circuited,  and  we  have 

C 

(1~  -  ~J* 
V2        7* 

Hence,  from  the  three  chief  equations  we  have  the  following  relation  : 

vi     ?k    y o .  /Q7\ 

U^^Ty  >  <y7' 

V2        ~K       V0 


P     —  -P  —C 1 ~   —  T    — 1-  —  T    * 


whence  we  get         A^=^l-^2=</>jr-^'jr=^-^>0 (98) 

or  ^-K^-fi  +  tf-fc) (98a) 

From  formulae  (96)  and  (98)  ^  and  \j/2  can  now  be  easily  calculated 
— for  we  have 

and  ^  =  K^i  +  ^-A^)- 
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In  order  to  determine  G\9  C2,  y0  and  zK>  it  is  best  to  carry  out  three 
of  the  following  four  measurements.  As  a  check,  it  is  also  desirable  to 
carry  out  all  four. 

1.  With  open  receiver  terminals,  measure  the  supply  pressure  P10,  the 

no-load  current  70,  the  no-load  losses  JV0  and  the  receiver  pressure  P2. 

I  /  W  \ 

Then,  since  y0  =  -^-  and  ^o**008     \T~p~  )»  we  can  now  **n(* 

"Further,      .  Ci-t^- 

"■ 2 

2.  With  the  receiver  terminals  short-circuited,  measure  the  supply 
pressure  Ps,  the  short-circuit  current  /,,,  the  short-circuit  losses  H  K 
and  the  receiver  current  Iv     Then,  since 


Zk^j1    and     <£*  =  < 

we  can  find 

*K  =  rK-jxK  =  zKe-** 

Further, 

°2~    J   " 

3.  With  the  supply  terminals  open,  measure  the  pressure  P20,  the 
current  /«p  an(*  ^ne  power  W^  at  the  receiver  terminals,  and  the 
pressure  Pl  at  the  supply  terminals.  From  the  first  three  measure- 
ments we  get  w, 

*;=cos-i(/-;  \ 


and  further,  C2=*  p 


20*20' 
—  £_20 


4.  Short-circuit  the  supply  terminals  and  measure  the  pressure  P2Ki 
the  current  I2K  and  the  power  \V'K  at  the  receiver  terminals,  and  the 
supply  current  lx .     We  then  get 

^«C08-'(/f  ) 

and  ^  =  4"* 

From  the  four  phase-displacement  angles  </>0,  <j>K,  <f>0  and  </>^  we  get 
the  angle  A^  in  accordance  with  formula  (98). 

It  often  happens  that  the  pressure  acting  on  the  supply  circuit  is 
transformed  before  reaching  the  receiver  circuit.  In  this  case,  P2  and 
I%  in  the  above  formulae  denote  the  receiver  pressure  and  current 
reduced  to  the  supply  system.  By  this  means,  the  ratio  of  conversion 
of  the  transformer  is  completely  removed  from  all  further  calculations. 

A.C.  L 
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(c)  Chief  Equations  of  a  Symmetrical  Circuit,  Considering  again .  the 
circuit  represented  in  Fig.  143  with  the  constants  zv  z2  ana  ya,  we  see 
from  formulae  (90)  and  (92)  that 

■  • 

and  ft=l+«ay«=l+^«  =  C 

are  equal  when  s,  =  s2  =  s,  i.e.  when  the  circuit  is  symmetrical  about  its 
centre.     This  holds  generally,  even  for  complicated  circuits,  and  we 

then  get  (/'(l  -  y0*«)  =  1 (946) 

or  C*  =  r— !— . 

l  -  y^K 

If  zK  and  y0  are  known,  C=  Ce**  can  be  found  from  the  relation  between 
yQy  zK  and  C.    The  two  magnitudes  zK  and  y0  can  easily  be  found  by 
measuring  the  pressure,  current  and  power  at  no-load  and  short-circuit. 
We  have  

n~  l  =J  Ik     —  (99) 

\/l-yoS*COS(</>o-<M       \  i*  -  70  COS  (<fc>  -  <£*) 

and       ten2^1^8iD(t^  v-7  Io7{*)l*Kl  *    («») 

1-MjtCOS(^o-^)      Jjr-/o  COS  (&-<£*) 

or,  measured  in  degrees, 

7,-io  cos  (<&,-<£*) 
For  this  symmetrical  circuit,  the  chief  equations  are : 

ft-py, +  /,«,), (886) 

■ 

/1-(7(/f+Jto)  (896) 

and  Q*(l-y,zK)=l , (946) 

These  hold  for  the  usual  cases  met  with  in  practice,  for  example 
transformers,  induction  motors  and  many  power  transmission  schemes. 

We  shall  now  shew  how  the  magnitudes  PK,  7ljr  and  <j>K  obtained 
from  the  short-circuit  diagram  can  be  used  for  finding  the  percentage 
rise  of  pressure,  and  the  magnitudes  P10,  /0  and  <f>0  obtained  from  the 
no-load  diagram,  the  percentage  change  of  current  in  a  circuit,  whilst 
both  can  be  used  for  the  determination  of  the  change  in  the  phase 
angle  </>. 

49.  Determination  of  the  Pressure  Rise  in  a  Circuit  by  means 
of  the  Short-circuit  Diagram.  If  the  pressure  P2  at  the  receiver 
terminals  SS  is  to  remain  constant  from  no-load  to  full-load,  JF?,  the 
supply  pressure  must  be  varied  accordingly.     This  pressure  vanation 
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is  best  expressed  as  a  percentage  of  the  no-load  pressure  Pl0.    The 
change  is  generally  an  increase,  whence  we  define 

P  -P 

-mo 
as  the  percentage  rise  of  pressure.    To  calculate  this  for  a  symmetrical 
circuit  with  Cx  =  C2,  we  proceed  graphically,  as  in  Fig.  145.     Set  off  I2 


Via.  146. 


along  the  ordinate  axis  and  P%  —  0A  at  angle  <£2  to  /2.     Set  off  vector 


x. 


AC—I%zK  at  angle  <f>K  to  the  ordinate  axis,  where  4>k  =  tan"1  — ;  then 

__  p 

OC = P%  +  I2zK  -  ^     (see  eq.  886). 


0^  =  P2  =  %, 


Then,  since 
the  percentage  pressure  rise  €  %  can  be  expressed  thus : 

«%- 


_  A-Ao  100  _  oc-m  100_ 


A. 


OA 


On  AC  as  diameter  describe  a  circle  and  produce  OA  to  cut  this 
circle  in  P;  then  AB  =  IixI  and  BC=I2rK. 

m 

Let  AP=fix0A    and     CP=vM0A; 

then,  from  Fig.  145,  we  have 
OQ-OA 


€  = 


0.4 


-^(l±/»,),  +  »l-l-%/l±a/»,  +  /il+ii-l ; 
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and  working  out  this  root, 


2     ,       2 

8 


2x2 


—  «£-  #*jr  T  TT  —  ^ . . .  . 


2 


2 


When    /^Jr=vf  =  0'2,    the    last   term    f&»Tinnr>    an(*   *8   therefore 
generally  negligible. 


If  we  write 


f*K  rt  A      „_J      ,tb        v* 


AP-m0A  •*  CP=m0A> 


where  pK  and  vc  are  not  to  be  taken  as  ratios  but  as  percentages,  then 
the  percentage  rise  of  pressure  will  be 


«%-p,;7f,,ioo-±/*+«&. 


2 
fK 

200 


(101) 


The  negative  sign  before  p.K  is  for  the  case  when  the  phase  angle  <fa> 
leads  and  is  greater  than  -=  -  <f>K.  Hence,  to  determine  the  percentage 
rise  of  pressure,  we  set  off  (Fig.  146)  AC=I2zK  as  a  percentage  of  i\> 


Fio.  146. — Short-Circuit  Diagram  of  a  Symmetrical  Circuit  for  determining  the  Percentage 

"Pressuro  Riae. 

at  an  angle  <f>K  to  the  ordinate  axis,  describe  a  circle  on  the  same  as 
diameter,  and  draw  AP  at  an  angle  <£2  to  the  ordinate  axis:  we  then  get 

^£  =  ^100;     50=^100. 


l\ 


and  the  percentage  pressure  rise 


<%  =  ±^p+; 


CP2 


200 
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This  is  a  maximum  when  <h  =  4>K- 
When<k=0,       ^^^100  and 


Vr  = 


P 
■L  9. 


100. 


Thus,  in  this  case,        c  %  « lOofe  +  \{^)\ 

Fig.  146  can  be  appropriately  called  the  shmi-circuit  diagram. 

If  we  are  not  dealing  with  a  symmetrical  circuit,  but  with  the 

general  case,  for  which  the  constants  Cx  and  C2  may  considerably  differ, 

we  substitute  the  actual  receiver  pressure  P2  with  the  phase  dispiace- 

C 
ment  <£2  by  a  fictitious  pressure  P*=jrP2  displaced  from  the  receiver 

current  72  by  the  angle  <£2  -  A^.    Then,  since,  from  equation  (88), 

P     C 

77  =  77  /a  +  *iZK  =  Vi  +  -*«^> 

Vi      V2 

the  above  formula  (101)  holds  also  for  the  rise  of  pressure  in  the  general 

C 
case,  provided  that  we  use  Pi  =  ^27T  instead  of  P2  and  <£i  =  <k~A^ 

02 

instead  of  <f>2  in  the  short-circuit  diagram.     Fig.  147  represents  the 


Fio.  147.— Short-circuit  Diagram  of  the  General  Circuit. 

short-circuit  diagram  of  a  general  circuit — in  this  I2zK  is  set  off  as  a 
percentage  of  F%. 

60.  Determination  of  the  Change  .of  Current  in  a  Circuit  by  means 
of  the  No-load  Diagram.  The  pressure  P2  at  the  terminals  SS 
requires,  as  we  have  seen,  a  no-load  current.  On  account  of  this 
no-load  current,  the  load  current  Ix  is  greater  than  the  short-circuit 
current  IlM.  Starting  from  short  circuit,  let  the  pressure  be  gradually 
increased — then  Ix  will  also  increase,  and  we  have  now  to  calculate 
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the   percentage  increase  of  current  in  passing  from  short-circuit  to 
full-load.     This  is, 


•MJT 


For  a  symmetrical  circuit, 


~ri =  f'i +  ^a^o     (see  eq.  896). 
This  equation  also  can  be  expressed  graphically.     In  Fig.  148  set 


Fio.  148. 


off  P%  along  the  ordinate  axis  and  I2  =  OD  at  angle  <£2  to  P2.     Set  off 
further  2)f*=Pay0  at  angle  <£0  to  the  ordinate  axis,  where  ^>0  =  tan"1-fi, 


so  that 


0o 


0F-V 


Further,  since  ~0D  =  I2  =  ^-, 


the  percentage  increase  of  current  j  %  can  be  written 

OF-OD 


■MA' 


0/> 


100. 


On  -5P  describe  a  circle  and  produce  0D  to  cut  the  circle  in  Q ;  then 

DE  =  P2bQ    and     EF=P2g0. 
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Let 


DQ={^OD    and    FQ=^01>; 


(102) 


then  the  percentage  increase  of  current  is 

«-TTIW"^4 

The  negative  sign  before  /^  is  for  the  case  when  the  phase  angle  <f>2 

IT 

leads  and  is  greater  than  ^  -  <f>0. 

Hence,  to  find  the  percentage  current  increase,  set  off  (Fig.  149) 

DF=P#0  as  a  percentage  of  I2  at  an  angle  <f>0  to  the  ordinate  axis, 


Fia.  149.— No-load  Diagram  of  a  Symmetrical  Circuit  for  determining  the  Percentage  Change 

of  Current. 

describe  a  circle  on  the  same  as  diameter  and  draw  DQ  at  an  angle  <f>2 
to  the  ordinate  axis. 

Then  we  have       M  =  ^100;    EF^^lOO, 
and  the  percentage  increase  of  current 

This  is  a  maximum  when  <f>2  —  <#v     When  <f>2  —  0, 


p4* 


PJb, 


^  =  -^100    and  v0  =  ±-pi00. 


Hence,  in  this  case 


;%-«>{3S(¥)!}- 
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We  can   appropriately  call  the  diagram  in  Fig.   149  the  no-load 
diagram. 

In  an  unsymmetrical  circuit, 


J  Q 


% 


c. 


2^0' 


Consequently  the  no-load  diagram  and  formula  (102)  hold  for  any 

C 
circuit,  provided  we  use  F2  =  -^P0  instead  of  P2  and  <£'2  =  <£„  -  zty 

2 

instead  of  <£„.     This  is  done  in  the  no-load  diagram  in  Fig.  150,  which 
accordingly  holds  quite  generally. 


Fio.  150. — No-load  Diagram  of  the  General  Circuit. 

When  the  conditions  are  such  that  the  results  yielded  by  the  short- 
circuit  and  no-load  diagrams  are  inaccurate,  we  can  use  an  alternative 
method,  and  find  the  pressure  Px  and  current  Ix  in  the  supply  circuit 
by  means  of  the  load  diagrams  shewn  in  Figs.  145  and  148. 

51.  Change  in  Phase  Displacement.  The  phase  displacement  be- 
tween the  pressure  and  current  in  a  circuit  changes  as  we  pass  from 
the  receiver  terminals  to  the  supply  terminals.  This  displacement  is 
determined  by  the  vector,  PK  =  Q2I2zK  of  the  short-circuit  pressure  and 
the  vector  /0  — (1/^0  of  the  no-load  current.  The  angle  of  phase 
displacement  of  the  load  at  SS  has  been  denoted  by  <f>.2  in  the  above — 
similarly  we  can  denote  that  at  the  supply  terminals  PP  by  ^r 


Then 


*i-«<A./i)-«(§-  £) 


P  I 

for  the  two  vectors  --±  and  ^  are  rotated  through  the  same  angle  in 
respect  to  the  vectors  Px  and  Jx . 
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From  Figs.  145  and  148  we  see  that 

or  ^"-A^  +  ^  +  A^. 

In  order  to  find  the  phase-displacement  angle  at  the  supply  terminals 
for  a  symmetrical  circuit,  we  must  therefore  calculate  the  two  angles      / 
A<t>M  and  A<£0.  

PC 
From  Fig.  145  we  have .    sin  (A^)  ==  =-=. 

OA    P 
Denoting  the  ratio  ^-=  =  -j$-  by  o,  we  get 

J-1  l 


l+€-%      1+€ 
+  100 


and  sin  (A^)  =  =^a  =  -j^. 

OA        100 

We  can  express  sin  (A^)  in  the  form  of  a  series,  thus : 

8in(A*,)  =  ^-<%>Y..=-^. 

>   ™'   is  negligible  compared  with  A^,  so  long  as  A^  =  0  25,  which 
6 

is  usually  the  case  where  A<£A-  is  expressed  in  circular  measure;  or  when 

measured  in  degrees  we  have 


A<^  = 


vKa     180 

100  '  ~*r  ' 


i.e.  A</>ir  =  0-573i'ia  =  —  — — . 
In  a  similar  manner,  from  Fig.  148, 

•    /a-i\      QF 

_  m^'w 

or,  denoting  7_ti=  -f  by  p,  we  get 

Cat       -m 


100 
and  A*0  =  0-573^  =  ^7, 
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whence  the  angle  of  phase  displacement  at  the  supply  terminals  is 

^  =  ^  +  0573  (i^-.  +  x^) (103> 

In  this  formula,  vK  and  v0  are  to  be  taken  negative  when  the  points 
P  and  Q  respectively  lie  on  the  arcs  BO  and  EF;  this  is  the  case  when 
the  angle  of  lag  <£«  is  greater  than  <f>K  or  <f>0  respectively. 

In  the  case  of  the  general,  unsymmetrical  circuit,  we  must  substitute 
&  =  <k-  A^  for  <k  in  formula  (103),  where  <&  is  the  angle  between  the 
imaginary  receiver  pressure  F2  and  the  receiver  current  I2, 

It  has  already  been  shewn  that  A^  =  \f/x  -  \f/2 ;  hence,  for  any  circuit, 
the  phase-displacement  angle  at  the  supply  terminals  is 

*i  =  *2  +  (f2-^i)  +  0-573(T^-c  +  rX) (103a) 

52.  Maiimnm  Power  and  Efficiency.     With  constant  supply  pressure 

Px  and  load  power-factor  (i.e.  cos  <£2  =  const.),  it  is  only  possible  to 

transmit  a  certain  maximum  power  to  the  receiver  circuit.     If  we  try 

to  go  beyond  this  by  increasing  the  load  admittance  y2,  the  receiver 

pressure  P2  will  fall  more  rapidly  than  the  receiver  current  I2  will 

rise.     This  maximum  is  naturally  reached  when  the  drop  of  pressure 

C 
I2zK  in  the  circuit  itself  equals  the  receiver  pressure  P2  —  j£  P2* 

V2 

From  the  equation 

•   1        -1   D  T  •  1  T  7 

JT  =  i-f  f  2  +  **ZK  =  /I    "Mi5*  +  *2SK9 

V2       V2  V2      ' 

it  follows  that,  when  <f>2  is  constant,  the  power  given  out  at  the  receiver 
terminals  »>V.«* 

is  a  maximum  when  the  product  of  the  two  absolute  values  j*  I2z2  and 

P  .  2 

I2zK  is  a  maximum.    Since  the  sum  W  of  these  two  vectors  is  constant, 

the  product  of  their  absolute  values  is  a  maximum  when  they  are  equal. 
Hence  the  condition  for  maximum  power  is 

tiP  =/  z 
n  t  2     12*k 

V2 

Pi 
Or  yj  ?2~~?X' 

V2 

In  this  case  the  receiver  current  is 

?2—  /i 


l 
0 


T  ?2  "*"  ?* 


2 
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C 
The  vectors  zK  and  ~±  z2  are  displaced  from  one  another  by  the  angle 

Hence  the  receiver  current  at  maximum  load  is 

c 

and  therefore     /r8mitt  =  l\z*  cos  <k  =  /J ~  zK  cos  <k 

i*cos<£2 


2C1C22,{l+cos(<k-tf>2  +  A^)} 
Now,  from  Eq.  95,  p.  159, 

Hence,  ^  =  Pl&~  7'™  <*"*'»  ™* (104) 

""        ^{l+cos^-^  +  A^)}  v      ' 

P  P 

Since  jP£  =  ~^  and  hzK^^%  the  conditions  for  maximum  power  can 

be  written :  With  constant  supply  presswe  and  load  power-factor,  we  get 
maximum  power  for  the  load,  whose  no-load  and  short-circuit  pressures  are 
equal. 

Proceeding  further,  we  can  now  find  the  load  power-factor  cos<£2 
necessary  for  obtaining  the  maximum  power  at  the  receiver  terminals. 

By  differentiating  Eq.  104,  we  find  that  this  happens  when 

-  {1  +  cos  (<hr  -  ^a  + A^)}  sin  fa  -  cos  fa  sin  (<\>K  -  <^j  + A^)  =  0 

or  when  -fa  =  <f>K  +  A^. 

Introducing  this  value  of  fa  into  the  expression  for  WaaULX9  we  get 

w  Pjcosfa 

"*»**-  2C1C2zK(l+cos2fa) 

px  Pi 


*:-__-,--./*- (l04a) 


To  find  the  efficiency  of  the  general  circuit,  we  calculate  the  power 
JVX  supplied  to  the  circuit  at  the  terminals  PP  and  divide  this  into 
the  power  W2  taken  out  at  the  receiver  terminals.  The  supply  power 
is  most  easily  obtained  from  the  real  part  of  the  product  of  Px  and  the 
conjugate  vector  of  /r     The  supplied  power  Wx  is 

where  WQ = P*10g0 «  C\P2gQ 

is  the  no-load  loss  when  P2  acts  at  the  receiver  terminals,  and 

W  -72   r   -£*/V 
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is  the  short-circuit  loss  when  the  current  in  the  receiver  circuit  is  Ir 

s=^cos^2  +  ^8in^>2, 

where  **  +  *o  *»(&  +  *«) 

/*  -  J0  COS  (<£o  -  <br) 

and  fl._7«  *?(**+>*> 

^  -  h  cos  (<£0  -  <£*) 

or  j    ^cos(<^-  A^)  +  /„  cos  (<ft0 -Kbr  -  &  +  Af) 

J*  -  70  cos  (<£0  -  <f>K) 

and  depends  only  on  the  kind  of  load,  i.e.  on  cos<£2. 
Since  the  power  at  the  receiver  terminals  is 

we  get  the  percentage  efficiency 


7%-JjlOO- £*— 100 (105) 


C08</>2 


Both  at  no-load  and  short-circuit  the  efficiency  is  zero,  for  in  the 
first  case  the  useful  current  is  zero  and  in  the  second  case  the  useful 
pressure.  In  the  former  case,  the  sum  of  all  the  losses  is  JV0  and  in  the 
latter  WK. 

Starting  from  no-load  and  keeping  the  load  power-factor  constant, 
the  efficiency  and  the  heating  losses  WK  gradually  rise  as  the  load  is 
gradually  increased,  whilst  the  no-load  losses  JV0  decrease.  When 
iVK=W0,  the  efficiency  will  be  a  maximum,  for,  with  a  given  loss 
/ro+  WK  =  const.,  the  product  W^WK^C\C\g^rKI^l\  is  a  maximum 
when  the  two  losses  are  equal.     Thus  we  see : 

For  a  given  hind  of  load  in  a  circuity  the  efficiency  is  a  maximum  when 
the  short-circuit  losses  corresponding  to  the  load  current  equal  the  no-load 
losses  corresponding  to  the  load  pressure. 

The  maximum  efficiency  for  a  given  load  power-factor  is 

V— %' — —Q 100 (106) 

0    cos  <f>2     A 

Further,  we  find  by  differentiation  that  the  power  factor  cos<£2, 
for  which  the  efficiency  is  a  maximum,  occurs  when 

and    (^r0+/rjr)sin</>2  =  2^0sin^2=  -i>2/2{^sin(A^)+jcos(A^)}, 
and  the  maximum  efficiency  is 

w  %  =  w^v  cos  (A^  _  Q  sill2(A^}  +  2/rocos*4>2 <107> 


MAXIMUM  POWER  AND  EFFICIENCY 


173 


Considering  equation  (107;  more  closely,  we  see  that  the  load  current 
I2  at  the  absolute  maximum  efficiency  is  displaced  in  phase  with  respect 
to  the  receiver  pressure.  In  general  it  will  be  found  that  I2  lags 
behind  or  leads  P2  almost  as  much  as  Ix  leads  or  lags  behind  Px . 

63.  A  Transmission  Scheme.  As  an  example  of  the  application  of 
tlje  no-load  and  short-circuit  diagrams  to  a  symmetrical  circuit,  we  will 
consider  a  transmission  line.  Ihis  consists  of  a  supply  station  where 
the  pressure  is  transformed  up,  the  transmission  line  and  the  receiver 
station  where  the  pressure  is  transformed  down.  We  will  assume  both 
supply  and  receiver  transformers  to  have  the  same  ratio  of  trans- 
formation. 

(1)  No-load  measurements : 

Px  - 1 000  volts,      J0  =  1 00  amps.,     fP0  =  40  K.  w.,     P2  =  985  volts. 

(2)  Short-circuit  measurements : 

IK  « 1000  amps.,  PK  =  250  volts,      WK  -  80  K.W.,     I2  =  985  amps. 

We  get  C1  =  C2=(7=1^=1-015, 

1     r2  ^-^ocos(*o-^) 


Fioa.  151a  and  ft.— No-land  and  8hort-circuit  Diagrams  of  Transmission  Line. 

For  a  load  current  72  =  985  amps.,  the  watt  and  wattless  components 
of  the  no-load  current  are,  in  percentages, 

1     W 
T      °/  —  °  -  4.-0fi  °/ 

^o,r/o-9.85  p0-4Ub/o, 


h  M  %  -  oris  ^10°2 "  4°2  -  931  %  • 


9-85 
The  no-load  diagram  is  drawn  in  Fig.  151a. 
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For  a  power  factor  cos  (f>2  =  0-9  in  the  receiver  circuit*  the  percentage 
current  increase  is  a 

At  short-circuit,  the  watt  component  of  the  supply  pressure  is 

W 
PMW-Z*-8Q  volts 

80 
or  ^3  =  8*12  %  of  the  constant  receiver  pressure  JP2  =  985  volts.    The 

wattless  component  is 

PK  WL  -  >/250*  -  80*  =*  237  volts, 

corresponding  to  24*1  %  of  P%.     The  short-circuit  diagram  is  shewn  in 
Fig.  1516.     The  percentage  pressure  increase  with  cos  ^2  =  0*9  is 

In  the  transmission  scheme,  the  phase  displacement  between  current 
and  pressure  is  increased  by  the  angle 

A^0  +  A^jr  =  0-573(T^.+  I^)  =  12°-25. 

Hence  the  supply  phase-displacement  is 

^1  =  ^  +  A^0  +  A^  =  25°-85  +  12o-25  =  38°-l 

and  the  power  factor  at  the  supply  terminals  cos  <£T  =  0*785. 
The  efficiency  of  the  transmission  scheme  is 

P2/2cos^2 


?- 


W*+WK  +  iPxi; 


where  ^^COS^-hJoCOS^Q-f^-^) 


whence  »/  % 


4000  x  0-9 +  100  cos  1 11^85  _ 

4000- 100  cos '4°-9         -°'y*0> 

985  x  985  x  0-9 

40000  +  80000  +  0-945  x  985  x  985 

873 
1035 


=  84-2%. 


64.  A  Single-phase  Transformer.  As  a  further  example,  we  will 
take  the  single-phase  transformer,  which  represents  the  simplest  form 
of  all  electromagnetic  apparatus  and  machines.  The  no-load  measure- 
ments taken  on  a  50  k.v.a.  single-phase  transformer  were : 

P10  =  5000  volts,     J0  =  0-4  amp.,     JV0  =  750  watts, 
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and  at  short-circuit 

I1M  =  10  amps.,      PK  =  250  volts,     WK  =  1000  watts. 
Hence  the  no-load  watt  current  is 

r        W*     750     niP. 

/o,rs?rr5ooo==0'15amp- 

and  the  no-load  wattless  current 

/orx  =  V/J-/oir=Vo-42-0-152  =  0-37  amp. 

/oris  1-5%  and  IQWL  is  37%  of  the  load  current  (10  amps.);  from 
these  two  magnitudes  the  no-load  diagram  (Fig.  152a)  is  obtained. 
At  cos  <£2  =  0*9  the  percentage  current  increase  is 


# 


2-67* 


;%  =  Mo  +  20°0  =  2-97+^  =  3.0%. 

With  normal  shortnrircuit  current,  the  watt  component  of  the  primary 
pressure  is  w      l0QQ 

i.e.  2  %  of  the  normal  pressure.    The  wattless  component  is 

i>irirA  =  ^-^Wr=\/2502-1002=229  volts 
or  4-58%  of  the  normal  pressure.    From  these  two  values  we  obtain 


Fiaa.  152a  and  6.— No-load  and  Short-circuit  Diagrams  of  Single-phase  Transformer. 


the  short-circuit  diagram  (Fig.  1526).     At  cq#<£2  =  0-9  the  percentage 
pressure  rise  is 


vr      _  _     3-251 


€%  =  ^  +  205  =  3,79+200 


=  3-84 


The  increase  in  the  phase  displacement  between  pressure  and  current 
due  to  transformation  is 

A<£0  +  A^  =  0-573  (?b%  +  £%\  =  3«>.28. 
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The  angle  of  phase  difference  on  the  primary  side  is  then 

<£1  =  <£2  +  Ac£0  +  A<^  =  25o-85  +  3°-28  =  29,-13 

and  the  power  factor  at  the  primary  terminals, 

008^  =  0-871, 

whilst  cos  <£2  -  0*900. 

In  Fig.  153  the  percentage  increase  of  pressure  and  current  and  the 
increase  in  phase  displacement  with  constant  pressure  and  current  on 
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the  secondary  side  are  also  shewn  as  functions  of  cos<£2.  It  is  seen 
that  all  three  magnitudes  vary  most  in  the  neighbourhood  of  unity 
power  factor,  i.e.  cos  ^2  =  1  0. 


CHAPTER  X. 

THE  LOAD  DIAGRAM. 

55.  Load  Diagram  of  an  Eleotric  Circuit.  56.  Simple  Construction  of  the  Load 
Diagram.  57.  Load  Diagram  of  a  Transmission  Scheme.  58.  Load 
Diagram  of  the  General  Transformer. 

55.  Load  Diagram  of  an  Electric  Circuit.  As  we  have  seen,  the 
no-load  and  short-circuit  diagrams  are  well  suited  for  investigating  the 
working  of  a  short  transmission  line  or  modern  transformer.  For  repre- 
senting the  phenomena,  however,  which  occur  in  a  long  transmission 
line  or  in  motors  where  electric  energy  is  transformed  into  mechanical, 
these  diagrams  are  less  suitable.  If  we  have,  for  example,  a  motor  fed 
from  mains  whose  pressure  is  kept  constant,  we  require  a  diagram  which 
will  enable  us  to  see  directly  how  large  a  watt  current  and  how  large  a 
wattless  current  will  be  taken  by  the  same  at  any  given  load.  Further, 
the  diagram  must  shew,  at  the  same  time,  the  efficiency  and  speed  of 
the  motor  when  working  at  this  load  and  also  its  overload  capacity. 
We  shall  now  shew  how  to  construct  a  diagram  from  which  all  these 
quantities  can  be  accurately  obtained.  For  this  purpose  we  start 
from  the  equations  (88)  and  (89)  of  the  general  electric  circuit,  viz. 

Px  =  C}P2  +  C^f'&K 

and  /i  =  CJ2  +  CYP$Q  • 

From  these,  it  follows : 

V2 
P 

and  since  72=  — ,  the  current  in  the  supply  circuit  will  be  : 

?2 


0, 


c»     \   .„    .  /°"r^ 


Put                               -t-^C^y. 
and  _  —  ~-i -  =  -2  =  «6; 

A.C.  '  M 
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then  the  current  7j  can  be  written : 

/i  =  (/Wi*ir)(y«+y*). 


(108) 


Jl 


'innnnnnnnp 


Fig.  154.— Equivalent  Circuit  of  the 
General  Electric  Circuit. 


This  equation  shews  that  every 
circuit  can  be  replaced  by  that 
shewn  in  Fig.  154,  since  equation 
(108)  also  holds  for  this  circuit. 
We  must  now  find,  however,  to 
what  the  two  parallel  branches  in 
the  original  circuit  correspond.  To 
the  branch  with  admittance  yb  a 
power  Wb  is  supplied,  where 

i.e.  the  branch  with  admittance  yb  corresponds  with  respect  to  power  to  the 
load  circuit  with  impedance  z2. 

To  the  second  branch  with  admittance  ya  a  power  Wa  is  supplied, 
which,  expressed  symbolically,  equals 

V.  -  (ft  -  /«*,».  -  pftfty. = S/V 

This  corresponds  to  a  loss  which  is  proportional  to  the  square  of  the 
pressure.  This  loss  includes  such  losses  as  iron  losses  and  those  which 
occur  in  the  dielectrics  of  electrical  apparatus  and  machines.  Con- 
sidering finally  the  path  with  impedance  zK)  we  find  in  it  the  loss 

This  is  the  copper  loss  in  the  circuit,  and  represents  that  part  of  the 
electrical  energy  which  is  dissipated  in  the  form  of  heat. 


unag.  value* 


Fio.  156.— Diagram  of  the  Equivalent  Circuit  in  Fig.  154. 

To  find  the  current  Ix  for  a  given  impedance  z2,  we  first  of  all 
calculate  ya  and  yh  and  set  off  the  same  in  a  rectangular  co-ordinate 
system  (Fig.  155).     The  negative  part  of  the  abscissa  axis  is  taken  for 
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the  axis  of  the  imaginary  values.  By  adding  ya  and  yb  geometrically, 
we  get  the  resultant  admittance  yr.  Since  the  admittances  ya  and  yb 
are  in  series  with  the  impedance  zKJ  we  first  find  the  impedance  zr 
corresponding  to  the  admittance  yr.    Thus : 


and 


1 <7r     .Jr_ 


Adding  now  the  short-circuit  impedance  zK  to  zr,  we  get  the  resultant 
impedance  z.  The  inversion  of  z  gives  the  admittance  y,  which  falls 
in  the  first  quadrant.  Finally,  multiplying  the  admittance  y  by  the 
terminal  pressure  Pl ,  we  get  the  current  Ix  in  the  supply  circuit.  As 
usual,  let  the  pressure  vector  i\  fall  on  the  ordinate  axis,  so  that  the 
current  vector  Ix  coincides  with  the  admittance  y.  Then  the  vector 
00  not  only  gives  the  direction  of  the  current  in  the  supply  circuit, 
but  also  its  magnitude  to  a  certain  scale. 


Pio.  156. — Construction  of  Current  Diagram. 

To  determine  the  locus  of  the  current  vector  I19  we  first  find  the 
curve  traced  out  by  the  vector  yb  when  the  load  z2  is  varied.     This  is 

Assume,  by  way  of  example,  that  the  phase  displacement  <f>2  in  the 
load  circuit  is  constant.     Then  the  locus  of  the  admittance 

is  a  straight  line  KB  (Fig.  156)  making  the  angle  (</>2  +  2^2)  with  the 
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ordinate  axis.  In  order  to  draw  the  load  diagram  for  this  case,  we  first 
set  off  the  constant  admittance 

0A=ym=  Qi^Vo  =  0a  + A, 
and  draw  through  A  a  straight  line  KB  at  angle  (<£2  +  2^2)  to  the 
ordinate  axis.     The  admittance  yr  is  then  represented  by  the  vector 

OB  drawn  to  this  line.  Then,  to  find  the  impedance  zr  corresponding 
to  yrf  we  find  the  inverse  of  the  straight  line  KB  with  the  origin  0  as 
the  centre  of  inversion.  This  inverse  curve  is  not  drawn  in  the  fourth 
quadrant,  but  in  the  first,  since  we  must  return  to  this  latter  by  a 
further  inversion.  Now,  the  inverse  curve  of  a  straight  line  is  a  circle 
passing  through  the  centre  of  inversion ;  thus,  in  this  case,  the  inversion 
circle  is  K'B  and  the  centre  of  inversion  is  the  origin  0.  The  centre 
of  K'R  lies  on  a  straight  line  passing  through  the  inversion  centre  0  and 
perpendicular  to  the  line  KB.  The  radii-vectores  of  the  circle  K'B  from 
0  then  give  the  impedance  zr.  We  now  add  the  short-circuit 
impedance  zK  to  zr  by  moving  the  co-ordinate  system  to  the  right 
through  a  distance  equal  and  parallel  to  zK.  The  origin  0'  of  the  new 
co-ordinate  system  consequently  falls  in  the  third  quadrant.  Then  the 
vectors  drawn  to  the  circle  KB1  or,  as  it  is  now,  K'c,  from  this  new  origin 
give  the  total  impedance  z  of  the  whole  circuit.  Finally,  still  remain- 
ing in  the  same  quadrant,  let  K,  with  centre  M  on  the  line  (73fi,  be  the 
inverse  circle  of  the  circle  K'cy  with  O  as  centre  of  inversion.  Then 
the  vectors  drawn  from  (/  to  this  circle  K  represent  both  the 
admittance  y  and  to  another  scale  the  current  /•,  supplied  to  the  line 
in  magnitude  and  phase,  when  the  vector  of  supply  pressure  PY 
coincides  with  the  ordinate  axis. 

The  circle  K  is  the  desired  current  diagram,  and  on  it  lie  the  short- 
circuit  point  PK  and  the  no-load  point  P0.  The  former  is  the  inverse 
of  the  point  0,  and  the  latter  is  obtained  by  a  double  inversion  of 
the  point  A. 

In  Fig.  157  the  final  current  diagram  K\%  drawn  to  another  scale. 
All  points  on  the  upper  part  of  the  circle,  lying  between  PK  and  P0, 
correspond  to  points  on  the  straight  line  KB  above  A,  i.e.  to  load  in 
the  branch  yb ;  while  points  on  the  lower  part  of  the  circle  correspond 
to  points  on  the  straight  line  KB  below  A,  i.e.  yb  is  then  negative  and 
the  branch  works  as  a  generator.  The  ordinates  of  the  circle  K  shew 
directly  the  watt  currents  Iw,  which  the  circuit  takes  in  or  gives  out. 
By  multiplying  these  currents  by  P1%  we  obtain  the  power  consumed 
in  the  circuit. 

The  loss  and  power  lines  are  now  found  in  the  same  way  as  above, 
The  line  of  supplied  power  Wx  =  PJW  is  simply  the  abscissa  axis.  The 
copper  loss  may  be  written  ' 

VK  =  l\rK  =  BKVK, 

where  V,  =  0  is  the  equation  of  the  loss-line  and  BK  is  a  constant.    This 
loss-line  is  the  semi-polar  of  the  circle  with  respect  to  the  origin,  as 

shewn  previously.     The  distance  PP  from  a  point  P  on  the  circle  to 
this  loss-line  is  proportional  to  the  copper  loss. 
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Consider  the  triangle  OPKP.  The  two  sides  0PK  and  OP  represent 
the  short-circuit  current  IK  and  the  supplied  current  Ix  respectively. 
Let  each  side  of  the  triangle  be  multiplied  by  zKl  then  OPK  =  IKzK 
represents  the  terminal  pressure  P1  and  OP^IxzK  the  pressure  con- 
sumed in  zK.    Since  the  three  pressure  vectors  Pu  I^g  and  '}  form  a 

'"     l\ 

closed  triangle,  the  line  PKP  will  represent  the  pressure  vector  77  to 

the  same  scale  of  pressure.     This  pressure  causes  a  loss  Va  in  the 
branch  whose  admittance  is  ya—  (^(^o • 
As  before,  we  can  write 

where  Va  =  0  is  the  equation  of  the  loss-line.     This  loss-line  is  tangent 
to  the  circle  at  the  point  PK  and  the  loss  Va  for  a  point  P  on  the  circle 

is  proportional  to  PS,  the  distance  of  P  from  this  loss-line. 


Fie.  157.— Current  Diagram  of  Equivalent  Circuit  in  Fig.  154. 

The  power-line  can  now  easily  be  determined.     Denoting  Wx  -  VK 
by  W„  we  have  ^  _  ^  _  B^  =  AjN^ 

where  we  write  Wl  —  A1\Nl 

to  obtain  symmetrical   notation,  Wj  =  0   being  the  equation  of  the 
abscissa  axis. 

The   line   Wa  =  0   for   the   remaining   power  after  subtracting  the 
copper  losses,  clearly  passes  through  SS)  the  point  of  intersection  of 
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the  abscissa  axis  with  the  line  of  copper  loss  V*  =  0.  Further,  since 
Wa  is  zero  at  short-circuit,  the  power-line  Wa  =  0  passes  through  the 
short-circuit  point  PK. 

The  power  consumed  in  the  branch  of  admittance  yb  is 

where  BN  =  BKVK  +  BaVa  -  V 

denotes  the  sum  of  the  losses,  which  are  represented  by  the  line  V  =  0. 
As  the  equations  shew,  this  resultant  loss-line  must  pass  through  S.2, 
the  intersection  of  the  two  loss-lines  Vx  =  0  and  Va « 0,  and  we  know 
this  point,  since  we  have  found  both  these  loss-lines.  The  resultant 
loss-line  V  =  0  must  further  pass  through  the  intersection  of  the 
abscissa  axis  W\=0  with  the  resultant  power-line  W6  =  0.  This 
resultant  power-line  contains  the  points  for  which  the  power  in  the 
branch  yb  is  zero,  which  only  occurs  at  no-load  and  at  short-circuit. 
Hence,  the  resultant  power-line  passes  through  the  points  P0  and  PK. 
From  this  we  can  find  Slt  the  intersection  of  the  power-line  W6  =  0 
with  the  abscissa  axis,  and  the  resultant  loss-line  V  =  0  can  be  drawn 
through  the  points  S1  and  S2. 

In  a  branch  of  the  equivalent  circuit,  the  supplied  power,  the  losses 
in  this  branch  and  the  useful  power,  which  is  the  difference  of  these 
two,  can  always  be  represented  by  three  line's,  which  intersect  in  a 
point.  It  was  shewn  in  Sect.  25,  that  a  straight  line  drawn  between 
two  of  these  lines  parallel  to  the  third  is  divided  in  the  ratio  of  the 
first  two  powers  by  a  line  from  the  point  of  intersection  of  the  above 
three  lines  to  a  point  on  the  circle.  Such  a  line  can,  therefore,  at  once 
be  used  to  represent  the  efficiency  or  the  percentage  loss  in  a  branch  of 
the  equivalent  circuit. 

In  Fig.  157  a  line  has  been  drawn  parallel  to  the  abscissa  axis 

between  the  lines  V*  =  0  and  Wo  =  0.     A  line  S»P  then  divides  this 

V 
line  in  the  ratio  •=£,  the  ratio  of  the  part  nearest  the  loss-line  to  the 

V  V 

whole  line  being  t^— -fr  -  ™£  and  the  ratio  of  the  part  nearest  the 

yy  „_  "t"  v  r     yy  * 

.         .  W         W 

power-line  to  the  whole  line  being    ^— ^  =j^-     Starting  from  the 

loss-line  MK  =  0  and  dividing  the  line  drawn  parallel  to  the  abscissa  axis 

into  100  parts,  the  division   where  S3P  meets  this   line  gives  the 
percentage  loss  in  the  branch  zK, 

^=r.+V°°=F;100- 

In   the  same  way   (Fig.  157)  a  line  is  drawn   parallel  to  Wa=0 

between  Va  =  0  and  W6  =  0,  and  the  intersection  of  this  with  PKP  gives 
the  percentage  loss  in  the  branch  ya, 
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To  obtain  the  efficiency  of  the  whole  equivalent  circuit,  the 
procedure  is  similar.  Draw  a  line  between  W6  =  0  and  V  =  0  parallel 
to  the  abscissa  axis  and  divide  it  into  100  parts,  beginning  at  the 
power-line  W6  =  0.  Then  the  intersection  of  this  line  with  SYP  gives 
the  efficiency,  ur  ru- 

We  will  now  consider  the  relation  between  the  power  Wb  in  the 
equivalent  circuit  and  the  power  W^  consumed  in  the  original  general 
circuit.  At  the  beginning  of  this  section  we  denoted  the  load- 
impedance  of  this  original  circuit  by  z2  =  — 

Also  fr-Cty^Cty^2** 

» 
P 

and  /•  =  ity*  -  ftftft  =  VJ*. 

P 

Hence  Wh  =  ^  76cos  <f>b  -  P^cos  (<f>2  +  2^,) 

and  ^-PAoos^-^.     C0S^ 


COS(<£2  +  2^2)' 

Therefore,  the  efficiency  of  the  general  circuit  is 

/ri1An  C08<£2  _j  COS<^2 


V  %  -  -Wb  100—7—^    =  1 


Wl        008(^  +  2^)     'cob  (^  +  2^,)" 

Since  2\L  is  usually  a  very  small  angle,  rj  is  only  slightly  greater 
than  V-     "  '^2  *8  known,  we  can.  divide  the  horizontal  between  the 

power-line  W\  =  0  and  the  loss-line  V  =  0  into  100 ££**        equal 

^  cos(<f>2  +  2^2) 

parts  and  read  off  17  directly  instead  of  1/'. 

Ajs  shewn  above,  the  line  PKP  Serves  for  reading  off  the  pressure  in 

the  receiver  circuit  for  any  load.     The  current  I2  in  the' receiver  circuit 

can  be  obtained  just  as  easily  from  the  diagram.     At  any  point  P, 

wehave  /2=c1/VJ, 

which  can  be  proved  as  follows : 
For  any  load,  we  have 

•  .   * 

and  at  no-load  0  =  /0  -  (/^  -  Ifa)  ya . 

Subtracting  the  second  equation  from  the  first,  we  obtain 

CA-(i+^y.)(/i-/o). 

Since  ?«  +  ?*  =  r0> 

wehave  l+^y.-i   — -CA; 
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/2=CM/i-/o)> 


or,  in  absolute  values,  I2  =  CXP0P. 

This  diagram,  which  enables  us  to  completely  investigate  the 
properties  of  any  electric  circuit  and  to  study  the  working  of  the  same, 
we  shall  refer  to  as  the  load  diagram  of  the  circuit.  From  it  we  can 
find  directly  for  any  load  the  following  values:  the  current  Ix  and 
phase  displacement  <£j  in  the  supply  circuit,  the  pressure  P2  in  the 
receiver  circuit,  the  total  power  frx  supplied  to  the  circuit,  the  power 
W2  taken  out  of  the  circuit,  i.e.  the  useful  power,  the  efficiency  r\  and 
the  percentage  losses  in  the  copper  and  in  the  iron  and  dielectrics. 

56.  Simple  Construction  of  the  Load  Diagram  by  Means  of  the 
No-load  and  Short-circuit  Points.  It  now  remains  to  be  seen  how  the 
circle  diagram  K  admits  of  a  simple  construction  or  calculation.  Two 
points  on  the  circle — namely,  the  no-load  point  P0  and  short-circuit 


Fio.  158. — Construction  of  the  Circle  Diagram. 

point  PK — are  already  known  by  experiment  or  otherwise.  The 
perpendicular  to  the  line  joining  these  two  points  passes  through  the 
centre  M  of  the  circle.     In  addition  to  this,  the  direction  of  the  line 

P0M  from  the  no-load  point  P0  to  the  centre  M  of  the  circle  can  easily 
be  determined  as  follows : 

In  Fig.  158  the  straight  line  KB  represents  the  admittance  ya  +  y». 
This  line,  as  shewn  above,  is  inclined  to  the  left  of  the  ordinate  axis  at 
the  angle  <£.2  +  2^.2.     The  corresponding  impedance  is  represented  by 

the  circle  K'R.  The  line  0M'b  falls  below  the  abscissa  axis,  making  an 
angle  </>.,  +  2^2  with  it.  Then,  after  drawing  0(/  equal  to  zK  and 
taking  tnc  inversion  of  the  circle  K'H  to  such  a  constant  of  inversion  that 
KfB  represents  its  own  inverse  curve  K,  the  points  PK  and  P0  represent 
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respectively  short-circuit  and  no-load  in  the  circuit.  Now,  as  shewn  in 
Sect.  48,  p.  159,         ^^  -  ^  +  ^2  -  J  z.  OMP0. 

Consequently  the  angle  /J  which  P0M  makes  below  the  abscissa  axis  is : 

=  <I>2-lOPkP0-A+. 

Usually  A^  =  ^1-^2  is  very  small  and  m^y  be  neglected.      When 

<k  =  0  (i.e.  non-inductive  load)  the  radius  P0M  makes  the  angle 
OPkPq  +  A^  with  the  abscissa  axis,  and  lies  above  it. 

If  the  point  A  lies  above  0  on  the  circle,  the  opposite  sign  iriust  be 
given  to  the  angle  OPKP0.  This  is  the  case  when  the  phase  displace- 
ment at  no-load  is  smaller  than  that  at  short-circuit. 

In  Fig.  159,  for  the  sake  of  clearness,  only  those  lines  are  drawn 
which  are  necessary  for  the  determination  of  the  centre  M  of  the  circle, 


Fio.  159. — Determination  of  Centre  of  Circle. 

and  are  obtained  at  once  from  the  short-circuit  and  no-load  points, 
when  A^  is  known  or  negligible,  as  the  case  may  be. 

When  <f>2  and  A^  are  zero,  the  determination  of  the  centre  M  of  the 
circle  is  greatly  simplified,  as  is  shewn  in  Fig.  160.  In  this  diagram, 
a  vertical  is  drawn  through  the  no-load  point  P0  to  cut  the  line  0PK. 

The  centre  of  this  vertical  is  the  same  distance  above  the  abscissa  axis 
as  the  centre  M. 

From  this  construction  the  effect  of  disymmetry  in  the  circuit  on  the 
position  of-  M  is  clearly  shewn.  The  greatest  disymmetry  occurs  when 
?i  =  0,  i.e.  when  ^  =  0  or  -  (^x  +  ^2)  -  A^  =  0  and  the  centre  lies  at 

Jofcao,;  or  when  z2  =  0,  i.e.  ^2  =  0  or  -(^1  +  Vto)~^=s  "  2^i  an(*  tne 
centre  lies  at  M^^l" 

The  centre  M  can  also  be  obtained  by  another  analytical  graphical 


186 


THEORY  OF  ALTERNATING-CURRENTS 


method  by  using  the  line  M(/  through  the  origin  as  well  as  the  line 

bisecting  PQPK  at  right  angles.     This  line  makes  an  angle  a  with  the 
abscissa  axis,  the  tangent  of  which  can  be  calculated  from  the  following 
formula,  which  is  deduced  from  Fig.  156  : 
tana-,  -^*am(&- A^)  +  /oirgin(^ 

"  IKcos(fa-  Af)  +  I0WL&in(<l>K-  fa  +  A\p)  -  I0W<m(<f>K-  fa  +  &$)' 


Fio.  160.— Simple  Determination  of  Centre  of  Circle  when  fa-0. 

In  most  cases  C,  and  C«  are  very  little  different  from  unity  and  still 
less  from  one  another,  and  therefore  A^  =  \px  -  \f/2  is  a  very  small  angle, 
at  most  5°.  Hence,  neglecting  this  angle,  we  obtain  the  following 
simple  formula : 

tena=  -  IK sin  fa  + I0  w sin  (<f>K  -  fa)  + 10  WL cos  (<f>K  -  fa) 

IK  COS  fa  +  h  ir^sin  (<f>K  -  fa)  -70irCOS  (fa  -fa)  " 

For  a  non-inductive  load,  fa  =  0,  and  we  have  then, 

+«rj«        Iow*infa  +  IowL<x>*fa 

tan  a=  y =: : f y- 

1k  +  1qwl8™  fa  "  ioiyCOS  fa 

I0  sin  (fa  +  fa) 
IK-IoCos(fa  +  fa)' 

57.  Load  Diagram  of  a  Transmission  Scheme.  As  examples  of  the 
application  of  the  load  diagram,  we  can  consider  first  a  transmission 
scheme,  consisting  of  a  supply  station  where  the  pressure  is  transformed 
up,  a  transmission  line  and  a  receiver  station  where  the  pressure  is 
transformed  down  again. 

The  following  readings  are  taken  on  no-load  and  short-circuit : 

(1)  No-load. 

Px  =  1000  volts,    IQ  =  325  amps.,     TVQ  =  40  K.w. 

(2)  Short-circuit. 

PK  =  1000  volts,  IK  =  3000  amps.,  WK  =  900  K.w. 
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The  transmission  scheme  works  with  a  constant  power-factor  of 
cos  <f>2  =  0*95  in  the  receiver  circuit. 
The  load  diagram  is  shewn  in  Fig.  161  drawn  to  a  scale  of 

1  mm  =  60  amperes. 


Fig:  101.— Load  Diagram  of  Transmission  Line. 

Since  such  a  scheme  can  in  general  be  taken  as  symmetrical,  we  get, 
by  direct  measurement  from  the  diagram, 

(7=1-06. 

The  line  0PKi  50  mm  in  length,  represents  the  primary  pressure 
Pj^lOOO  volts  to  a  scale  of  1  mm  =  20  volts.  The  receiver  pressure 
on  no-load  is 

Pao  =  20  C.Pj>x  =  20  x  1-06  x  44-5  =  945  volts. 
At  P  the  receiver  pressure  is 

P2  =  20  x  1  06  x  32-7  =  695  volts. 
The  short-circuit  current  in  the  receiver  circuit  is 


IaK=C.P0PK  =  106  x  60  x  44-5  =  2830  amps. 

58.  Load  Diagram  of  the  General  Transformer.  The  general 
transformer,  whose  method  of  working  is  described  in  Section  39, 
can  be  replaced  by  the  equivalent  circuit  (Fig.  121,  p.  120).    rx  and  r2 
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are  the  primary  and  secondary  effective  resistances,  Sx  and  S2  the 
primary  and  secondary  coefficients  of  stray  induction  of  the  trans- 
former. The  constants  r.2  and  x2=2ircS.2  are  both  reduced  to  the 
primary  circuit. 

The  usual  case  of  the  general  transformer  is  the  three-phase  induction 
motor.     The  secondary  power  W2  is  here  mechanical  and  equals 


w% 


-^■(j-1) 


where  ^(--l)  x%  ^ne  ohmic  resistance  equivalent  to  the  load  and 

is  placed  across  the  secondary  terminals.  The  slip  s  gives  the  relative 
velocity  of  the  rotary  field  relative  to  the  secondary  winding.  Since 
the  loss  in  the  secondary  circuit  due  to  the  rotor  resistance  r2  is  llr2> 


jr* 


the  total  power  supplied  to  the  secondary  circuit  is  W=  Jf  —  • 

s 

As  all  phases  are  alike  in  a  polyphase  motor,  we  need  only  con- 
sider one  phase. 

The  following  measurements  were  taken  on  such  a  motor: 

(1)  No-load,  i.e.  synchronism  (s  =  0), 

the  load  resistance  rJ-  -  1  ]  being  infinite. 

I0  =  10*1  amps.,     ^  =  110  volts,     JVQ  - 146  5  watts. 

(2)  Short-circuit,  i.e.  at  rest  or  s=  1,  since  rJ  -  -  1  j  is  zero. 

IK  =  105  amps.,     Px  =  1 10  volts,     WK  =  4040  watts. 

146*5 
Hence,  we  get  cos  &  -  n0xl0.1  =0132, 

,  4040        A„ 

TO8**°n<nrTo5=0,30- 

In  Fig.  162  the  no-load  point  PQ  and  the  short-circuit  point  PK  are 
drawn  to  the  scale  1  mm  =  2  amps.  For  standard  three-phase  motors 
we  can  put  A^  =  0,  and  further,  since  </>2  =  0,  we  get  the  centre  of  the 
circle  by  means  of  the  construction  in  Fig.  160. 

The  lines  of  output  W«  =  0  and  of  total  loss  V  =  0  can  now  be 
determined  by  means  of  Fig.  157,  and  from  these  the  efficiency  77  is 
obtained. 

Only  the  slip  s,  from  which  the  speed  of  the  motor  can  at  once  be 
determined,  remains  to  be  found  from  the  diagram.     This  is 

2  s 
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where  W  denotes  the  power  supplied  to  the  secondary  circuit.  Hence, 
the  slip  in  per  cent,  is  equal  to  the  percentage  copper  loss  in  the 
secondary  winding,  and  can  be  represented  in  a  similar  manner  to  that 
shewn  in  Fig.  157.     The  construction  is  as  follows  : 

Draw  the  loss-line  V«  =  0  for  the  loss  V2  =  I\r^  and  the  power-line 
W  =  0  for  the  power  fr  supplied  to  the  secondary  circuit.     Since,  as 

we  have  shewn,  the  secondary  current  /«  is  proportional  to  PqP,  the 
loss-line  V2  =  0  is  tangent  to  the  circle  at  the  no-load  point  P0. 

The  power-line  W  =  0  passes  through  the  no-load  point  P0,  since  at 

Y 

this  point  W-I\  -  =  0  (because  1^  =  0),  and  through  the  point  on  the 

s 

circle  for  which  s=oo.     Since  this  latter  point  cannot  be  determined 

experimentally,  we  will  employ  the  following  approximation : 

The  line  V^O  for  the  primary  copper  loss  I*rx  is  identical  with 
the  loss-line  Vjr  =  0.  Neglecting  the  iron  losses  at  shortnurcuit,  we 
have  this  equation  for  the  short-circuit  point, 

Hence,  if  we  draw  a  line  PKC  through  the  short-circuit  point  parallel 
to  the  loss-line  Vj  =  0,  i.e.  a  perpendicular  to  the  line  OM,  this  line  is 


Pio.  162.— Load  Diagram  of  the  General  Transformer. 

divided  by  the  abscissa  axis  (W,=0)  and  the  power-line  (W  =  0)  in 
the  ratio  fprl :  W.     That  is,  from  Fig.  162  we  have 


PKC     Wx         l\rK            r. 

P,l>     W     I\r*-I\r,    rt-n 

Substituting 

r,~ri+r2, 

we  have 

PJ>_U 
DC     r' 

n 
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Hence  we  can  find  the  power-line  W  =  0  by  drawing  a  line  PKC 


r& 


perpendicular  to  OM  and  dividing  it  at  the  point  D  in  the  ratio  -2. 


ri 


The  line  PJD  is  then  the  power-line  W  =  0. 

The  slip  st  or  the  percentage  secondary  heating  loss,  is  now  read  off 
from  the  diagram  by  the  point  of  intersection  of  the  ray  from  P0  and 
a  line  parallel  to  W  =  0. 

Drawing  the  image  Pm  of  the  point  PK  in  the  continuation  of  PqM, 

the  slip  can  be  measured  by  PQF,  where  F  is  the  point  where  PmP 
produced  cuts  the  loss-line  V?  =  0.  The  scale  of  slip  on  the  loss-line 
can  best  be  found  by  determining  the  slip  for  any  load-point  by  the 
first  method  and  marking  off  the  value  on  the  loss-line  V2-0.  This 
construction  for  reading  off  the  slip  is  clearly  correct,  since  the  two 
triangles  P^P^F  and  P0(tH  are  similar. 

The  second  method  for  determining  the  slip  s  is  accurate  and 
convenient  for  small  slips. 


CHAPTER  XL 


ALTEBNATINO-CUBRENTS  OF  DISTORTED  WAVE-SHAPE. 


50.  Pressure  Curves  of  Normal  Alternators.  60.  Fourier's  Series.  61.  Analytio 
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Wave-Shape.  67.  Form  Factor,  Amplitude  Factor  and  Curve  Factor  of 
an  Alternating-Current. 

59.  Pressure  Curves  of  Normal  Alternators.  In  the  preceding 
chapters  we  have  dealt  only  with  alternating-currents  whose  wave- 
shape is  a  sine  curve.  Strictly  speaking,  such  currents  are  seldom  met 
with  in  practice,  for  modern 
alternators  would  become 
much  too  expensive,  if  they 
were  required  to  generate 
purely  sinusoidal  currents 
with  all  kinds  of  load.  Con- 
sequently, we  have  to  be 
contented  when  the  wave- 
shape only  deviates  by  a 
certain  specified  amount 
from  a  pure  sine  curve. 

Some  15  years  ago,  the 
question  of  the  best  shape 
of  pressure  curve  was 
much  discussed  in  techni- 
cal circles.  Some  main- 
tained that  the  peaked 
curve,  as  shewn  in  Fig.  172, 
p.  199,  was  the  most  favour-        «,«,«,  -  A1A      .    _^i_  „     ,_, 

Si*.  »  .  Fio.  168. — Diagram  of  Alternator  with  Revolving 

able  for  transformers,  since  Armature. 

for  a  given  effective  pressure 

the  hysteresis  loss  is  then  a  minimum,  and  the  efficiency  consequently 

a  maximum.     This  is,  however,  doubtful,  because  every  deviation  of 
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the  current  from  a  aine  wave  leads  to  an  increase  of  the  eddy  losses  in 
hoth  iron  and  copper.  Others,  on  the  contrary,  maintained  that  the 
peaked  curve  placed  the  greatest  strain  on  the  insulation,  since  for 
a  given  effective  pressure  this  curve  shape  has  the  largest  amplitude. 
Although  many  investigators  at  that  time  characterised  this  objection 
as  groundless,  it  is  nevertheless  upheld  nowadays.  For  lighting  pur- 
poses, the  flat-shaped  curve  (Fig.  172c,  p.  199)  was  held  to  be  the  best, 


since  in  this  case  the  current  remains  longest  in  the  neighbourhood 
of  its  maximum,  and  therefore  yields  a  steadier  light. 

At  the  present  day,  however,  such  opinions  are  rarely  advanced,  the 
prevailing  opinion  being  strongly  in  favour  of  the  sinusoidal  pressure 
curve.  In  modern  generators  the  greatest  deviation  from  the  funda- 
mental is  usually  limited  to  3  to  5  %.  In  Fig.  31  it  was  shewn  how  a 
purely  sinusoidal  pressure  wave  can  be  generated.  The  construction 
of  such  a  generator,  however,  is  very  uneconomical.  In  order  to  employ 
a  strong  magnetic  field,  it  is  necessary  to  bed  the  winding — in  which  the 
current  is  to  be  induced — in  iron,  as  shewn  diagrammatically  in  Fig.  163. 
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This  winding  is  fixed  on  a  laminated  armature  and,  in  the  case  before 
us,  rotates  in  a  multi-polar  field.     The  current  is  led  off  by  means  of 


Pio.  I8B.— Dtag™ 


slip-rings  and  brushes.  Fig.  164  is  a  photograph  of  such  an  alternator 
with  rotating  armature.  It  is  also  possible,  however,  to  have  the 
armature  fixed  and  let  the  magnets  rotate— in  which  case  we  get 


the  arrangement  in  Fig.    165,  a  photograph  of   which   is  shewn   in 
Fig.  166.     The  exciting  current  is  led  to  the  magnet  coils  through 
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slip-rings.  In  this  arrangement,  which  is  especially  adapted  for 
the  production  of  high-pressure  currents,  the  stationary  armature  is 
also  referred  to  as  the  stator. 

The  pressure  curve  of  these  generators  depends  firstly  on  the  shape 
of  the  pole-shoe,  and  secondly  on  the  armature  winding.  If  this  latter 
is  concentrated  in  one  large  closed  slot  per  pole,  the  pressure  curve 
will  have  the  same  shape  as  the  field  curve.  This  is  represented  in 
Figs.  167a,  b,  c  for  different  kinds  of  loads.     It  is  of  especial  interest  to 


Fio.  107.— Field  Curve*  of  Alternator,  (a) 
At  No-load;  (6)  with  Non-inductive  Load; 
(c)  with  Inductive  Load. 


Fig.  1G&— Pressure  Curve*  of  Alternator, 
(a)  At  No-load ;  (6)  with  Non-inductive  Load ; 
(c)  with  Inductive  Load. 


note  the  deviation  of  the  curve  at  non-inductive  load  from  that  taken 
at  no-load.  The  no-load  curve  is  symmetrical,  whilst  the  curve  taken  on 
load  is  distorted.  This  distortion  is  of  course  caused  by  the  armature 
current,  which  reacts  on  the  inducing  field,  and  the  difference  represents 
the  armature  reaction.  If  the  armature  winding  is  distributed  in 
several  slots,  the  pressure  curve  will  no  longer  follow  the  field  curve, 
but  will  approach  a  sine  wave,  as  is  clearly  seen  from  Fig.  168.  These 
curves  were  taken  on  the  same  machine  and  under  the  same  conditions 
as  the  above — except  that  the  pressure  of  the  whole  winding  was  taken, 
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whilst  the  pressures  shewn  in  Fig.  167  were  taken  from  a  single 
concentrated  coil. 

These  last  curves  (for  a  distributed  winding)  are  typical  of  the 
pressure  curves  of  modern  alternating-current  generators,  and  it  is 
clear  that  they  deviate  very  little  from  sine  waves. 

60.  Fourier's  Series.  As  we  have  just  mentioned,  in  practice  we 
have  to  deal  with  alternating-currents  whose  momentary  values,  as 
functions  of  time,  do  not  vary  after  a  sine  law,  but  according  to  some 
other  periodic  functions.  In  order  to  be  able  to  carry  out  accurate 
calculations  with  such  currents  in  a  simple  manner,  it  is  best  to 
analyse  such  a  pressure  curve  into  a  sum  of  sine  functions  of  different 
frequencies.  Ine  sine  function  possessing  the  lowest  frequency  is 
called  the  first  harmonic  or  the  fundamental,  and  all  other  sine  functions, 
whose  frequencies  are  multiples  of  that  of  the  fundamental,  are  called 
higher  harmonics.  Since  Fourier  was  the  first  to  shew  that  every 
periodic  function  can  be  analysed  into  a  series  of  sine  functions,  such 
series  are  generally  termed  Fourier's  Series. 

Before  proceeding  to  deduce  the  same,  however,  we  shall  first  quote 
a  few  integration  formulae  which  will  afterwards  be  needed. 

These  are  as  follows : 

+,  (0  when  m$n, 

sin  mx  sin  nx  dx  =  \  0  when  m  =  n  =  0, 

it  when  m  =  ?i>0,, 

where  m  and  n  are  any  positive  integers. 

Further,  I      cosmxsinnxdx^O (HO) 


n: 


<••••••. •(!  \J*rj 


and  I      cos  mx  cos  nx  dx  = 

-IT 


7r  when  m  =  w>0, 
0  when  mjn. 


on) 


In  the  interval,  -  ir  to  +  ir,  let  f(x)  be  any  continuous  single- valued 
periodic  function ;  we  can  then  express  the  same  by  the  following 
series — known  as  Fourier's  Series : 

f(x)  =  a^  cos  x  +  bx  sin  x  +  a2  cos  2x  +  b2  sin  2x 

+  ...  +  an  cos  nx  +  bn  sin  nx  + 

The  constant  coefficients  aJ9  a2,  a3 ...  and  bl9  b2,  b3...  are  determined 
by  multiplying  both  sides  of  the  equation  by  cos  (nx)dx  and  integrating 
from  -ir  to  +ir,  whereby  all  terms  on  the  right  vanish  except  one. 
Thus,  we  get 

I     f(x)  cos  nx  dx  -  a„  I      cos2  (nx)  dx  =  a„ir 

J  -V  J  -IT 

lf+ff 

or 


1  f +* 

an—  -  I     f(x)  cob  (nx)dx. 
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Similarly,  multiplying  all   through   by  Bin  (nx)d&  and  integrating 
between  -  xr  and  +  tt,  we  get     - 

1  f+ir 
bn  =  -  I     f(x)  sin  (nx)  dx. 

J  -IT 

These  two  expressions  for  an  and  bn  can  be  somewhat  transformed  if 
we  integrate  first  from  -  v  to  0  and  then  from  0  to  +  ir,  as  follows : 

1  f+ir 
aw  =  -  I     f(x)  cos  (nx)  dx 

=  -  ■!  I     f(x)  cos  (nx)  dx  +  I     f(x)  cos  (?ix)  ffo  >» 
In  the  first  integral  put  x  =  -  y ;  then 

I     f(x)  cos  (nx)dx=\     f(-y)co*(-ny)d(-y) 

=  1  f(-y)<x>s(ny)dy 


or  I      /(se)  cos  (wa?)  <fc  =  I  f(-x)  cos  (nx)  ffo, 

and  we  get  an  =  -  I    [f(x)  +/( -  a;)]  cos  (nx)  dx. 

w  Jo 

ft»  =  ^  1    [/(*) "/(  "  *)! sin  ^  dx- 


Similarly, 


Example  I.     Find  the  value  of  i  when  the  function  i  ==/(<«>/)  traces 
out  the  rectangular  curve  represented  in  Fig.  169. 


Time 


Flu.  169.— Rectangular  Alternating-Current  Curve. 

From  <at  =  0  to  (at  =  7r,  t  =  /,  and  from  a>/  =  0  to  tut  =  -  ir,  t  =  -  /. 

1  f+,r  1  f* 

Then,  an  =  -  I      t  cos  ?iw/  c?(oi/)  =  -  I    [/  +  (-/)]  cos  two/  d(<ot)  =  0 
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and 


1  f+,r  1  f* 

K  -  -  I      *  siu  n<ot  d(<ot)  =  -  I    [I -(-I)]  sin  iud  d(a>t) 


Hence 


0  when  n  is  even, 

41 

—  when  n  is  odd. 


4/  Tsin  wtf     sin  3w/     sin  5o>/             sin  tuu/ 
*«  —  I— —  +  — « — + — = —  +  ...  + + 


«■  L   i 


n 


. . .  I ' 


Example  II.     Find  the  value  of  i  when  the  function  i=/(wf)  traces 
out  the  triangular  (saw-tooth)  curve  shewn  in  Fig.  170. 


Time 


Fio.  170. — Triangular  Alternating-Current  Curve. 


7T  2 

From  o*/=     0toa>tf=     -j,     t=      -/(<«>£) 

„       urf  =      0    „    id  =  -  -,      i  —  —  I  (id) 


TT  2 

„      od  =      -  „    u>/  =     TT,     i  =      -I(ir-iot). 


„      cutf=  -  -   „    <i>£=  -tt,     i= I(ir-<ot). 

2  7T 


Accordingly, 


COS  71(1)1  eft 


i  r*. 

=  -  ■!  I    [/ci>/  +  (-/ a>tf)] cos nu)td((d) 
*  Uo 

+ r  v(*  -  **> + { -  ^  -  w0}]  c°s  ntat  rf<«o )  -  ° 
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1  f+lr 

and       £w  =  -l      i  sin  7itotd  (tot) 

2  f i 

=  —  I    [I  o>t -(-I  tot)]  sin  mot  d  (<ot) 

*  Jo 

+  — g  I    [H*  -tot)-  {-  7(7T  -  tot) } ]  sin  nut  d(tot). 
J* 

If  we  put  <ot'  =  IT  -  Oltf, 

then  the  last  integral  becomes 

+  ~  I    (I  to?  +  7  a/)  sin  (wir  -  ?to>tf')  d(a)/'). 
w  Jo 

For  all  even  values  of  n, 

sin  (rnr  -  ntotf )  =  -sinnw^, 
and  for  all  odd  values  of  n> 

sin  (rnr  -  ?wi>^)  =  sin  iuot\ 
Consequently,  we  get 

ftw  =  -5  I    21  tot  sin  ntot  d (tot), 
*  Jo 

when  n  can  only  be  an  odd  number ;  thus 

,       87  f                    .     sin  ntot]? 
on  =  -=- {  -tot  cos  ntot  + > 

v  '  o 

TT2        7&2 


i.e. 


,      87      .  87  1 

°!     ir2'     °s         ,r2   9' 

,   _87  1        /  87  1 


Hence  '  -  —  /8*n  ^     s*n  ^      81n  ^w*      s*n  ^  \ 

l'^  \~T  9~~  +   "25  l9~"+,,"J" 

In  this  example  not  only  the  cos  ntot  terms  vanish,  but  also  the  terms 
sin  ntot,  for  which  n  is  even. 

This  latter  property  is  common  to  every  curve  whose  two  halves  with  respect 
to  the  abscissa  axis  are  symmetrical,  i.e.  when  the  two  halves  coincide 
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when  placed  one  above  the  other,  as  in  Fig.  171.     Or,  considering  the 
expressions, 


1  f +w  1  f+ir 

a„=-|     f(z)coBnxdz=>- 1      [f (z)  +  f  (z-ir)  cob  nir]  cos  nxdx 

1  C+w  1  f* 

and      6,,  =  —  I      f(z)  sin  nz  dx  =  -  I    [/(a;)  +/(s  -  ir)  cos  wr]  sin  nx  dz, 


Fie.  171.— Symmetrical  Curve  with  respect  to  Abscissa-axis. 

we  see  for  all  even  values  of  n,  since  cosxr=  +1,  that  an  =  0  and  bm  =  0, 
provided  that  /(»)- -/(*-r). 

In  practice,  nearly  all  curves  have  this  property;   hence  we  can 
always  omit  those  terms  whose  frequency  is  an  even  multiple  of  that 


!slnu)t 


l(sino)t-l3in3u>U 


J  sin3iot) 


Flu.  172.— Effect  of  Third  Harmonic  on  Wave-shape. 
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of  the  fundamental.     An  exception  is  the  pressure  curve  of  homopolar 
machines,  which,  however,  are  seldom  used. 
Considering  again  the  expression 

1  f+*  1  f+* 

an  =  -  I     f(z)  cos  nx  dx  =  -  I      [f(x)  +/(  -  x)]  cos  nx  dx> 

we  see  that  an  is  always  zero  when 

i.e.  an  vanishes,  and  consequently  all  the  cosine  terms  of  the  series 
vanish,  when  the  pressure  curve  is  symmetrical  about  the  origin. 


Isinwt 


-ish5wt) 


I(sinwl*Bsin5wl) 


Fio.  173. — Effect  of  Fifth  Harmonic  on  Wave-abftpe. 

The  curves  in  Figs*  172  and  173  shew  the  influence  of  the  higher 
harmonics  on  the  shape  of  a  curve.  Pressure  curves  similar  to  those 
shewn  in  Figs.  172  and  173  occur  frequently  in  practice. 

61.  Analytic  Method  for  the  Determination  of  the  Harmonics  of 
a  Periodic  Function.  If  we  are  given  a  periodic  curve  taken  by 
experiment  (either  by  the  point  by  point  method  or  by  an  oscillograph) 
and  wish  to  analyse  the  same,  it  is  not  possible  as  a  rule  to  express  it 
by  means  of  a  finite  series,  so  that  the  above  method  cannot  1x3  used 
for  determining  the  amplitudes  a„  and  bn. 

If   the  curve  is   taken   by   the   point  by   point  method   and    2m 
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momentary  values  have  been  measured  at  equidistant  points  in  the 
whole  period  2*r,  then  we  start  from  the  equation 

i= ax  cos  id  +  bx  sin  id  +  a8  cos  3a>/  +  b3  sin  3orf  +  ... 

and  apply  the  Principle  of  the  Least  Squares,  whereby  the  constants 
an  and  bn  must  be  so  determined  that  (ieakaiated  -  *  moored)2  is  a  minimum, 
i.e.  we  must  have 

d(*  calculated  ~~  ^maaaurad)    _ /v 
and  ^  calculated  ~~  *  meaaorad)    __  r\ 

ft 

and  we  get  just  as  many  linear  equations  as  there  are  unknowns. 
Denoting  the  2m  measured  values  by  tj,  t2,  i$  ...  i^,  then 

2(.        27r.47r.67r  2(m-l)7r     .  1 

«!=      <  U  COS  _  -  +  t2COS  -     +  t- COS  h      +  ...+tm>iCOS— ^— ^ ^ lm  V, 

1     m  [  *       2m      J       2m     ^       2m  m  '  2m  mJ 

.       2f.    .    2tt      .    .    4tt     .    .    6tt  .    2(m-l)7rl 

1    mp       2m      2       2m      8       2m  m  2  2m      J 

and  in  general 

2f .  2tt      .  4ir  6tt  2(m-l)7r    .  1 

a„  =  --{i1cos»0    +i«coann    +  *3cosn0-  +  ...  +*»_iCOsn— ^ — - — imh 
m[l         2m     *         2m     s         2m  m  2m  "*J 

,       2f.    .      2tt     .    .       4tt     .    .       67r  ,  .        .      2(m-l)ir\ 

bn  =  -{  u  sin  n0-  +  u  sm  7i_  -  + 1«  sin  w-  _  -  +  . . .  +  t_  ,  sm  n—  rt      ^    J-. 
m  [  *         2m      i         2m      3         2m  m  *  2m      J 

In  order  to  impress  this  method  more  clearly  on  the  memory,  its 
mathematical  derivation  can  be  considered  from  the  following  physical 
conception,  more  familiar  to  electrical  engineers. 

An  E.M.F.  efl  =  co8ww/  is  induced  in  a  circuit  carrying  a  current 
represented  by  the  curve 

i= a^  cos  id  +  bx  sin  W  +  a3  cos  3tot  +  bs  sin  3<otf  +  . . . , 

in  which  we  require  to  find  the  «th  harmonic  of  the  cosine  terms.  All 
the  current  harmonics  must  be  wattless  with  the  exception  of  that  we 
are  considering  (the  71th),  and  the  mean  power  is 

On  the  other  hand,  the  mean  power  is  given  by 


If  1  f T 

^»=  ml  enidt=rj\  i cos watdt 


=  mean  value  of  (i  cos  root). 
Hence  aH  =  2  x  mean  value  of  (i  cos  md), 

and  similarly,  bn  =  2  x  mean  value  of  (i  sin  mot). 
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This  is  the  same  result  as  that  just  obtained  in  another  way. 
If  we  take,  for  example,  2m  =  24,  then  the  calculation  can  be  carried 
out  in  the  following  tabular  form : 


Experi- 
mentally 
Determined 

Coefficients  for  Determining  the  Amplitudes. 

Momentary 
Values. 

<h 

*i 

<h 

h 

*» 

h 

«7 

h 

• 

0*966 

0-259 

0-707 

0-707 

0*259 

0*966 

-0*259 

0*966 

*2 

0  866 

0-5 

0 

1*0 

-0-866 

0*5 

-0-866 

-0*5 

*3 

0707 

0-707 

-0-707 

0*707 

-0-707 

-0*707 

0*707 

-0*707 

• 

u 

05 

0-866 

-1*0 

0 

0*5 

-0*866 

0*5 

0*866 

H 

0*259 

0*966 

-0*707 

-0*707 

0*966 

0*259 

-0*966 

0*259 

• 

»6 

0 

1*0 

0 

-1*0 

0 

1*0 

0 

-1*0 

• 

-0-259 

0*966 

0*707 

-0*707 

-0-966 

0*259 

0*966 

0*259 

H 

-05 

0*866 

1*0 

0 

-0-5 

-0*866 

-0*5 

0-866 

H 

-0-707 

0-707 

0*707 

0*707 

0-707 

-0*707 

-0*707 

-0*707 

«iq 

-0-866 

05 

0 

10 

0*866 

05 

0*866 

-0*5 

hi 

-0-966 

0-259 

-0707 

0*707 

-0*259 

0*966 

0-259 

0*966 

ha 

-1-0 

0 

-1*0 

0 

-1*0 

0 

-1*0 

0 

In  the  first  column  are  the  experimentally  determined  momentary 
values,  taken  15°  from  one  another.  In  the  second  column  are  the 
cosine  values,  by  which  il9  i2 ...  to  im  must  be  multiplied  in  order  to 
find  a, ;  in  the  third  column  are  the  sine  values,  by  which  tj,  i2,  etc., 
must  be  multiplied  in  order  to  find  bx ,  etc. ;  in  the  next  columns  are 
the  coefficients  for  determining  as,  bs,  a5,  bb  and  a*,  b7. 

It  has  here  been  assumed  that  the  given  curve  is  symmetrical  about 
the  abscissa  axis,  whence  ij=  -im+J,  i2=  -*»+2>  *nd  so  on.  If  this  is 
not  exactly  the  case,  the  mean  value  between  L  and  im+1  must  be  taken 
in  order  to  get  iY.  Further,  for  symmetrical  curves,  the  origin  can 
always  be  chosen  so  that  im  =  0. 

62.  Graphic  Method  for  the  Determination  of  the  Harmonics  of  a 
Periodic  Function.  Instead  of  the  above  analytic  method,  we  can  also 
proceed  graphically,  which  is  especially  convenient  when  the  whole 
curve,  and  not  only  a  few  points  on  it,  is  at  hand.  An  example  of 
such  a  method  is  that  given  by  Houston  and  Kennelly,  EL  World,  1898, 
which  depends  on  the  following  theorem : 

"  If  an  odd  number  w  of  half  waves  of  a  sine  wave  are  divided  into 
p  sections  by  p  vertical  lines  equidistant  from  one  another,  then,  when 
p  >  1  and  p  and  w  have  no  common  factor  greater  than  unity,  the  sum 
of  the  areas  in  the  odd  sections  equals  the  sum  of  the  areas  in  the  even 
sections."  In  the  summation,  all  surfaces  above  the  zero  line  are 
taken  as  positive  and  below  as  negative. 

To  prove  this  theorem,  divide  the  abscissa  axis  of  the  sine  curve 
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from  x  to  x  +  w*  into  p  equal  parts,  draw  the  ordinates  through  these 
points,  and  find  the  area  of  each  section  (see  Fig.  174). 

sin  xdx  =  cos  a  -  cos  /). 


. 


Now  find  the  sums  of  the  areas  of  the  even  and  uneven  sections,  and 


Fid.  174. 


equate  the  difference  of  these  two  sums  to  zero;  thus  the  following 
expression  F  must  equal  zero : 


-r  =  co8&-2cos(a;+  —  )  +  2cos(a;+2  — 

\       P  J  \         P 


wir\ 


=  COS« 


wir\ 


-  ...  +  2  cos  \  x  +  {p-  1) —  \  -  cos  (a;  +  wir) 

«  /         W*\       n  /         ftW* 

-2cos(a:  +  -    )  +  2cos(a;+2  — 
\       P  J  \         P 

^  «        /       0-1    W*r\ 

-  ...±2cos(»+ -  ~--  •  — 1  +  cosa; 

V         2       p ) 

-  2  cos  (a J  +  2  cos  fa;  -  2  —  J 


=  2  cos  x 


--±a"»\*-2T) 


2  cos  w  -  +  2  cos  2w  —  . . .  ±  2  cos 

WW 


p-l  wir} 

"2~y/ 


Multiply  both  sides  by  cos  —  ;  then,  applying  the  formula 

2p 

2  cos  x  cos  y  =  cos  (a;  +  y)  +  cos  (a;  -  y), 
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all  the  terms  on  the  right-hand  side  except  the  last  cancel  out,  so  that 
we  get 


„       unr  /v-l     l\wir 

r  cos  a—  =  2 cos x cos  ['  _ -  +  ~  )  — 

V    2        2/  p 


=  2  cos  a;  cos  -~-  =  0, 
and,  since  p  and  w  have  no  common  factor  greater  than  unity, 

On  the  other  hand,  if  w  =p,  and  we  commence  to  divide  the  wave  at 
a  point  where  it  passes  through  zero,  so  that  x  =  0,  then 

F=2P, 

i.e.  equals  p  times  the  area  of  a  half  wave,  which  can  also  be  seen 
directly  from  Fig.  174. 

From  this  theorem  we  get  the  following  rule : 

A  wave-line,  representing  graphically  a  semi-period  of  an  alternating- 
current,  can  be  expressed  by 

ax  cos  x  +  bx  sin  x  +  a3  cos  3x  +  bs  sin  3x  + 

In  order  to  find  the  coefficient  bn  of  the  sine  terms,  starting  from 
zero,  we  divide  the  half  wave-length  into  n  equal  parts  and  determine 
— by  some  means  or  other — the  difference  F  between  the  sums  of  the 
even  and  the  odd  area-sections. 

Then,  since  F  equals  the  mean  ordinate  of  the  sine  wave  of  amplitude 

bn  times  t,  i.e.  equals  bn  •  -  t,  we  get 

IT 

&„=-2-. 

where  r  equals  half  the  wave-length  of  the  given  wave. 

To  find  the  coefficients  an  of  the  cosine  terms,  we  must  again  divide 
the  half  wave-length  into  n  equal  parts,  but  we  must  now  start  at  a 

quarter  wave-length  from  the  zero  of  the  71th  harmonic,  i.e.  at  — - 

of  the  interval  of  the  given  half  wave.  In  other  words,  the  dividing 
lines  for  the  coefficients  a  lie  midway  between  those  for  the  coefficients  b. 
Then,  as  above,  we  get  from  the  difference  Fx  of  the  sums, 

irFl 
2t 

This  method  is  not  strictly  correct,  since  in  the  surfaces  measured 
for  one  harmonic  the  surfaces  of  those  harmonics  are  also  included 
whose  frequency  is  a  multiple  of  that  of  the  fundamental.  This 
inaccuracy  therefore  occurs  as  soon  as  we  come  to  the  ninth  harmonic. 

The  surfaces  can  be  measured  with  a  planimeter.  In  order,  however, 
to  obtain  greater  accuracy,  the  following  device  may  be  used :  the 
areas  of  the  given  polygons  ABC  J)  A  and  ABODE  A' A  (Fig.   175), 
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which  have  to  be  measured,  are  divided  into  equal  even  and  odd 
sections,  which  can  be  omitted  without  further  ado,  so  that  only  small 
surfaces  remain  to  be  measured;  these  are  traversed  in  the  proper 
sense  with  the  planimeter,  and  the  result  can  at  once  be  read  off. 


r-W 


Fio.  175.—  Determination  of  Areas  for  finding  Third  Harmonic. 

In  Fig.  175  the  surfaces  F  and  Fx  are  obtained  directly  by  means  of 
a  planimeter  when  we  trace  out  the  small  areas  /,,  /2,  /s  and  /J,  fi9fi 
respective^  in  the  direction  indicated  by  the  arrows,  since 

F-A-A+f,    and    F^A-A+A- 
After  the  coefficients  Og,  aa,  a7 ...  b9,  b5,  b^ ...  of  the  harmonics  have 
been  found  in  this  way,  we  can  also  determine  the  coefficients  aY  and  6, 
of  the  fundamental,  by  taking  the  planimeter  over  the  whole  surface, 

in  the  one  case  starting  from  x  =  0  and  in  the  other  z  =f  L     To  obtain 

a,  and  bu  however,  we  must  not  directly  substitute  the  surfaces  F 
and  Fl  as  measured  in  the  formulae  for  an  and  bHi  since  in  addition  to 
the  area  enclosed  by  half  a  wave-length  of  the  fundamental,  there  is  also 
measured  the  sum  of  the  areas  of  all  the  harmonics  within  this 
half  wave-length,  . 

5> 


2t 


TTIl 


consequently, 


0l~  2"r"Vn' 
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Similarly,  we  get      <h  -  -  ^  -  2  \  cos  (n  "  l )  | 

"      2t      3      5+7      "'" 

In  Fig.  176  the  current  curve  of  a  homopolar  alternator  is  shewn. 
This  curve  has  been  analysed  by  both  of  the  above  methods.     In  the 


7.Ha/m. 
Fig.  176.— Analysis  of  Experimental  Curve  Into  Its  Harmonics. 


analytical  method,  the  distance  2r,  corresponding  to  360°,  has  been 

divided  into  24  parts ;  thus  one  division  equals  ^  =  15°.    The  equation 
found  in  this  way  is 


2m 


i  =  -  3*7  cos  tat  +  99*9  sin  *)t  +  2*96  cos  3<ot 

-  3*54  sin  3o>t  +  2*57  cos  5uf  -  12-8  sin  5w/ 

-  1  -73  cos  7  W  +  5*46  sin  7o>/. 

These  harmonics  are  also  shewn  in  Fig.  176. 

The  equation  found  by  the  graphical  method  is  approximately  the 
same,  thus 

i  =  -  3-82  cos  U  +  99-2  sin  (at  +  2-94  cos  3W  -  3-29  sin  3a>/ 
+  2-38  cos  5W  -  13-4  sin  5<d  -  1  -98  cos  7<d  +  5*79  sin  7<o/. 

We  thus  see  that  the  latter  method  is  correct  within  one  per  cent 
of  the  amplitude  of  the  fundamental  wave. 

In  drawing  out  the  curve  of  the  equation  found  analytically,  the  sine 
and  cosine  terms  of  each  harmonic  have  been  combined  and  set  off  in 
their  proper  position  with  respect  to  the  other  waves.     The  amplitude 
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in  and  the  phase  angle  <£n  of  such  a  combined  wave  are  found  as 
follows: 

an  cos  nut  +  bn  sin  ruri  =  *Ja2H  +  b2H  sin  (mat  +  tan"1  -  •  j 

=  i.  sin  (nttf  +  <k), 
where  an  =  iw  sin  <f>n 

and  ^n  —  **008^- 

By  this  means,  we  get  for  the  equation  of  the  curve  (Fig.  1 76) 

i  =  100  sin  (W  +  358°)  +  4-61  sin  (3<ri  +  140°) 

+  1305  sin  (5o>/  + 169°)  +  5*71  sin  (7arf  +  342°-5). 

63.  Alternating-Ourrents  of  distorted  Wave-Shape.  In  Chapter  II., 
we  saw  that  when  a  varying  pressure  p  acts  at  the  terminals  of  a 
circuit  containing  ohmic  resistance,  self-induction  and  capacity,  we 
have,  from  KirchhofFs  Second  Law, 

Tdi     1  f.  j. 

p=n^Ldt+cydt 

\d_p_dH     rdi    J^ 

Further,  we  saw  that,  with  constant  r,  L  and  6V,  a  sinusoidal  pressure 
always  produces  a  sinusoidal  current  of  the  same  frequency. 

Since  the  pressure  equation  is  linear,  the  law  of  superposition  can 
always  be  applied.  And  since  the  pressure  always  has  the  same 
frequency  as  the  current  it  produces,  it  is  obvious  that  each  pressure 
harmonic  of  any  pressure  wave  produces  a  current  at  its  own  frequency, 
independently  of  all  other  harmonics. 

Thus,  when 

P=Pi+Pt+Ps+- 
=s^im««nH  +  ^)  +  Am.x8in(3^  +  ^3)+..., 
then 

i  =  i1  +  t8  +  tB+... 

V-(-*-i)   l  u     )s 
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Or,  we  can  write 

*  =  ^inu«sin  (id  +  ^  -  ^)  +  /8lnM  sin  (3a>*  +  f3  -  <f>8) 

+  ...+/„«u*8in(7iW  +  ^--<k),  (112) 

where  the  amplitude  of  the  n*  current  harmonic  is 

/       = jPwm>*  (113) 


and 


*-«--e?-«f) <u4> 


The  phase  displacement  <£n  of  the  ntt  harmonic  is  positive,  zero  or 
negative,  according  as 

7Wtf.L  = 7j 

>      1 

or  71  = — T=. 

From  this  we  see  that  each  harmonic  of  the  pressure  wave  produces 
its  own  current,  and  further,  from  the  law  of  superposition,  all  these 
currents  are  entirely  independent  of  each  other. 

The  amplitudes  of  the  currents  do  not  all  bear  the  same  relation  to 
the  amplitudes  of  the  pressure  harmonics,  since  the  impedance  of  the 
?ith  harmonic  „  # = — r^ 

j^-j+  +  (~L-Zz)-. <"»> 

depends  on  the  value  of  n.  Further,  the  phase  displacement  <f>n  is  also 
a  function  of  ft,  so  that  resonance  cannot  occur  at  the  same  time 
with  more  than  one  harmonic.  Since  this  phenomenon,  however,  is 
frequently  due  to  the  higher  harmonics,  it  is  not  sufficient  to  consider 
resonance  with  regard  to  the  fundamental  alone,  especially  where 
capacity  is  present  in  the  systems. 

Since  the  relations  between  a  pressure  and  its  current  are  different 
for  every  harmonic  both  as  regards  magnitude  and  phase,  the  current 
curve  is,  as  a  rule,  quite  different  in  shape  from  the  pressure  curve. 
We  will  now  shortly  investigate  the  influence  of  rt  L  and  C  on  the 
shape  of  the  current  curve. 

Consider  first  the  simplest  case,  when  the  circuit  contains  only 
ohmic  resistance,  then 

/«n*x  =  %^     and     *„-(>, 

i.e.  the  current  curve  has  exactly  the  same  shape  as  the  pressure  curve 
and  is  in  phase  with  it.  This  can  also  be  seen  directly  from  the 
differential  equation,  since  p  =  ir. 
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If,  on  the  other  hand,  the  circuit  contains  both  resistance  and  self- 
induction,  then 

J«ma*  =  7=7^=     and     ^tan""1  —  . 
Hence  the  greater  the  value  of  n,  the  smaller  will  be  ^»m»*  and  the 

.    ...  u 

*  it  max 

greater  <£B,  that  is  to  say,  the  higher  harmonics  are  not  so  pronounced 
in  the  current  curve  as  in  the  pressure  curve,  when  the  circuit  contains 
ohmic  resistance  and  self-induction.  Thus  the  self-induction  has  the 
effect  of  making  the  current  curve  more  nearly  a  sine  wave. 

On  the  contrary,  when  the  circuit  contains  resistance  and  capacity, 
we  have  p  /        1    \ 

(nwC)* 

The  higher  harmonics  are  now  more  prominent  in  the  current  curve 
than  in  the  pressure  curve,  and  the  current  curve  may  become  very 
greatly  distorted,  when  there  is  sufficient  capacity  in  the  circuit. 

64.  Power  yielded  by  an  Alternating-Current  of  distorted  Wave- 
shape. The  power  of  an  alternating-current  of  any  given  wave-shape 
can  be  expressed  by  the  rate  at  which  it  develops  heat  in  a  resistance, 
thus: 


ft  max 


Vr*+ 


If 


^,1  firdt. 


I 


-w 


Putting  i  =  Ix  lMX  sin  (<ot  +  ^  -  <£a)  +  73  IIUkX  sin  ( 3w*  -f  f 3  -  <f>3)  +  . . . 
and  remembering  that 

.+ir  f  0  when  m^n, 

sin  mx  sin  nx  dx  =  \  0  when  m  =  n  =  0, 

[  7r  when  m  =  n>0, 

we  see  that,  in  the  integration  of  t?dt,  only  those  terms  of  i2  which 
contain  a  sine  squared  yield  a  result  differing  from  zero,  and  we  get 

ml    *  r  ***  —  o  \  ■*  1  max  +  ■*  3inax  +  ■*  5 niaz  +  •  •  •  j  * 

Putting  this  power  equal  to  Th\  as  before,  we  get  for  the  effective 
current, 

=  Jl*  +  fi  +  lt+... (116) 

From  this  it  follows  that  each  harmonic  of  the  current  curve  pro- 
duces its  own  heating  in  the  circuit  independently  of  the  rest ;  that  is, 
the  total  heating  losses  in  the  circuit  equal  the  sum  of  the  heating  losses  dve 
to  the  several  Iiarmonics. 

A.C.  O 
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Similar  to  the  effective  current,  we  can  express  the  effective  pressures: 

=Vp;+>j+pj+.. (in) 

Further,  we  know  that  the  power  developed  by  a  current  is 

If  we  substitute  the  values  of  p  and  t  and  take  the  product,  then  all 
terms  vanish  on  integration  except  those  containing  a  sine  squared, 
and  we  get 

*^=  HPlmMxIl  mix  COS  tf>,  +  P3m«  ^nutx  COS  fa  +  . . . } 

=  P1/1C06<£1+/>8/gC08  4>3  + (H8) 

We  thus  see  that,  with  regard  to  power,  all  the  harmonics  are  inde- 
pendent of  one  another, — each  produces  power  for  itself,  whilst  the 
current  of  one  harmonic  produces  no  effect  with  the  pressure  of  another. 
The  current  of  any  harmonic  is  wattless  with  respect  to  the  pressures  of 
other  harmonics. 

We  have  now  seen  that  all  harmonics  are  in. every  respect  inde- 
pendent of  one  another,  and  the  total  power  is  obtained  by  the 
summation  of  the  powers  of  the  several  harmonics. 

Thus,  each  harmonic  can  be  treated  separately  by  itself,  and  can 
have  all  the  laws  and  graphic  constructions  which  have  already  been 
deduced  applied  to  it. 

If  we  have  a  problem  for  a  pressure  curve  of  given  shape,  we 
analyse  this  curve  into  its  harmonics,  and  treat  each  harmonic  by 
itself  as  in  the  previous  examples.  In  this  way  we  find  the  current 
and  power  of  the  harmonics,  whence  we  get  the  effective  current,  the 
total  power  and  the  efficiency.  In  many  problems  where  graphic 
methods  are  used,  it  is  possible  to  use  with  advantage  separate  parts 
of  the  figure  for  each  harmonic. 

66.  Effect  of  Wave-Shape  on  Measurements. 

I.  Measurement  of  Induction  Coefficients.  In  practice  it  is  often 
required  to  find  the  coefficient  of  self-induction  of  a  circuit  of  compara- 
tively negligible  resistance.  This  is  usually  done  by  sending  an 
alternating-current  through  the  circuit  and  measuring  the  effective 
pressure  and  current.  Since,  however,  we  have  not  always  a  sinusoidal 
pressure  at  our  disposal,  it  is  of  interest  to  investigate  whether  the 
coefficient  of  self-induction  can  be  determined  from  these  two  mea- 
surements with  sufficient  accuracy  when  the  pressure  curve  contains 
harmonics. 
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If  p  =  P,  uiax  sin  {id  +  ^)  +  P3mAX  sin  (3a>/  +  f  3)  +  . . . , 

then      ,-.-?---in(rf  +  ^-^  +  ^rin(8-«  +  ^-^)  +  .... 
The  effective  values  are  then 

and  /-iV^J^  +  i^"- 

By  division,  we  get 

1+9i^  +  25pf+- 

From  this  formula  we  see  that  the  pressure  harmonics  P3,  P6,  etc;, 
must  be  very  large,  in  proportion  to  the  fundamental  PY  for  the  root 
to  differ  appreciably  from  unity.  Hence,  for  practical  purposes,  it  is 
generally  sufficiently  exact  if  we  calculate  the  coefficient  of  self- 
induction  L  from  the  effective  pressure  and  current  as  measured,  thus : 

neglecting  the  shape  of  the  pressure  curve.  If,  for  example,  this  curve 
has  a  third  harmonic,  whose  amplitude  equals  a  third  of  that  of  the 
fundamental  wave,  then  the  quantity  under  the  root  is  0*96.  Thus 
the  error  introduced  by  neglecting  the  correcting  factor  is  but  4  %. 

If  the  ohmic  resistance  of  the  circuit  is  not  negligible,  for  the  above 
formula  (119)  we  must  substitute  formula  (124),  given  on  p.  221. 

II.  Measurement  of  Capacity,  (a)  An  analogous  problem,  namely  the 
determination  of  the  capacity  of  a  circuit  of  low  ohmic  resistance  by 
measurement  of  the  effective  pressure  and  current,  may,  on  the  other 
hand,  give  results  which  are  far  from  exact,  when  the  pressure  curve 
deviates  greatly  from  a  sine  wave. 

If  p  =  P} mM  sin  (o>*  +  ^)  +  P3max  sin  (3o>/  +  f  3)  +  . . . , 

then  i-0<aPlmmxsin((at  +  }fl  +  ^j 

3W  +  f8  +  ^J  +  ... . 
The  effective  values  are 


and  7=0)^^  +  9^+257^+..., 
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whence,  by  division, 


C= 


toP 


1  + 


9@,+35(r:)'+- 


.(120) 


'OTWOOJP— • 


Instead  of  the  factors  — ,  — ,  -^  we  have  now  the  factors  32,  52, 

72,  ...  under  the  root,  which  strongly  affect  the  influence  of  the  higher 
harmonics  on  the  readings. 
For  example,  if  Ps  =  ?Pi, tnen 

Cr=-4v^0:555  =  -4  0-75  and  not  -4- 
tar  taP  <aP 

In  this  case  therefore  it  is  not  sufficient  to  merely  know  the  effective 
values  of  the  pressure  and  current,  but  the  curve  shape  must  also  be 
taken  into  account. 

(b)  This,  however,  can  be  easily  avoided  in  the  following  manner. 

In  series  with  the  capacity  we 
C  r  connect   an   induction    coil    L 

and  a  large  resistance  R,  as  in 
Fig.  177.  The  induction  coil 
must  be  free  from  iron  and 
have  sufficient  stops  to  enable 
us  to  regulate  its  self-induction, 
so  that  its  reactance  xt  —  mL 
approximately  equals  the  capa- 
city reactance  xe  =  —^    We  now 

vary  the  number  of  turns  in  the  induction  coil  until  the  pressure  P  is 
practically  zero.  When  minimum  pressure  occurs,  then  we  know  that 
resonance  is  present,  whence 

!  =  <*!,=*.. 

Of  course,  care  must  be  taken  that  the  resonance  is  due  to  the  funda- 
mental and  not  to  a  higher  harmonic.  We  then  measure  the  coefficient 
of  self-induction  L  for  this  number  of  turns  without  the  resistance  and 
the  capacity  in  circuit,  and  we  get,  with  fair  exactitude, 

r       P. 


P 

<z> 


<Z> 


R 


Pio.  177. — Connections  for  meanuring  Capacity. 


and  from  this 


/. 


0) 


IL    u>P, 


By  this  means  we  eliminate  all  the  disturbing  influences  of  higher 
harmonics  in  capacity  measurements. 
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66.  Resonance  with  Currents  of  distorted  Wave-Shape.  If  a  pressure 
wave  containing  several  higher  harmonics  acts  on  a  circuit,  partial 
resonance  will  exist  under  several  conditions.  This  can  be  best 
illustrated  by  an  example.  Consider  the  circuit  shewn  in  Fig.  178, 
which  contains  chiefly  induc- 
tance and  capacity ;  partial 
resonance  will  be  caused  by 
the  wave  of  frequency  c,  when 
the  self-induction  is  such  that 


nWC 


tL 

■/0000000'> 


Fig.  178. 


Hence,  if  we  vary  L  and  plot  the 

effective  current  /  as  function  of 

the  coefficient  of  self-induction  L,  a  wave-shaped  curve  is  obtained,  as  in 

Fig.  179,  which  is  often  called  the  resonance  curve.    The  curve  shewn  is 

drawn  for  a  pressure  curve  having  the  equation 

p  =  1.00  sin  (tot  +  ^)  +  30  sin  (3wtf  +  ^8) 
+  1.5  sin  (bid  +  ^5)  +  20  sin  (7arf  +  ^7). 

The  frequency  of  the  fundamental  is  c  =  50,  the  resistance  r-b  ohms, 
the  capacity  (7=5#  microfarads,  while  the  inductance  L  was  varied 


m 


0,0$ 


o,n        o,ie        at 

Fio.  170.— Resonance  Curve. 


0,2$  L  Henry 


from  0  to  0*3  henry.  The  maxima  of  the  effective  current  occur  at 
the  different  values  of  L  for  which  resonance  is  present.  The  last  and 
greatest  maximum  is  given  when  resonance  is  due  to  the  fundamental, 
the  next  to  the  third  harmonic,  and  so  on. 
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Fig.  180  shews  the  several  current  harmonics  plotted  as  functions  of 
the  inductance  L.  In  order  to  shew  the  effect  of  the  higher  harmonics 
more  clearly,  the  scale  has  been  made  larger  than  that  of  Fig.  179. 
We  see  that  the  maxima  of  the  several  current  harmonics,  which  occur 
at  resonance,  are  related  to  each  other  in  the  same  way  as  the  amplitude 
of  the  pressure  harmonics.  The  curve  of  resultant  current  is  obtained 
by  geometric  addition  of  the  harmonics.  With  a  larger  inductance  this 
curve  almost  coincides  with  the  fundamental.     With  a  low  inductance, 
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Fi&  180.— Resonance  Curre. 


however,  it  remains  higher  than  this  and  also  higher  than  the 
harmonics.  The  angles  i//,  by  which  the  harmonics  are  displaced  from 
the  fundamental,  clearly  have  no  effect  on  the  resonance  curve. 

It  is,  however,  also  interesting  to  see  how  one  current  curve  passes 
into  the  other  as  the  inductance  of  the  choking  coil  is  altered.  We 
shall  therefore  consider  analytically  the  case  when 

1 
n  =  — ,-  — 

is  an  even  number.  This  condition  lies  directly  midway  between  two 
resonance  conditions,  viz.  between  that  due  to  the  (7i.-l)th  and  that 
due  to  the  (n  + 1  )*  harmonic,  for  ny  being  even,  can  only  represent  a 
transient  stage  and  not  an  actual  harmonic.  The  prevailing  current 
will  therefore  be 


*—i  +  W-J| 


<»-i>u»uSin{(7i-l)arf  +  £,} 
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Assume  /„_!  =  In+1  =  /„,  then  the  current  iH  can  be  written 

•  •  • 


=  2h^  sin  (m*  +  ??i±i»)  cos  (n<d  -  *■  -  Jk) 


ntnax 


This  current  is  drawn  out  in  Fig.  181,  for  ^a  =  ^6  =  0  and  n  =  4. 

As  is  seen,  it  forms  a  sine  curve  whose  frequency  is  a  mean  of  those 
of  the  two  currents  and  whose  amplitude  varies  after  a  sine  wave. 
The  higher  the  periodicity  of  the  harmonic,  the  more  periods  we  get 


Pio.  181. 

for  every  period  of  the  main  current.  Hence,  by  the  interference  of 
two  neighbouring  harmonics,  a  current  is  produced,  which  possesses  the 
same  character  as  currents  caused  by  surging. 

If  the  amplitudes  In_x  and  In+l  are  not  equal,  we  still  get  a  current 
whose  mean  periodicity  is  n.  The  amplitude  of  this  current,  however, 
does  not  vary  between  zero  and  a  maximum,  but  only  between  a 
minimum  and  a  maximum  value,  as  seen  from  Fig.  181. 

From  the  foregoing  it  is  obvious  that  we  cannot  regard  all  pulsations, 
such  as  those  represented  in  Fig.  181,  as  surging  between  free  and 
forced  oscillations. 

B.  Strasser  and  /.  Zenneck*  who  were  the  first  to  draw  attention  to 

*  Annalm  der  Physik,  Bd.  20,  p.  759. 
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these  even  harmonics,  suggest  that  the  same  should  be  treated  as 
individual  currents.  They  substitute  for  a  large  number  of  the  uneven 
harmonics,  even  harmonics  which  change  their  direction  at  every  half 
period  of  the  fundamental.  Such  harmonics  are  shewn  in  Fig.  182. 
By  considering  the  field  curve  (Figs.  167a  and  b)  of  a  generator  on 

no-load  and  on  non-inductive  load,  it 
is  easy  to  see  that  the  distorted  part 
of  this  field — due  to  armature  reaction 
— induces  even  harmonics  in  the  state r 
winding.  The  armature  reaction  is 
obtained  by  subtracting  the  two  curves 
(Fig.  167a  and  b),  and  the  curve  thus 
found  is  very  similar  to  the  second 
harmonic  in  Fig.  182,  while  the  field 
curve  in  Fig.  167 b  is  itself  very  like 
the  curve  in  Fig.  182  printed  with 
a  heavy  line.  B.  Strasser  and  J. 
Zenneck  call  these  harmonics  phase- 
changing,  since  they  alter  their  phase  by  180°  every  half  period  of  the 
fundamental.  Since,  however,  it  is  not  easy  to  treat  phase-changing 
currents  and  pressures  analytically,  we  shall  not  pursue  this  method 
of  representation  further.  All  such  phenomena  can  be  quite  well 
explained  by  means  of  odd  higher  harmonics. 

67.  Form  Factor,  Crest  Factor  and  Curve  Factor  of  an  Alternating- 
Current.      Since  the  effective  value  of  a  periodic  current  or  pressure 


Flu.  182. 


Fig.  183. — Construction  for  undiug  Effective  Valtio  of  Periodic  Curve  (Fleming). 


is  often  required,  and  it  is  a  round-about  way  to  first  analyse  the 
given  curve  into  its  harmonics,  we  shall  now  give  a  method  (due  to 
Fhmiwj)  by  means  of  which  the  effective  value  of  a  periodic  function 
can  be  determined  directly. 

For  example,  find  the  effective  value  of  the  curve  given  in  Fig.  183. 
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Take  some  point  on  the  abscissa  axis  as  origin  for  the  polar  diagram  of 
this  curve.     The  area  of  the  polar  curve  is  then 


T 


where  y  is  the  ordinate  of  the  periodic  curve. 

Now  draw  a  circle  whose  area  equals  that  of  the  polar  diagram,  and 
denote  the  radius  of  this  circle  by  R ;  then 


Ehr 


-?j> 


*x-J*ff:. 


or  ^2*-Vfl   yHt 

=  effective  value  of  the  curve. 

The  polar  diagram  of  a  sine  wave  is  a  circle ;  other  periodic  curves 
give  other  polar  curves,  which  are  more  or  less  similar  to  circles.  The 
circle  of  the  same  area  as  the  polar  curve  can  easily  be  estimated  by 
the  eye,  when  a  planimeter  is  not  available.  By  this  means  we  have 
a  simple  method  for  approximately  finding  the  effective  value  of  any 
periodic  curve. 

The  ratio  between  the  effective  value  of  a  periodic  curve  and  the 
mean  value  is  often  needed,  and  is  known  as  the  form  factor,  since  it 
depends  on  the  form  of  the  curve.  The  more  peaked  the  curve  is,  the 
larger  is  the  form  factor.     For  a  pressure  curve,  the  form  factor  is 

Jlffdt 

/,=  ik — (121) 

T)?dt 

For  the  pressure  curves  (Figs.  169,  170  and  172a)  the  form  factors  are 
1*0,  T15  and  1*11.     The  form  factor  of  a  sine  curve  is 

Another  characteristic  factor  which  is  met  with  now  and  again  in 
technical  literature  is  the  crest  factor  /„*  which  denotes  the  ratio 
of  the  maximum  to  the  effective  value.  This  is  only  of  interest  for 
pressure  curves — serving  as  a  measure  for  the  strain  put  on  the 
insulation.  The  maximum  value  of  currents  and  pressures  of  given 
curve-shape,  on  the  other  hand,  has  no  direct  relation  to  the  iron  and 

*Ab  suggested  by  Prof.  G.  Kapp. 
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copper  losses  in  electromagnetic  apparatus,  and  has  therefore  only 
limited  importance  in  practice. 


-  _  maximum  value  P, 


1I1RX 


effective  value 


4|> 


and  equals  >/2  for  sine  waves. 

A  third  factor,  which  is  of  especial  importance  for  motors,  is  the 

curve  factor  ~    ,.  ,  n 

J  effective  value  P 


*?  = 


amplitude  of  fundamental    Pl 

=Vr+(F:)2+©2+-- 


Since  only  the  fundamental  of  the  pressure  wave  causes  the  effective 
transmission  of  power  from  the  stator  to  the  rotary  field,  the  load 
capacity  of  a  motor  depends  chiefly  on  the  fundamental  pressure 

M  —  IT* 


°7» 


Hence  the  importance  of  this  factor. 


CHAPTER  XII. 

GRAPHIC  REPRESENTATION  OF  ALTERNATING-CURRENTS 

OF  DISTORTED  WAVE-SHAPE. 

68.  The  Equivalent  Sine  Wave  and  the  Power  Factor.  69.  The  Induotion  Factor. 
70.  Graphio  Summation  of  Equivalent  Sine- Wave  Vectors.  71.  Effect 
of  Wave-Shape  on  the  Working  of  Electrio  Machines  and  Apparatus. 

68.  The  Equivalent  Sine  Wave  and  the  Power  Factor.  It  would 
he  possible,  as  already  shewn,  to  represent  graphically  each  one  of  the 
harmonics  by  itself.  Since,  however,  such  a  representation  is  not 
very  convenient,  it  is  simpler  to  proceed  as  with  the  power  diagrams 
and  set  'off  the  apparent  power  PI  at  angle  <$>  to  the  ordinate  axis,  so 
that  the  ordinate  equals  the  power  PI  cos  <f>.  cos<f>  is  called  the  power 
factor.  This  diagram  can  be  drawn  to  any  desired  accuracy  when  the 
pressure,  current  and  power  are  known. 

In  the  previous  load  diagram  (Ch.  I.  Sect.  12)  the  current  and 
pressure  waves  were  sinusoidal ;  in  this  case,  however,  the  waves  may 
have  any  shape  whatever ;  thus  4>  is  not  the  actual  phase  displacement, 
but  only  imaginary,  being  the  angle  between  the  sinusoidal  pressure 
and  current,  which  are  equivalent  to  the  actual  pressure  and  the 
actual  current  with  respect  to  effective  values,  and  yielding,  therefore, 
the  same  power.  This  imaginary  sinusoidal  wave  is  called  the  equi- 
valent sine  vxive;  and  it  is  with  this  that  we  usually  have  to  deal  in 
practice.  For  most  practical  purposes  this  is  sufficiently  exact,  but 
in  exceptional  cases,  e.g.  with  condensers  or  with  strongly-distorted 
pressure  waves  (i.e.  pressure  waves  which  deviate  strongly  from  a  sine 
wave),  this  method  of  calculation  is  inexact. 

We  will  first  examine  what  the  actual  significance  of  the  power 
factor  cos  <f>  is*    The  power  is 

/F^P/cos^/V, 
where  r  is  the  effective  resistance  of  the  circuit ;  hence 

a     Ir 


p* 


3  + 

2  *    ••  • 


r*  + 


(*mL  ~  3=g)' 


+  PI+... 
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or      -*-   / %,v  (t v • (122) 

where  tf>19  <£3,  </>6,  etc.,  as  above,  are  the  phase-displacement  angles  of 
the  several  harmonics. 

Since  f-J>lC?**i, 

A 

7*7 
we  can  also  write  cos  ^  =  cos  ^t  pt (122a) 

Both  formulae  (122)  and  (122a)  have  been  deduced  on  the 
assumption  that  the  effective  resistance  r  is  independent  of  the  fre- 
quency ;  this  is  generally  true,  but  not  always. 

Let  the  effective  resistance  for  the  fundamental  be  )\,  for  the  third 
harmonic  rs,  for  the  fifth  r6,  and  so  on ;  then,  in  this  case,  we  get 

.     7jr,  +  7  Jr,  +  . . . 

008^  =  -^ 


PI 

Further,  from  formula  (122),  we  have 
sin<£  =  \/l  -cos2<£ 


jfr> (123) 

1  + (ft)+~ 


and  P  sin  <£  =  *J P\  sin2^  +  Pj[  sin2<k,  +  P\  sin2<£8  ■*- . . . , 

or,  since  P1sin^>1=  xl19 

P3sm<t>a  =  3xls, 

P6am<f>5  =  5xl5, 

p 

then  sin  <£  =  sin  <f>x  -pis) ' l\  +  97*  +  257*  +  . . . . 

This  formula  is  deduced  on  the  assumption  that  r  remains  constant 
for  all  harmonics,  and  that  the  reactance  rises  proportionally  with 
the  frequency. 

It  now  remains  to  be  seen  how  great  is  the  error  introduced  111 
the  experimental  determination  of  the  effective  resistance  and  effective 
reactance  of  an  inductive  circuit  by  using  a  distorted  pressure  curve, 
when  we  calculate  with  the  equivalent  sine  waves. 

The  power  supplied  to  the  circuit  through  which  the  effective 
current  7  flows  is  always  yy~.  jir 

when  the  effective  resistance  r  is  independent  of  the  frequency ;  in  this 
case,  therefore,  the  determination  of  r  is  independent  of  the  curve- 
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shape.     This,  however,  is  not  the  case  with  the  effective  reactance  x, ; 
for  each  harmonic  of  the  terminal  pressure 

produces  a  current  with  its  own  frequency.     Thus : 

P  P 

j  = ri i  « lis 

1    >/r*  +  z]'        8    <Ji* +  (&&"" 
if  the  reactance  x,  is  proportional  to  the  frequency. 

z.\/r*  +  x2t     r*  +  9z*$ 

=  -n/P?  shVty,  +  Ifi  sin8<£8  +  . . . . 

But,  P  sin  <£  =  J  PI  sina<£,  +  P?  sin8^  +  •  •  • . 

Combining  these  two  last  expressions,  we  get 

x  =  L  ™  *     Msin^  +  j/^  sin8<k  +  ^P?  sin8<k  + . . .  ,124v 

/     V     P28in^1  +  i^8in8^  +  il8in^B+... 

Generally  the  harmonics  of  the  pressure  curve  are  not  known,  neither 

are  the  constants  r  and  x,  of  the  circuit  in  question ;  consequently  we 

disregard  the  shape  of  the  curve  and  calculate  with  the  equivalent 

values.     We  then  have  D  •     * 

P  sin  <£ 

and  introduce  a  small  error  by  assuming  the  root  equals  unity.  This 
root  is  always  somewhat  less  than  unity,  so  that  the  approximate 
formula  already  gives  x  somewhat  too  large.  The  error,  however,  is 
not  large;    for  example,  for  the  strongly  distorted  pressure  curve 

P^lOO,  P8  =  10,  P6  =  3165,  the  root  equals  0*943  when  -=1'5,  and 

x 
0*948  when  -  «  2*5,  i.e.  the  error  in  this  case  is  but  5  %. 

If  the  circuit  has  no  inductance,  but  only  resistance  and  capacity, 
then  the  capacity  reactance  will  be 


*c 


=  Psin^     /P?  sin8^!  +  9/^  sin8<fr3+  25P2,  sin8<fr8  +  . . .  ,^5} 

/     V     Pasin8<A1  +  ^sin2</>3  +  i^sinVB+...   '  

so  that  the  root  is  not  approximately  unity  in  this  case. 

69.  The  Induction  Factor.  In  the  previous  load  diagrams 
(Chap.  I.),  the  abscissa  P/sin<£  represented  the  so-called  imaginary 
power.     When  harmonics  are  present,  however,  the  matter  is  somewhat 
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different,  for  if  we  take  the  sum  of  the  imaginary  powers  of  all  the 

harmonics,  i.e.  nr     n  T   •     ,    ,  p  r  a:n  ji   , 

»  W$  =  /'jijsin  <ft  +  Psi3sin  9s  +  . . . , 

this  is  not  equal  to  P/sin<£,  but  is  always  smaller,  as  will  now  be 
shewn.  M   T        + 

Since  tan<^>n=— ---— ^=A 

where  xn  is  the  reactance  of  the  nth  harmonic,  then 

j  1  r  rIn 

cos<ftw  =  /  -=  /- — o=-f?> 

Vl+tan2^    Ji*  +  xn     Fn 

so  that  ^  =  -(P?sin</>1cos^1  +  ^8in</>3cos^+...). 

From  the  formula  for  sin  <f>,  we  get 
P/sin^  =  V/,?sin8^1  +  il8in2^l+...  .  n/p2 cos2<fc  +  P2 cos2<£3  +  . . . , 


Hence  /= 


-      W* 


PI  sin  <f> 


_ Pi  sin  <k  P  tcos  ^  +  P8sin  <fe  P3cos  <fc,  +  . . . (l^Q) 

v  Pf  sin2^  +  P^  sin2<£s  +  . . .  .  Vp2  cos2<k  +•  Pj  cos2^  + . . . 

Again,  since       Pssin  <&,  =  3«/s,     P8sin  <£fi  =  5sc/fi . . . , 

.i  r  •     .      W*    Pj/,sin  <fh  +  P.,/* sin  <£«+... 

then  /sin  <£  = -^  «= -^ — -       Jr — 

J  PI  PI 


and  since  sin <£  =  sin & -^  V/2  +  9/2  +  25/2+ ... , 

then  /  will  also  equal 

P/sin*    /V/2  +  9i2  +  25/2+... "     ' 

If  the   circuit  is   non-inductive   and  contains  only  resistance  and 
capacity,  the  reactances  of  the  several  harmonics  will  be 

x        x      x 
3'       5*         ' 


and  we  shall  get  in  this  case 


r2    -     Ivl         It 


^iTOT       i-      *A 0266) 


This  factor /is  always  less  than  unity. 


and  that 
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Consider  the  sum  of  the  real  powers  of  all  the  harmonics,  then,  by 
the  definition  of  power  factor,  this  must  equal  the  actual  power 
PI cos  fa  which  is  also  the  case  when  we  work  the  same  out.  We  thus 
see  that  the  power  factor  is 

w 

^  =/sin  £  <  sin  <£ (128) 

fsm4>  is  a  characteristic  of  an  electric  circuit,  and  is  called  the 
induction  factor. 

This  factor,  however,  has  only  significance  with  sinusoidal  currents 
in  graphical  representation,  because  in  this  case  it  equals  Bin  fa  since 

J  =  *• 

70.  Graphic  Summation  of  Equivalent  Sine  Waves.  If  we  have 
several  circuits  acted  on  by  the  terminal  pressures  Pu  Pu  and  PIU 
producing  the  effective  currents  Iu  In  and  Iuli  the  apparent  powers 
PtIi,  P\il n  and  PmIm  can  be  set  off  in  the  power  diagram  at  angles 
<£i>  <£ii>  fan  to  the  ordinate  axis,  so  that  the  ordinates  of  these  vectors 
represent  the  true  powers  Wly  Wn  and  Wm.  Now  arises  the  question: 
Is  it  always  allowable  to  mm  up  these  power  vectors  graphically  ?  It  will  be 
found  that  it  is  only  permissible  in  certain  cases,  as  we  shall  now 
proceed  to  shew. 

The  ordinate  of  each  vector  represents  the  true  power  in  its  re- 
spective circuit,  hence  the  algebraic  sum  W  of  the  three  ordinates 

^I^Pi/iCOS^!, 
^11  =  ^11^11008^, 

^111  =  ^111^111  cos  <f>m 

must  represent  the  true  power  in  the  three  circuits.     The  same  result 
is  obtained  by  calculation,   based  on  the  fact  that  the  imaginary 
power  IFj  in  the  three  circuits  equals  the  algebraic  sum  of  the  several 
imaginary  powers  WlJy  Wnj  and  Wmj, 
We  thus  have 

=  PJX  cos  fa  +  PnIn  cos  faj  +  PmIm  cos  fau 

and  fPImL  +  vWj-Wv+Wju+Wjn, 

=fPJi  sin  fa  +/„?„/„  sin  fat  +/IIIi>III/III  sin  fan. 

If  the  geometric  summation  of  power  vectors  is  allowable,  the 
following  two  relations  must  hold : 

W—  PI  cob  <t>  =  P1IJ  cos  fa  +  PnIu  cos  fai  +  PmIm  cos  fau 
and     jWj  =  PIsm<t>  =  PJY  sin  fa  +  Pu  In  sin  fai  +  Pul  Im  sin  fan . 
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It  is  at  once  seen,  that  the  first  of-  these  equations  is  identical  with 
the  first  of  the  two  previous  equations  and  is  thus  satisfied;  on  the  other 
hand,  the  other  two  equations — viz.  that  for  the  imaginary  powers  and 
that  for  the  abscissae  of  the  power  vectors — do  not  always  agree, 
and  we  thus  see  that  it  is  only  allowable  to  add  the  power  vectors 
graphically  when 


PXIX  sin  fa  +  PnIn  sin  <£„  +  PmIm  sin  <fy 


in 


=  Pl*m<t>Jlf  P,  J,  sin  <fc  +^J  PnIn  sin  ^  +£"  pmIm  sin  *„. 

Thus  the  general  condition  for  which  it  is  allowable  to  add  power 
vectors  graphically  is 

(f-fi)PJi  sin  </>r  +  (f-fn)PiJn  sin  *,, 

+  </-/m)Pm/m«m*i„-0 (129) 

The  general  solution  of  this  problem  has,  however,  less  interest  than 
the  treatment  of  the  two  cases  for  which  all  the  Fa  are  equal  when  the 
three  circuits  are  joined  in  parallel  and  all  the  /'s  are  equal  when 
the  three  circuits  are  joined  in  series.  We  then  get,  on  the  one  hand, 
the  condition  for  which  it  is  allowable  to  geometrically  add  effective 
currents  without  considering  the  wave-shape,  and  on  the  other  hand 
the  condition  for  which  it  is  allowable  to  geometrically  add  effective 
pressures,  likewise  neglecting  the  wave-shape.  That  which  holds  for  the 
first  case,  however,  does  not  equally  well  apply  to  the  second ;  con- 
sequently the  two  cases  must  be  treated  separately. 

First  consider  the  case  of  circuits  of  any  kind  connected  in  series. 
If  the  current  /  is  constant  throughout  the  whole  circuit,  we  can  write 
the  condition  for  the  geometric  addition  of  power  vectors  as  follows : 

(f-fi)Pi  sin  </>i  +  (f-fn)Pn  sin  *„  +  (/-/ra)ini  sin  &11  =  0. 

This  equation  at  the  same  time  gives  the  condition  for  which  it  is 

permissible  to  graphically  add  pressure  vectors,  when  the  circuits  on 

which  these  pressures  act  are  in  series.     We  shall  not  enter  further 

into  this  general  problem,  but  merely  consider  the  case  for  which  it 

can  be  directly  seen  that  the  above  condition  is  satisfied.     This  is 

the  case  when  /_  /  _  /  _  / 

j  -vi—  yn— ,/ih> 

and  this  is  first  the  case  when  the  ratio  between  r,  L  and  C  are  the 
same  for  the  three  circuits. 

Three  such  circuits  can  be  called  similar,  since  their  diagrams  are 
always  similar.  That  it  is  allowable  to  geometrically  add  the  vectors 
in  this  case,  which  make  the  same  angle  <j>  with  the  ordinate  axis,  can 
be  seen  without  further  demonstration. 

The  second  case  when  /=/,=/„=/„,  (Form.  126a),  when  the  same 
current  /  flows  through  the  whole  circuit,  occurs  when  r  is  independent 
of  the  frequency  and  the  reactance  x  is  the  same  function  of  the 
frequency  for  all  the  circuits.     This  is  the  case,  for  example,  when 


GRAPHIC  SUMMATION  OF  EQUIVALENT  SINE  WAVES   225 


Fio.  184.— Diagram  of  the  Effec- 
tive Pressures  of  a  Generator  for 
cos^=l. 


all  the  x'b  are  proportional  to  the  frequency  or  when  they  all  vary 
inversely  as  the  frequency. 

A  special  instance  of  this  second  case,  in  which  geometrical  addition  is 
also  possible,  is  that  for  which  the  reactance  of  all  parts  of  the  circuit 
except  one  is  zero ;  we  then  have,  obviously, 

f—fxy  80  that 

7sin^=»/xsin</>x, 

where  J,  and  4>m  relate  to  the  Xth  circuit. 

As  an  example  of  this  special  case,  we  can 
take  the  diagram  of  a  generator  working  on 
a  non-inductive  circuit.  Here  we  have  two 
pressures  which  are  to  be  geometrically 
added,  of  which  the  one — the  terminal  pres- 
sure— is  in  phase  with  the  current,  whilst 
the  pressure  drop  in  the  armature  may  have 
any  desired  phase.  We  thus  get  the  diagram 
shewn  in  Fig.  184,  where  PK  is  the  terminal 
pressure  and  Ea  the  E.M.F.  induced  in  the 
generator;  P{  is  then  the  pressure  drop  in 
the  armature. 

For  circuits  connected  in  parallel  the  terminal  pressure  will  be  the 
same  for  each  branch. 

In  Equation  129,  Pl9  P„  and  Pm  cancel  out,  and  the  condition  for 
the  graphic  summation  of  current  vectors  is  then 

(/-/i)  Jisin  <t>i  +  (/-/n)/iisin  <f>n  +  (/-/ni)/insin  <f>m  =  0. 

This  equation  is  satisfied  when 

/—/i  — /ii  —/iii' 

This  is  the  case,  firstly,  when  the  circuits  in  parallel  are  similar, 
i.e.  when  all  the  circuits  have  the  same  ratio  between  r,  L  and  C;  and, 
secondly,  when  the  conductance  g  of  each  of  the  parallel  branches  is 
independent  of  the  frequency  and  also  the  susceptance  of  each  path 
is  the  same  function  of  the  frequency.  This  second  case  is  only  of 
mathematical  interest,  and  has  no  practical  importance,  since  g  is  nearly 
always  a  function  of  the  frequency;  consequently  the  proof  will  be 
omitted  here. 

A  further  case,  where  the  graphical  addition  of  the  currents  in 
parallel  circuits  is  likewise  allowable,  is  that  in  which  the  reactance  of 
every  circuit  except  one  is  zero ;  it  is  then  easy  to  see  that  /=/„  and 

*nU8  /sin<£  =  J,sin<k, 

where  /,,  <f>M,  fx  refer  to  the  Xth  circuit,  which  may  possess  both  in- 
ductance and  capacity.  The  proof  for  this  is  given  on  p.  311  in  the 
description  of  the  "  three-ammeter  method,"  which  is  more  convenient 
for  this  purpose. 

To  shew  the  effect  of  the  higher  harmonics  on  the  magnitude  of  the 
error  introduced  by  graphically  adding  the  currents  in  parallel  circuits, 

A.C.  p 
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the  values  of  /,  cos  <f>  and  cos  <t>t  as  functions  of  —  are  given  in  the 
following  tables  for  the  three  pressure  curves :  r 

(1)  P^lOO;     i>8  =  31-65;     P6  =  10. 

(2)  ^  =  100;     P8  =  22'4;       P5  =  22-4. 

(3)  ^  =  100;     P3=10;  P5  =  3165.  * 

xal  is  the  inductive  reactance  of  the  circuit  with  respect  to  the 
fundamental.  When  this  ratio  is  given,  the  corresponding  sin^, 
cos</>lf  sin</>8,  cos</>3  and  so  on. can  be  easily  calculated,  and  from 
them  the  factor  /,  on  the  assumption  that  x9  is  proportional  to  the 
frequency. 

Table  (a). 

^  =  0. 
r 


3*1  _ 

r  ~~ 

0 

01 

.0-2 

0*5 

1 

0960 
0-956 
0*945 

10 

1 

/    2 
3 

0-874 
0*815 
0-766 

0-878 
0823 
0-776 

0-895 
0854 
0-802 

0-934 
0-921 

0-898 

0-909 
0*918 
0-909 

1 

0O8<p      2 

3 

1 

1 
1 

0-992 
0-989 
0-985 

0-970 
0-967 
0-958 

'0-865 
0*865 
0*858 

0679 
0-679 
0-676 

0-100 
0100 
0100 

008  0!         ,          1 

0-995    J    0'981 

0-894 

0-707 

0100 

Table  (a)  refers  to  a  circuit  whose  capacity  is  zero,  whilst  Table  (b) 
is  drawn  up  for  a  circuit  whose  ratio  of  capacity  zel  to  resistance  r  is 
0*2 ;  thus  in  this  case, 

^  =  0-2;    ^-3=  0-066...     and     ^  =  0-04. 


1-0 


0-8 


06 


0*4 


0-2 
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f 
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J 

r^ 
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% 
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i 
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Table  (b). 

^  =  0-2. 
r 


r  ~~ 

0 

0-945 
0-948 
0*946 

01 

i 

0-521 
0-434 
0-322 

0992 
0*989 
0-985 

0-995 

i 
0-2      1 

t 

0-5 

1 

10 

1 

/    2 

3 

0*235 
0-237    ! 
0-273 

0-988    1 

0-985 

0-978 

0-838 
0-817 
0-780 

0-943 
0*938 
0-922 

0-909 
0-918 
0-909 

1 

CO80      2 

3 

0-984 
0-984 
0-984 

0-982 

0-928 
0-926 
0-918 

0*748 
0-748 
0-745 

0101 
0101 
0101 

OOS0! 

1 

0958 

0-782 

01015 

In  Figs.  185  and  186  the  ratios  /  (curve  I),  cos  <f>  (curve  II)  and  cos  ^ 
(curve  III)  are  plotted  as  functions  of  -^  for  the  pressure  curve  (3). 

From  the  values  for  /  in  Table  (b)  and  in  curve  I,  Fig.  186,  it  is 
clear  that  there  are  several  circuits,  which  are  not  similar,  but  whose 
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Fio.  186.— Assumption ,  ^=02. 
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currents  can  nevertheless  be  geometrically  added  without  error,  since 
the  circuits  have  the  same  ratio  /  for  the  given  terminal  pressure. 

When  currents  in  parallel  circuits  are  graphically  added,  the  watt 
component  of  the  resultant  of  all  the  currents  always  equals  the  sum 
of  the  watt  components  of  the  several  currents ;  this  is  not  the  case, 
however,  with  the  wattless  components,  and  the  difference  between  the 
wattless  component  of  the  resultant  current  and  the  sum  of  the  several 
wattless  components  is 

MWL  -  (/i  -f)Ix  sin  <£,  +  (/„  -/)  Jn  sin  </>n  +  (fm  -f)Im  sin  </>UI. 
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Example.     Let  pressure  (3)  act  on  three  parallel  circuits  with  the 

ratio  ^  =  0  and  ^  =  0*1,  0*2  and  05,  of  which  the  first  takes  the 
r  r 

current  Ii  — 100  amps.,  and  each  of  the  other  two  50  amps.,  then 

fj  =  0-776,  /„-  0802  and  /m  =  0*898,  whilst  by  calculation  /=  0*805. 

Hence,  in  this  case, 

MWL  =  (0-776  -  0-805)  100 .0-173  +  (0-802  -  0805)50 .0286 

+  (0-898 -0-805)50.0-526  =  1-9  amps. 

The  wattless  component  of  the  resultant  current  is  59-8  amps.;  the 
percentage  error  in  this  extreme  case  is  therefore, 

1005998  =  3-17%- 

From  this  example  and  from  curve  I,  Fig.  185,  it  is  seen  that  for  all 
inductive  circuits,  whose  reactances  are  practically  pi'oportional  to  the  frequency ', 
it  is  allowable  to  add  the  equivalent  sine  currents  graphically.  The  addition 
of  equivalent  currents  of  other  parallel  branches,  where  the  reactances 
do  not  bear  the  same  relation  to  the  frequency,  or  whose  resistances 
vary  with  the  instantaneous  value  of  the  current,  can  lead  to  con- 
siderable errors.  Examples  of  such  circuits  are  arc  lamps,  condensers, 
polarisation  cells  (above  the  pressure  for  which  dissociation  occurs)  and 
in  high  pressure  mains  (in  which  the  maximum  difference  of  pressure 
exceeds  that  for  which  dark  discharge  occurs). 

In  curves  II  and  III,  Figs    185  and  186,  we  see  the  effect  of  the 

shape  of  the  pressure  curve  on  the  power  factor  cos</>,  and  it  is  seen  that 

this  curve  lies  considerably  lower  for  a  distorted  curve  than  for  a  sine 

curve.     It  is,  therefore,  not  allowable  to  replace  a  terminal  pressure  of 

distorted  wave-shape  by  its  equivalent  sinusoidal  pressure,  and  'with 

this  calculate  the  current  and  power  factor.     In  practice,  however,  this 

x 
method  is  often  adopted,  which,  in  the  above  example  for  —  =  0*5, 

gives  cos  c^  =  0-894  instead  of  cos  <£  =  0*858.  This  error,  however,  is 
too  large  to  be  neglected — and  still  larger  errors  may  be  introduced 
when  we  apply  this  method  in  the  calculation  of  circuits  containing 
capacity  or  apparatus  with  similar  reactances. 

71.  Effect  of  Wave-Shape  on  the  Working  of  Electric  Machines  and 
Apparatus.  In  the  introduction  to  the  previous  chapter  attention  was 
drawn  to  the  injurious  effects  of  higher  harmonics.  We  shall  now 
illustrate  this  by  means  of  examples  and  curves. 

(a)  Lighting.  As  already  observed,  the  flatnshaped  curve  is  the  most 
suitable  for  this  purpose,  because  in  this  case  the  current  remains 
longest  in  the  neighbourhood  of  its  maximum  value.  Consequently 
we  can  work  at  a  lower  frequency  with  a  flat  curve,  such  as  in  Fig.  187, 
than  with  a  peaked  curve,  like  that  shewn  in  Fig.  188,  before  variations 
in  the  intensity  of  the  light  become  noticeable.     The  Authors  found 
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from  experiments  carried  out  in  the  dark  room,  that  the  light  of  a 
16  C.  P.  carbon-filament  lamp  for  110  volts  began  to  fluctuate  when  the 
frequency  of  the  current  fell  below  23*3,  whilst  this  only  occurred  with 


Via.  187. 


Fig.  18S. 


the  flat-shaped  curve  (Fig.  187)  when  the  periodicity  fell  below  20  cycles 
per  second. 

With  a  25  C.P.  115  volt  metal-filament  lamp,  the  pulsations  were 
already  noticeable  with  the  above  pressure  waves  when  the  frequency 
fell  to  28*3  and  23*7  respectively.-  This  limit  also  depends  on  the 
lamp  pressure — the  lower  the  pressure,  the  lower  the  frequency  at 
which  flickering  becomes  noticeable. 

It  has  often  been  noticed  in  practice  that  arc  lamps  are  inclined 
to   be    somewhat   noisy   when    the  pressure  curve   is  very  peaked. 


Fio.  189. 


This  humming  noise,  which  is  due  to  the  pulsations  set  up  in  the  arc 
and  the  surrounding  air,  can  be  sufficiently  damped,  at  a  frequency  of 
50  cycles,  by  connecting  a  choking  coil  in  series  to  suppress  the 
harmonics.  Fig.  189  represents  the  pressure  curve  of  a  large  three- 
phase  central  station,  where — according  to  a  report  by  Herr  C.  Zorawski 
(E.T.Z.  1906,  S.  607) — the  humming  became  so  considerable  that 
choking  coils  had  to  be  connected  in  series.  Choking  coils,  however; 
tend  to  lower  the  total  power  factor  of  the  system. 

(b)  Transforms*.  Prof.  G.  Rossler  {E.T.Z.  1895,  S.  488)  has  ex- 
perimentally investigated  the  effect  of  the  shape  of  the  pressure  curve 
on  the  drop  of  pressure  in  a  small  transformer  of  some  \  K.W.,  which 
had  comparatively  high  resistance  and  reactance.  The  results  of  his 
research  are  shewn  by  the  curves  in  Fig.  190.  Curve  I  represents 
the   secondary   pressure   with    non-inductive   load   when   the   peaked 
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pressure   curve  e0  (Fig.    191)   was   applied   at  the   primary,   whilst 
curve  II  was  taken  when  the  approximately  sinusoidal  pressure  wave 
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e01    was  applied.     For  a  non-inductive  load  of  £  K.w.  the  peaked 
pressure  curve  gave  a  pressure  drop  of  7*65%,  whilst  the  sinusoidal 
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curve  gave  but  6*65%  drop;  thus  about  13%  less  than  the  other. 
These  experiments  agree  also  with  the  calculations,  which  shew  that 
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the  sinusoidal  pressure  wave  is  the-  best  with  regard  to  the  pressure  drop  in 
transformers,  and  also  in  mains.  With  non-  or  nearly  non-inductive  loads 
a  pressure  curve  causes  a  relatively  larger  drop  of  pressure,  the  greater 
the  largest  of  the  harmonics  is  and  the  higher  its  frequency.  This  is 
also  to  be  expected,  as  any  electromagnetic  apparatus,  such  as  a  trans- 
former for  example,  is  designed  for  a  certain  definite  frequency,  and 
the  more  any  other  frequency  deviates  from  that  for  which  the 
transformer  is  designed  (i.e.  from  the  fundamental)  the  more  un- 
favourable should  be  the  result. 

To  find  the  influence  of  the  wave-shape  on  the  losses  in  a  trans- 
former, the  Authors  measured  the  no-load  losses  in  a  transformer  for 


Fio.  Itf2a. 


Fio.  1926. 


Fig.  192c. 


Fio.  lv2d. 


Fio.  lWe. 


Fio.  \9%f. 


the  three  pressure  curves  (Fig.  192«-c)  and  the  short-circuit  losses 
for  the  three  current  curves  (Fig.  192^-/).  The  results  obtained  are 
shewn  in  the  following  table,  which  shews  that  the  more  peaked  the 
curve  the  smaller  the  no-load  losses,  whilst  the  short-circuit  losses 
increase  the  more  the  curve  deviates  from  a  sine  wave. 


1  k.v.a.  Single-phase  Transformer. 


(a)  No-load. 

Pressure  Curve. 

Fig.  192a. 

Fig.  1926. 

Fig.  192c. 

^0= volts,      -     -     - 

70=amps.,    ... 

FT0= watts,     -     -     - 

110 

0-423 

31-4 

110 

0-447 

33-6 

110 

0-452 

34  9 

232 


THEORY  OP  ALTERNATING-CURRENTS 


(b)  Short-circuit. 


Current  Curve. 

Fig.  192d. 

Fig.  192e. 

Fig.  iay. 

/jr=aiDpe.,   - 

Pz  =  volte,     -     -     - 

Wk= watte,    -    -    - 

10 

7*44 
46-4 

10 
7*36 
44-0 

10 
8-05 
45-4 

(c)  Induction  Motors.  As  in  the  case  of  a  transformer,  the  Authors 
have  also  measured  the  no-load  losses  for  the  curve  shapes  in 
Figs.  193a  and  b  and  short-circuit  losses  for  those  in  Figs.  193c  and  d 
in  a  2  H.P.  three-phase  motor.     The  results  are  shewn  in  the  following 


Fki.  103a. 


Fio.  1986. 


Fia.  193c. 


Fio.  193* 


table.  The  no-load  losses  remain  practically  the  same,  whilst  the 
short-circuit  losses,  and  still  more  the  short-circuit  reactance,  for 
the  same  effective  current  are  larger  the  greater  the  harmonics  which 
are  present. 

2  h.p.  Three-phase  Motor. 


(«) 

No-load. 

Pressure  Curve. 

Fig.  193a. 

Fig.  1936. 

P0=. volte,    -     -     - 

/0=ampe.l  -     -    - 

Hr0= watte,  -     -     - 

112 
3-7 
156 

112 
3  65 
152 
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(b)  Short-circuit. 

Current  Curve. 

Fig.  193c. 

Fig.  193d. 

ijr=amps.,  - 
Px= volts,     -    -    - 
Wg= watts,   -    -    - 

10 
25'8 
204 

10 

25-0 

108 

Thus,  the  efficiency  of  a  motor  is  also  a  maximum  when  the  pressure 

curve  is  a  sine  function.     The  same  holds  for  the  power  factor  and  the 

maximum  power,  for  with  a  given  applied  pressure  the  short-circuit 

current  is  smaller,  when  measured  whilst  the  rotor  is  just  set  moving. 

This  is  due  to  the  fact  that  only  the  pressure  of  the  fundamental 

p 
P1  =  —  transmits  power  from  the  stator  primary  to  the  rotor  secondary. 

We  thus  get  the  same  result  as  for  a  transformer,  namely,  the  asyn- 
chronous motor  works'  best  with  a  sinusoidal  pressure  curve.  This  is 
also  true  for  commutator  motors;  for  the  flat-shaped  pressure  curve 
is  bad  for  commutation,  whilst  the  peaked  pressure  curve  reduces  the 
load  capacity  of  such  a  motor. 

(d)  Synchronous  Machines.     If  several  synchronous  machines  having 
different  pressure  curves  work  in  parallel,   large  currents  of   high 
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Fig.  195. 


frequency  will  flow  between  them,  since  the  pressure  harmonics  need 
not  be  in  phase  when  the  fundamental  pressures  are.  If  the  reactances 
of  the  synchronous  machines  are  very  low,  the  currents  due  to  the 
higher  harmonics  can  attain  such  dimensions  that  the  working  may  be 
sufficiently  affected  to  cause  the  machines  to  fall  out  of  step.  The 
shape  and  magnitude  of  these  currents  are  best  illustrated  by  the 
curves  in   Figs.   194  to  197,  taken  at  the  Electrotechnic   Institute, 
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Karlsruhe,  by  Dr.  Bloch.     Figs.  194  and  195  give  the  pressure  curve* 
of  the  central  station  and  of  a  5  h.p.  single-phase  motor,  whilst  the 
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curves  in  Fig.  196  shew  the  currents  in  the  motor.     By  connecting  a 
large  reactance  in  series,  the  current  curves  in  Fig.  197  were  obtained. 


Here  again  the  damping  effect  of  the  choking  coil  on  the  higher 

harmonics  is  clearly  seen.    The  presence  of  currents  of  high  frequencies 

in  synchronous  machines  can  be  limited 
by  taking  care  that  all  the  synchronous 
machines  working  on  the  network  have 
the  same  wave-shape  at  no-load.  Since, 
however,  the  wave-shape  varies  with  the 
load,  it  is  not  possible  to  completely  avoid 
these  internal  currents.  The  best  means 
for  keeping  them  small  is  of  course  to 
have  the  pressure  curves  of  all  the  machines 
as  nearly  sinusoidal  as  possible  and  to  give 

.jL 1-     the  machines  a  suitable  reactance. 

-tJ — I — I — LJ — I — ' — ' — \l        (e)  Cables  and  Conductors.    The  flat-shaped 
Fli.  lw  pressure  curve  should  of  course  place  less 

strain  on  the  insulators  and  cable-insulation, 

since  for  a  given  effective  pressure  the  maximum  pressure  is  then  least. 

On  the  other  hand,  this  requires  higher  harmonics,  which  may  give  rise 
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to  resonance,  under  certain  conditions.  Since  such  wave  forms  have  a 
disturbing  effect  on  the  pressure  regulation  of  a  system,  and  are  more 
difficult  to  deal  with  analytically  than  pure  sine  waves,  it  is  also 
always  desirable  to  use  sinusoidal  pressures  for  transmission  plants. 
The  two  pressure  curves,  Figs.  194  and  198,  are  for  a  large  electricity 
-works.  The  latter  represents  the  day  pressure,  the  former  the  night 
pressure.  As  is  seen,  the  higher  harmonics  are  more  pronounced  in 
the  day  curve  than  in  the  night  curve,  since  the  day  load  is  more 
inductive  although  small. 


CHAPTER  XIII. 


POLYPHASE  CUBRENTS. 

72.  Polyphase  Systems.  73.  Symmetrical  Polyphase  Systems.  74.  Interconnected 
Polyphase  Systems.  75.  Balanced  ana  Unbalanced  Systems.  76.  Com- 
parison of  the  Amount  of  Copper  in  Alternating-current  Systems  with 
that  in  Continuous-current  Systems. 

72.  Polyphase  Systems.  If  three  coils  are  arranged  on  the  armature 
of  a  generator  (Fig.  199),  so  that  they  are  all  displaced  from  one 
another  in  space,  the  e.m.f.'s  induced  in  these  coils  will  be 

.Pi^^i  max  sin  << 
Pn  =  in  max  sin  (W-  a), 

.     Pill  =  All  max  8^  («it-fi). 

These  all  have  the  same  frequency  c,  because  all  the  coils  rotate  with 
the  same  velocity.     But  they  are  all  displaced  from  one  another  in 

phase  by  the  angle  which  the 
coils  make  with  one  another 
in  space.  If  each  of  the  three 
coils  acts  on  its  own  circuit, 
a  current  will  flow  in  each 
coil  independent  of  that  in 
the  other  coils.  The  three 
currents  together  form  a 
three-phase  current  and  such 
a  system  of alternating-currents, 
in  which  several  E.M.F.'s  of 
tlie  same  frequency  and  displaced 
from  one  another  in  phase  pro- 
duce currents  which  are  also  displaced  from  one  another,  is  known  in  general 
as  a  polyphase  system. 

Externally,  a  polyphase  generator  appears  the  same  as  a  single-phase 
generator — only  the  stator  winding  is  different.  .In  Fig.  163  the  stator 
winding  of  a  single-phase  generator  is  represented,  and  in  Fig.  165 
that  of  a  three  phaser. 


Fio.  109. — Production  of  a  Polyphase  Current. 
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Generally  speaking,  a  polyphase  system  can  be  investigated  by 
splitting  up  the  same  into  its  several  current  branches,  or  phases; 
the  E.M.F.  acting  in  each  of  these  current  paths  produces  a  current  in 
the  system,  which  can  be  calculated  independently  of  the  e.m.f.'s  of  the 
other  phases.  The  currents  produced  by  all  the  KM.F.'s  must  then  be 
superposed,  when  the  phases  are  electrically  connected.  The  several 
systems  can  be  classified  thus : 

(1)  Into  symmetrical  and  vnsymmetrical  systems. 

(2)  Into  dependent  or  interconnected  and  independent  systems. 

(3)  Into  balanced  and  tmbalanced  systems. 

The  dependent  or  interlinked  systems  can  be  again  split  up  into 
star-connected  systems,  ring-connected  systems  and  systems  comprising 
both  of  these  two. 

73.  Symmetrical  Polyphase  Systems.  If  a  polyphase  system  is 
formed  by  n  pressures,  whose  amplitudes  are  equal  and  displaced  from 

one  another  in  phase  by  -  period,  the  system  is  said  to  be  symmetrical, — 

otherwise  it  is  unsymmetrical.  Such  a  system  can  also  be  called  a 
symmetrical  ft-phase  system,  since  it  has  n  phases.  In  the  case  where 
the  pressures  are  sine  functions  of  the  time,  the  n  pressures  are  repre- 
sented by  the  following  expressions : 

Pi  =  P  sin  tot, 
pn  =  P  Bin  ((ot-^-X 

pm  =  P  sin  ( *>t  -  2  -^\ 


^  =  Psin|w-(n-l)"*|. 

If  we  sum  up  the  momentary  values  of  these  n  pressures  we  obtain 
the  well-known  result  that  the  sum  of  the  momentary  values  of  the 
pressures  of  a  symmetrical  polyphase  system  always  equals  zero. 

We  can  now  deduce  the  various  symmetrical  polyphase  systems  by 
substituting  various  values  for  n. 


Fio.  200.— Single-phase  Two-wire  System. 


Example  1.     When  n==l,  p^Psixuri,  and  we  get  the  single-phase 
two-wire  system  of  Fig.  200. 
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When  n  =  2,  jpr  =  P  sin  wtf, 

pu  =  P  sin  (a>*  -  180°)  =  -ft. 

This  gives  the  single -phase  three-wire  system  (Fig.  201),  where  the 
pressures  are  reckoned  from  the  middle  point  0.    When  the  two  halves 
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Fio.  201.— Single-phase  Three-wire  Syatem. 


of  the  generator  are  equally  loaded,  no  current  flows  in  the  middle 
wire — consequently  this  wire  can  be  made  very  light. 

Example  2.     When  n  =  3, 

ft  =  P  sin  a>tx 

pu  =  P sin  (at  -  ~\ 

pm  =  P  sin  (of  -  -J J. 

This  is  the  symmetrical  three-phase  system,  where  the  three  pressures 
are  displaced  in  phase  from  one  another  by  120°,  which  accordingly 
represents  the  symmetrical  polyphase  system  having  the  least  number 
of  phases. 

Example  3.     When  n  =  4,  we  get  the  symmetrical  four-phase  system. 

ft  =  P  sin  o>/, 

fti-Priii^rf-gj, 

ftn  =  P sin  (<*/  -  vr)  =  -ft, 

ftv=  Psin  Lit  -  ~  j  =  -ftx. 

Thus  ft  and  ftn  occur  in  the  same  circuit,  and  similarly  ft,  and  ftv. 
Consequently  there  are  only  two  pressures,  and  these,  are  displaced  90° 
from  each  other. 

74.  Interconnected  Polyphase  Systems.  In  polyphase  systems,  each 
of  the  phases  may  be  made  to  form  a  closed  system  for  itself — such 
a  polyphase  system  then  consists  of  n  entirely  independent  single- 
phase  systems,  which  have  only  to  satisfy  the  one  condition  that  the 
frequency  and  the  mutual  phase-displacement  of  the  B.M.F.'s  of  the 
several  phases  are  always  the  same.    The  generators  of  the  single-phase 
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currents  must  therefore  run  in  perfect  synchronism  with  one  another — 
which  is  most  easily  attained  by  placing  the  several  windings,  in  which 
the  e.m.f.'s  are  to  be  induced,  on  the  same  armature.  We  can  now  go 
a  step  further,  and  electrically  connect  the  windings  of  the  several 
phases  with  one  another,  i.e.  interconnect  the  phases.  In  this  case, 
however,  the  several  phases  will  mutually  affect  one  another,  if  the 
system  is  not  symmetrical  both  in  respect  to  the  induced  e.m.f.'s 
and  the  load. 

In  the  representation  of  polyphase  systems  it  is  usual  to  draw  the 
windings  of  the  several  phases  displaced  from  one  another  by  the  angle 
of  the  mutual  phase-displacement. 

The  phases  can  be  connected  in  various  ways  with  each  other ;  only 
care  must  be  taken  to  have  no  closed  circuits  where  the  sum  of  the 
induced  e.M.f/s  is  not  zero ;  for  such  a  circuit  would  act  as  a  short- 
circuit  in  which  an  e.m.F.  is  induced;  consequently  a  heavy  current 
would  flow  in  the  same. 

The  systems  generally  met  with  in  practice  are  the  star-connected  and 
ring-connected  (or  mesh-connected)  systems. 

The  star  system  is  formed  by  joining  the  starting  points  of  all  the 
phases  to  a  common  point.  This  point  is  then  termed  the  neutral 
pointy  because  in  a  symmetrical  star-connected  system  it  generally 
attains  the  mean  potential  of  the  surroundings.  This  point  can  be 
connected  to  earth,  or  to  another  neutral  point,  or  insulated;  it  is 
usual  to  regard  the  neutral  point  as  having  zero  potential.  Between 
the  terminals  of  any  phase,  e.g.  the  xth,  we  measure  the  phase  pressure 

P  sin  i  <ot  -  (x  -  1 )  —  I,  whilst  between  the  terminals  of  two  neighbouring 

phases  we  have  the  line  pressure,  whose  momentary  value  equals  the 
difference  of  the  momentary  values  of  the  pressures  of  the  two  phases 
in  question.  The  momentary  value  of  the  line  pressure  between  the 
terminals  of  the  Xth  and  (x  +  l)th  phases  is  thus 

Pi  =*  P  sin  I  id  -  (x  -  1)—  I  -Psin  \(d-x~  I 

=  2P  sin  -  cos  -!  tat  -  (2x  -  1 ) -  I, 
n        (  n) 

whence  it  follows  that  the  effective  line  pressure  is 

P,=  2sin-Pp, (130) 

n 

where  Pp  is  the  effective  phase  pressure. 

In  the  star-connected  system,  the  line  pressure  equals  tlie  resultant  pressure 
of  two  adjacent  phases  and  the  line  current  the  phase  current. 

The  ring-connected  system  is  formed  by  connecting  the  start  of  one 
phase  to  the  finish  of  the  next,  so  that  all  the  phases  are  joined  in 
series.  Accordingly,  this  connection  can  only  be  used  when  the  sum  of 
the  E.M.F. '8  of  all  the  phases  equals  zero  at  every  instant,  which  is  the 
case  with  symmetrical  polyphase  systems  having  sinusoidal  E.M.F. 's. 
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Current  is  taken  off  at  the  junction  of  each  two  adjacent  phases, 
whence  the  number  of  lines  equals  the  number  of  phases.  Then,  in 
accordance  with  Kirchhoff  s  First  Law,  the  current  in  each  line  equals 
the  difference  of  the  currents  in  the  two  neighbouring  phases.  In  this 
case,  therefore,  the  line  current  does  not  equal  the  phase  current,  but, 
since  the  currents  in  two  adjacent  phases  are  displaced  from  one 

another  by  — ,  equals 


n 


it  =  /sin  I  td  -  (z  -  1)  —  \  -  /sin  {  id  -  x  —  \ 
=  2/ sin  -  cos  I  id  -  (2s  -  1)  -  \  ) 


hence,  for  effective  values, 


/,  =  2  8in-/p. 


n 


.(131) 


The  line  pressure  is  here  the  same  as  the  phase  pressure. 

Hence,  in  the  ring-connected  system,  the  line  pressure  equals  the  phase 
pressure  and  the  line  current  the  resultant  current  of  two  adjacent  phases. 

In  the  following,  all  magnitudes  referring  to  the  lines  are  denoted 
by  the  suffix  I  and  to  the  phases  by  the  suffix  p. 

The  most  usual  connections  for  a  symmetrical  three-phase  system 
are  as  follows : 

(a)  Three-phase  Star  System.  Fig.  202  is  an  independent  three-phase 
system,  where  the  phase  current  equals  the  line  current  and  the  phase 


T*MM+*m 


L 


a, 


\ 


■*€V 


L 


k> 


— * 


Sf 


$ 


A 


-0* 


Pio.  202.— Non-tntcrlinked  Three-phaeo 
System. 


Fio.  208.— Three-phase  Star  System. 


pressure  the  line  pressure.  By  coupling  the  three  starting  points 
Oj,  a2,  a8  together  (Fig.  203),  we  get  the  three-phase  star-connected 
system  with  four  wires,  which  can  be  converted  into  a  three-wire 
system  by  omitting  the  middle-  or  neutral-wire  a,  which  carries  no 
current  so  long  as  the  load  is  symmetrical.  The  line  pressure  in 
this  system  is 

Pl  =  2sin60°PJ,  =  >/3Pp (132) 

and  /,=/„ 4133) 
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(b)  Three-phase  Ring  System.  Fig.  204  represents  the  three-phase 
ring  system,  or,  as  it  is  also  termed,  the  triangle-  or  delta-  (A)  or  mesh- 
oonnection.     Here  we  have 

P,  =  PP  (134) 

and  /,  =  2  sin  60' A  =  v/37p (135) 
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Fin.  204.— Throe-phase  Mesh  System. 


Fio.  205. — Combined  System  for  Three-plume 
Current  (Dolivo  von  Dobrowol$ky). 


Fig.  205  represents  a  combination  due  to  Dolivo  von  Dobrowolsky. 
When  n  =  4,  we  can  have  the  following  schemes : 

(c)  Independent   Four-phase   System  or   Two-phase   System.     This    is 
represented  in  Fig.  206.     We  have 

/,  =  /,    and     Pt  =  Pp. 
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Fig.  200.— Non-lnterlinkod  Four-phase  System.        Fio.  207.— Four-phase  8tar  System. 

(d)  Four-phase  Star  System.    Fig.  207  represents  the  connections  for 
this  system,  in  which 

/,  =  /„ (136) 

and  P,  =  2  sin  45°  P  =  V2P, (137) 
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Fin.  208.— Four-phase  Mesh  System. 


(e)  Four-phase  Ring  System. 


Fio.  20fl.— Two-phase  Three- wire  or  Interlinked 
Two-phase  System. 


and 


This  is  shewn  by  Fig.  208. 

/,  =  V2/„  

Pt  =  PP 


(138) 
(139) 


A,C. 
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(/)  Interconnected  Two-phase  System.  The  scheme  shewn  in  Fig.  207 
is  seldom  used,  but  rather  that  shewn  in  Fig.  209,  which  is  developed 
from  the  former  and  represents  one  half  of  an  interconnected  four-pbase 
system  with  middle  wire.  This  system,  which  is  not  symmetrical,  is 
usually  termed  the  interconnected  two-phase  system  or  the  two-phase 
three-wire  system.     For  this  we  have 

Pt  =  j2PP,  (HO) 

and  io  =  \/2/„ (141) 

(g)  Scott's  System.  To  the  interconnected  polyphase  systems  belongs 
also  Scott's  System,  shewn  in  Fig.  210.  This  serves  for  producing  a  three- 
phase  current  by  means  of  a 
two-phase  winding.  If  one- 
phase  has  \/f  as  many  turns 
as  the  other  and  the  start  of 
this  phase  is  connected  to  the 
middle  of  the  second,  we  get  a 
symmetrical  three-phase  pres- 
sure between  the  terminals  A, 
B  and  C.  Then  the  pressure 
between  the  terminals  A  and 
B  and  between  A  and  C  (Fig. 

210)  is  J(i)2  +  £  =  1  times  the 
pressure  between  B  and  C.     It  is  thus  possible  to  produce  a  symmetrical 
three-phase  current  by  means  of  an  unsymmetrical  two-phase  system. 
The  phase  pressures  are 
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Fio.  210.— Scott's  System. 


and 


PA  =  OA=Jj.BC=J».Pt, 
P^P^OB-OC^lBC-lPt, 


whilst  the  phase  currents  equal  the  line  currents. 

(h)  Imperfect  Polyphase  Systems.  These  also  belong  to  the  inter- 
connected polyphase  systems,  and  consist  of  a  main  phase,  together  with 
an  interconnected  auxiliary  phase.  These  were  all  introduced  in  the 
early  nineties,  when  it  was  desired  to  retain  the  simplicity  of  the  single- 
phase  system,  and  avoid  its  deficiencies  by  the  use  of  auxiliary  phases. 

The  simplest  of  the  systems  is  the  imperfect  three-phase  system 
(Fig.  211),  which  consists  of  two  phases  at  120°  to  one  another.  The 
auxiliary  phase,  which  is  chiefly  used  for  starting  asynchronous  motors, 
has  a  phase  pressure  equal  to  the  distance  of  the  point  0  from  the  line 
BC.     The  starting  torque  is  proportional  to  this  auxiliary  pressure  Ph, 

When  the  two  phases  are  symmetrically  loaded,  the  currents  in  all 
three  lines  are  equal,  but  displaced  60°  in  phase  from  one  another. 
Since  this  system  does  not  produce  a  large  starting  torque  for  motors, 
as  just  shewn,  Steinmetz  proposed  a  system,  similar  to  Scott's  system, 
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which  is  known  by  the  unsuitable  name  of   "monocyclic  system." 
This  is  a  three-phase  system,  and  serves  to  produce  an  unsymmetrical 

three-phase  current.  Steinmctz  chose  the  auxiliary  pressure  OA 
at  the  motors  equal  to  n/J  of 
the  main  pressure  BC,  whereby 
the  motors  receive  a  symmetri- 
cal three-phase  pressure.  The 
auxiliary  pressure  OA  of  the 
generators,  however,  was  only 
chosen  about  a  fourth  of  the 

?ressure    of    the    main    phase, 
'he  ratio  of  conversion  of  the 
transformers  for  the  main  phase 

4 
is  therefore  ->=  of  that  of  the 

«/3 

transformers  for  the  auxiliary 
phase. 

None  of  these  imperfect  polyphase  systems,  however,  have  justified 
their  existence,  since  they  all  need  three  wires,  as  in  symmetrical  three- 
phase  system,  and  there  is  no  reason  why  this  latter  should  not  be 
adopted  and  so  completely  utilise  the  material  of  both  generators  and 
motors. 

75.  Balanced  and  Unbalanced  Systems.  In  Section  11,  we  have 
seen  that  the  current 

i  =  Isf'l  sin  (id  -  <f>), 
produced  by  the  pressure     p  =  P\/'2  sin  wt, 
yields  the  momentary  power 

/r=  P/{cos  <f>  -  cos  (2W  -  <£)}. 
Since  the  mean  power  is  //r=  PI  cos  <f>, 


Fio.  211. — Incomplete  Throe-phase  System. 


we  have 


;r=  nri\  _ cos  (2b)t  +-*H. 

{      .      cos<£      J" 


Although  this  pulsation  of  the  power  of  a  single-phase  current,  which  is 
shewn  in  Figs.  43  and  44  for  any  angle  <f>  and  for  <£  =  90°,  does  not 
prevent  its  application  for  many  purposes,  e.g.  lighting  by  means  of 
glow  lamps,  provided  the  frequency  is  chosen  sufficiently  high,  it  is 
just  this  property  of  the  single-phase  current  which  makes  it  un- 
suitable for  power  purposes.  On  the  other  hand,  a  symmetrical 
polyphase  system  — as  will  be  shewn  later  on — possesses  the  character- 
istic that  the  momentary  power  of  the  whole  system  is  always  constant; 
consequently  such  systems  are  used  a  great  deal  for  motor  purposes. 
Not  only  symmetrical  systems,  however,  but  also  other  polyphase 
systems  can  develop  a  constant  power  under  certain  conditions ;  thus 
all  systems  possessing  this  characteristic  are  said  to  be  balanced,  and  all 
others,  unbalanced. 
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The  power  in  a  polyphase  system  equals  the  sum  of  the  powers  in 
the  several  phases.  If  the  pressures pu  pu,  pm  ...  of  the  several  phases 
produce  the  phase  currents  it9  iUl  im  ...,  the  momentary  power  will  be 

lV=Pih  +Puhi  +i>ni*iii  +  — 

and  the  mean  power    JV=P1Il  cos  4>i  +  Pu  h\ cos  &i  +  — 

If  now  the  w-phase  system  is  symmetrical  with  equally -loaded  phases, 
we  have,  e.g.,  for  the  Xth  phase, 

px+1  =  Psfe  sin  I  (at  -  2tt  -J 

and  ix+1  =  I*/2  sin  ( (at  -  <f>  -  2w  -  V 

where  <£  is  the  phase  displacement  of  the  current  in  a  phase  behind  its 
pressure.  From  this  it  follows  that  the  momentary  power  of  the 
symmetrical  n-phase  system  is 

W=  2  pxix  =  2PI  2  sin  (at  -  2tt  ?)  sin  ((at  -  <f>  -  2ir  ?\ 

=  Pllncos<f>-  2  cos(2w/-^>-47r-U  =  P/ncos^>. 

JF=nPIco8<f> (142) 

Thus  the  momentary  power  Jfis  constant  for  every  symmetrical  flrphase 
system  and  equals  n  times  the  mean  power  of  a  phase. 

For  the  three-wire  two-phase  system  (Fig.  209)  the  pressures  are 

Pi  =  Ppj2  sin  tat 
and  '  pn  =  Ppj2sm\^-V\- 

If  both  phases  are  equally  loaded  in  regard  to  current  and  phase 
displacement,  then 

tx  =  Ips/2  sin  {tut  -  <f>) 

and  in  —  Ipj2  sin  (  (at  -  <f>  -  -  V 

Hence, 

W=  2PpIp  \  sin  (at  sin  ((at  -  <£)  +  sin  ( (at  -  ^  j  sin  (  (at  -  <f>  -  -  j  \ 

=  2PPIP cos  <f>  -  PPIP {cos(2<o*  -  <£)  +  cos  (2w/  -  <f>  -  tt)} 
=  2PPIP  cos  <f>  =  const, 
and  the  mean  power  W=  2PpIp  cos  <£,  (143) 

or,  since  P  =     {     and     Ip  =  -£, 

V2  V2 

then  JF^PJqCos^ (143a) 
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We  thus  see  that  the  three-wire  two-phase  system  belongs  to  the 
balanced  unsymmetrical  polyphase  systems. 

The  power  of  a  symmetrical  three-phase  system  is,  from  Eq.  (142), 

/F=  3^008  6 

or,  since  in  a  star  system 

p. 


Pp  =  ±^    and    /„  =  /„ 


and  in  a  mesh  system    Pp  =  P,    and    Ip  =  -L, 

the  power  in  any  symmetrical  and  interconnected  three-phase  system  is 

/F^i^cos^ (144) 

From  formulae  (136)  and  (139)  it  follows  similarly  that  the  power  in 
a  symmetrical  interconnected  four-phase  system  is  always 

^=4P/P  cos  4>  =  242PlIlcm<t> (145) 

Scott's  system  also  belongs  to  the  balanced  unsymmetrical  polyphase 
systems. 

76.  Comparison  of  the  Amount  of  Copper  in  Alternating-current 
Systems  with  that  in  Continuous-current  Systems.  To  transmit  a 
definite  power  over  a  fixed  distance  electrically  at  a  given  maximum 
pressure  and  efficiency,  a  definite  amount  of  copper  is  essential.  The 
higher  the  pressure  and  the  lower  the  efficiency,  the  less  the  amount  of 
copper  that  will  be  required.  Since  the  pressure  must  not  exceed  a 
certain  limit  on  account  of  the  danger  to  the  insulation  or  the 
employees,  the  pressure  which  enters  into  question  here  is  the 
maximum  pressure  which  exists  between  any  part  of  the  installation 
and  earth.  If  the  neutral  point  of  the  system  is  earthed,  the  limit  is 
fixed  by  the  maximum  pressure  between  a  terminal  and  this  point. 
If  the  neutral  point  is  not  earthed,  and  the  whole  system  insulated, 
the  severity  of  the  electric  shock  caused  by  touching  a  terminal  depends 
on  the  pressure  and  the  capacity  of  the  system.  If  the  pressures  are 
high  and  the  capacity  considerable,  as  is  usually  the  case  in  transmission 
lines,  the  person  touching  the  terminal  may  have  to  pay  the  death 
penalty  for  his  carelessness.  For  this  reason,  "live"  machines  and 
apparatus  ought  never  to  be  touched  unless  the  person  has  previously 
insulated  himself  against  the  pressure.  The  insulation  of  a  non-earthed 
system,  however,  must  be  kept  stronger  than  that  of  an  earthed  system, 
since  in  the  former  case  the  insulation  must  prevent  the  passage  to 
earth  of  all  the  energy  stored  in  the  system.  For  this  reason, 
earthed  and  non-earthed  systems  cannot  well  be  compared,  since  the 
insulation  of  the  latter  must  be  calculated  with  regard  to  quite  different 
pressures. 
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Hence,  we  shall  only  consider  earthed  systems  for  the  present,  and 
shall  put  the  amount  of  copper  required  for  a  symmetrical  polyphase 
system  with  earthed  neutral  point  equal  to 

100 


cos'2</> 

Further,  we  assume  that  the  effective  current  density  is  constant  in  all 
the  conductors  and  that  the  pressure  curve  is  sinusoidal.  The  section 
of  the  currentless  middle  wire  is  chosen  equal  to  half  that  of  one  of  the 
outers.     We  then  get  the  following  results  : 

(a)  Symmetrical  Polyphase  Systems  with  Earthed  Neutral  Point,  Con- 
sider first  the  symmetrical  three-phase  system.  .  We  see  that  each  of 
the  three  phases  carries  the  same  current  /  at  the  same  maximum 
pressure  /^  over  the  same  distance  I.  Let  the  section  of  a  conductor 
be  q ;  then  the  copper  losses  per  phase  are 

I*r  =  I*l£-  =  IslP, 

i.e.  with  a  given  current  density  s  they  are  proportional  to  the  power 
transmitted  per  phase, 

-  /2r  _     s/2slp 

-^/COS* 


and  the  total  copper  volume  is  Slq. 

By  means  of  a  single-phase  two-wire  system  or  any  symmetrical 

polyphase   system   with  n  phases,   the   same   power   3~7-PmM/cos</) 

could  be  transmitted  with  the  same  percentage  losses  with  the  same 

3 

amount  of  copper.     For  in  each  conductor  the  current  is  -  /  and  the 

section  of  the  conductor  is  reduced  in  this  proportion.  Thereby  the 
current  density  s  and  also  the  percentage  copper  losses  pK  remain 
constant,  whilst  the  weight  of  copper  also  remains  unchanged. 

Hence,  all  symmetrical  polyphase  systems  with  earthed  neutral  point  and 
the  single  phase  two-wire  system  are  alike  with  respect  to  the  amount  of 
copper  required. 

In  practice,  however,  only  the  three-phase  system  has  made  headway, 
because  this  requires  the  fewest  conductors,  and  consequently  the 
least  insulation  of  all  the  symmetrical  polyphase  systems. 

(b)  Symmetrical  Polyphase  Systems  with  Earthed  Neutral  Wire.  Con- 
sider first  the  single-phase  three-wire  system  wifch  earthed  middle  wire, 
which  is  theoretically  a  symmetrical  two-phase  system.  Since  no 
current  flows  in  the  middle  wire  when  the  load  is  symmetrical,  then, 
for  the  same  section  of  outer  wire  as  previously,  the  copper  losses 
remain  the  same  as  in  a  single-phase  two-wire  system.  The  copper 
required  for  this  system,  therefore,  will  exceed  that  required  for  the 
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two-wire  system  by  the  amount  required  for  the  middle  wire.  If  we 
therefore  choose  the  cross-section  of  the  middle  wire  half  that  of  one 
of  the  outers,  as  mentioned  above,  this  system  will  need  25  %  more 
copper  than  the  single-phase  two-wire  system,  in  order  to  transmit  the 
same  power  at  the  same  losses.  The  copper  needed  for  the  single- 
phase  three-wire  system  is  accordingly 

100  /       1     1\     _125 
cos'^V       2X2/     cosV 

In  a  similar  manner  we  find  the  copper  required  for  a  three-phase 
four-wire  system  is 

100  /       1     l\116-7 

cob*A       3X2/     cos8*' 

and  for  a  four-phase  five-wire  system, 

100  A      1     1\     112-5  '   ' 


(1+ixs)- 


cos2<£\       4     2/     cos2</> 

(c)  Single-phase  Two-wire  Systems  with  Earthed  Outer  Wire.  This  system 
can  be  regarded  as  one  phase  of  a  polyphase  system  with  a  neutral 
wire  of  the  same  section  as  the  outer  wire.  Consequently,  this  system 
needs  the  same  copper  and  has  the  same  losses  in  the  earthed  wire  as 
in  the  outer  wire.  With  the  same  section  for  the  outer  wire  as  the 
total  section  of  all  the  outer  wires  of  a  polyphase  system  with  earthed 
neutral  point,  we  set  double  the  losses  in  a  single-phase  two-wire 
system  with  earthed  outer  wire,  when  the  same  power  is  transmitted 
at  a  given  maximum  pressure.  To  reduce  these  losses  to  those  in  a 
polyphase  system,  we  must  double  the  section  of  the  outer  wire,  and 
consequently  also  of  the  earthed  wire.  Hence,  the  copper  required  in 
a  single-phase  system  with  earthed  outer  wire  is 

100    (1+1)2=    400 


cos2<£v         '      cos2<£' 

or,  in  other  words,  four  times  as  much  as  that  of  a  polyphase  system 
with  earthed  neutral  point. 

(d)  Two-phase   Three-wire   System   with   Earthed   Middle  Wire.     This 
system  can  also  be  regarded  as  two  phases  of  a  polyphase  system  with 

a  middle  wire  of  >/2  times  the  section  of  one  of  the  outers.  Conse- 
quently, this  system  requires  for  the  middle  wire 

n/2  =  J_ 

2  ~V2 

times  the  copper  of  the  two  outer  wires,  and  similarly,  as  in  a  single- 
phase  two-wire  system,  the  section  of  each  outer  wire  must  also  be 
increased  in  this  case  in  order  to  transmit  the  same  power  with  the 
same  losses.  The  increase  of  section  of  the  outer  wires  is,  of  course, 
equal  to  the  percentage  increase  of  copper  due  to  the  presence  of  the 
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middle  wire,  i.e.  proportional  to  f  1  +  -j=  \     The  copper  required  in  a 

two-phase  three-wire  system  with  earthed  middle  wire  is  thus 

100  A      1  \»  =  291-4 

C082</>\         ^2/    ~C082<f> 

or  about  three  times  that  of  a  polyphase  system  with  earthed  neutral 
point. 

(e)  Imperfect  Three-phase  System  with  Earthed  Middle  Wire.  In  this, 
the  current  in  the  middle  wire  equals  that  in  each  of  the  two  outers. 
Then,  in  a  similar  manner  to  that  of  a  two-phase  three-wire  system,  we 
get  the  amount  of  copper  equal  to 

Joo(1  +  0.5)S=m 

COSJ<£v  '        C082<£ 

i.e.  two  and  a  quarter  times  as  much  as  in  a  polyphase  system  with 
earthed  neutral  point. 

(J)  CovUinvous-current  Three-wire  System  with  Earthed  Middle  Wire.  In 
respect  to  the  amount  of  copper  required,  this  system  is  similar  to  the 
single-phase    three-wire    system.     But   in   this   case    the   maximum 

pressure  P^  equals  the  working  pressure  P  and  not  <J'2  as  much,  as 
in  an  alternating-current  system.     Further,  in  this  case  there  is  no 

{>hase  displacement  between  current  and  pressure,  thus  the  percentage 
oss  is  Q/n 

pM-g-  100, 


i.e.  with  effective  current  density  — -S  times  that  of  a  single-phase 

v2 

three-wire  system.     Since,  however,  in  a  continuous-current  system, 
the  current  is  — J±-  times  smaller,  and  since  we  can  moreover  choose 

^        /9 

the  current  density     v^    times  greater  than  in  a  single-phase  system, 

cos<£ 

in  order  to  obtain  the  same  losses,  we  must  make  the  copper  cross- 
section  in  a  continuous  current  system 

cos2</> 


/cos  <f>\2 

W2/  " 


of  that  of  a  single-phase  system,  to  obtain  the  same  losses  and  to 
transmit  the  same  power  at  the  same  maximum  pressure.     Hence  the 

•  ■         •      COS  <i> 

copper  used  in  a  continuous-current  three-wire  system  is  — — —  times 
that  in  a  single-phase  three-wire  system,  i.e. 

cosJ9        2 
as  compared  with     -  —  in  a  polyphase  system  with  earthed  neutral 

.    ,  C08J<*> 

point.  ^ 


system  with  earthed  neutral  point,  ^  2 
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{g)  Continuvus-cwrrent  Two-wire  System  with  Earthed  Outer  Wire.  This 
bears  the  same  relation  to  the  single-phase  two- wire  system  as  the 
continuous-current  three-wire  system  to  the  single-phase  three-wire 
system.     We  thus  need 

J™.  ^  =  200, 
cos2<£       2 

or  twice  as  much  copper  as  a  polyphase  system  with  earthed  neutral 
point. 

Summarising  the  above  results,  we  get  the  following  table : 

Continuous-current  two- wire  system  with  earthed  middle 

point, 50 

Continuous-current  three-wire  system  with  earthed  middle 

wire, 62*5 

Continuous-current  two-wire  system  with  earthed  outer 

wire, 200 

Symmetrical  polyphase  systems  and  single-phase  two-wire 

100 

cos2<£ 

125 
Single-phase  three-wire  system  with  earthed  middle  wire,  -    — ^— 

116-7 

COS*<£ 

1125 

C082<£ 

Single-phase  two-wire  system  with  earthed  outer  wire,        -   — s-r 

C08J<£ 

Symmetrical  three-phase  system  with  earthed  outer  wire,  -   — -r- 

C08*<f> 

291*4 
Two-phase  three- wire  system  with  earthed  middle  wire,      -    "      - 

Imperfect  three-phase  system  with  earthed  middle  wire,     -   — ^ 

It  is  thus  obvious  that  the  systems  with  an  earthed  neutral  point 
are  the  most  economical ;  then  follow  the  systems  with  earthed  middle 
wire,  which  only  need  more  copper  on  account  of  the  partly  ineffective 
middle  wire ;  and  finally,  the  systems  with  an  earthed  outer  wire, 
which  are  very  uneconomical.  To  this  class  belong  the  distributing 
systems  of  most  modern  railway  installations.  The  advantage  of  a 
three-wire  system,  however,  is  much  reduced  in  this  case,  since  the 
rails,  which  serve  as  return,  remain  unused  in  the  three-wire  system. 
Since,  moreover,  the  losses  in  the  rails  are  very  small  in  proportion 
to  the  losses  in  the  overhead  wire,  the  total  losses  in  the  line  in  a 
two-wire  system  are  not  much  greater  than  in  a  three-wire  system 
when  the  rails  can  be  used  as  return. 


Three-phase  four-wire  system  with  earthed  middle  wire,  0 

*  COP8' 

Four-phase  five-wire  system  with  earthed  middle  wire,  _  2 
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77.  The  Topographic  Representation  of  Pressures.  Whilst  con- 
sidering star  systems,  we  saw  that  they  possessed  a  junction — 
known  as  the  neutral  point.  We  make  the  assumption  that  this 
point  possesses  zero  potential  quite  arbitrarily,  for  it  is  not  potentials 

but  only  potential  differences  that  we 

measure.  

_In  Fig.  212  let  the  three  vectors  0PU 

0PU  and  0Pm  represent  the  three  equal 
phase  pressures  of  a  symmetrical  three- 
phase  star  system.  Since  the  direction 
of  rotation  of  the  time-line  has  been 

chosen  counter-clockwise,  0Pn  must  be 

displaced  120°  from  0Pl  in  a  counter- 
clockwise direction,  for  the  K.M.F.  of 
Ehase  II  lags  120°  behind  that  of  phase 
As  shewn  in  Sect.  6,  p.  17,  a  vector 
is  determined  in  magnitude  and  direction  by  its  two  components,  that 
is,  by  its  extremity,  and  a  point  in  the  plane  represents  the  pressure 
between  a  point  in  the  system  and  the  neutral  point  in  magnitude 
and  direction.  Moreover,  we  have  seen  that  the  line  pressure 
equals  the  difference  of  the  two  phase  pressures.     This  difference  Pt 

is  determined  by  the  geometrical  subtraction  of  the  two  vectors  0PX 

and  0PUf  and  we  get 

r, = op,  -  opn = i'no + op, = p»pt , 

whence  it  follows  that  the  distance  between  the  ends  of  the  two 
vectors  gives  the  line  pressure  Px  in  magnitude  and  direction.     In 


Fin.  21*2. — Pressure  Diagram  of  Sym- 
metrical Three-phase  Star  Syntem. 
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general,  we  have  the  following  method  of  representation,  as  given  by 
Steinmetz  and  Berg  and  also  by  H.  Gorges  in  the  E.T.Z.  1898,  p.  164. 

If  we  take  the  potential  at  any  point  in  a  system  as  zero,  the 
potential  of  a  second  point  (i.e.  the  pressure  between  this  point  and 
the  point  at  zero  potential)  is  represented  in  magnitude  and  direction 
by  a  point  in  the  plane.  In  this  manner,  each  point  of  the  system 
is  represented  by  a  corresponding  point  in  the  plane,  and  since  the 
potential  of  a  conductor  varies  from  point  to  point  along  its  length, 
the  same  will  be  represented  in  the  plane  by  a  curve ;  this  has  already 
been  explained  on  p.  89,  Sect.  29.  The  shape  of  the  curve,  of  course, 
depends  solely  on  the  e.m.f.'s  in  the  conductor.  The  curve  may  be  a 
straight  line  or  other  curve  either  continuous  or  broken.  If  there  is 
no  current  in  the  conductor,  the  potential  at  a  point  equals  the  sum  of 
all  the  e.m.f.'s  from  the  point  where  the  potential  is  zero  to  the  point 
considered.  When  no  current  flows  in  the  conductor  and  no  km.f.'s 
are  present,  the  conductor  has  the  same  potential  everywhere,  and  will 
be  represented  in  the  plane  by  a  single  point.     On  the  other  hand,  if 
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Fin.  218.— Symmetrical  Three-phase  System  with  Unbalanced  Load. 

the  conductor  carries  the  current  /,  the  potential  will  be  displaced 
by  the  distance  Try  owing  to  the  ohmic  resistance  r,  in  the  direction 
opposing  the  current,  and  by  the  distance  Ix>  owing  to  the  total 
reactance  z  =  z,-ze,  in  the  direction  lagging  90°  behind  the  current. 
The  curve  of  potential  along  the  conductor  can  be  drawn  point  by 
point  in  this  way,  when  we  thus  start  at  a  point  with  given  potential. 

This  method  of  representation  is  well  adapted  for  showing  clearly 
the  pressure  relations  in  a  polyphase  system,  whilst  the  distance 
between  two  points  in  the  plane  of  the  co-ordinates  gives  directly 
the  effective  pressure  between  the  two  corresponding  points  in  the 
system.     From  Fig.  212  we  see  at  once  that  the  line  pressure  of  a 

three-phase  system  equals  */3  times  the  phase  pressure;  similarly, 
from  Fig.    215,  it  is   obvious  that,  in  an   interconnected   two-phase 

system,  the  line  pressure  at  no-load  equals  >/2  times  the  pressure  of  a 
phase,  and  so  on. 

For  the  first  example  of  this  method  of  representation,  we  shall 
consider  a  three-phase  system  in  which  the  current  producer  is  star 
connected  and  the  current  consumer  mesh  connected.  Let  only  two 
phases  of  the  A  system  be  loaded,  the  third  being  left  open  (Fig.  213). 
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If  the  system  is  unloaded,  the  three  equidistant  points  PI0,  Puo,  Pmo 


^-^/ - 


Fio.  214.— Symmetrical  Three-phase  System  with  Unbalanced  Load. 

(Fig.  214)  represent  the  three  potentials  at  the  terminals  of  a  sym- 
metrical star  system,  provided  that  the  potential  of  the  neutral  point 
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Fio.  215.— Unsymmetrlcal  Two-phase  Three-wire  8ystem  with  Balanced  Load. 

falls  in  the  centre  of  the  circle  0.     Now  let  the  phases  I  and  II  be 
equally  loaded ;  the  currents  IT  and  Iu  =  IY  are  then  represented  by  two 
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equal  vectors  making  the  same  angle  <f>  with  their  inducing  km.f.'s 

PiqPuiq  and  Pu0Pmo-  The  current  Ini  flowing  in  the  third  phase  is 
the  geometrical  sum  of  -  It  and  -In*  On  account  of  the  currents 
flowing  in  the  phases,  the  no  load  potentials  at  the  terminals  Pl9,  Pno 

and  Pmo  are  shifted  to  Pu  Pu  and  PJU,  where  e.g.  PI0PJ  =  /,r  is  in  the 

opposite  direction  to  Ij  and  PlPl=*Ilx  lags  90°  behind  the  current; 

thus  PioPi  equals  I&  and  so  on.  From  this  we  see  that  a  symmetrical 
three-phase  system  with  unsymmetrical  load  has  no  longer  an  equi- 
lateral pressure  triangle,  as  PioAio^mo  on  no-load,  but  in  this  case 
an  isosceles  (unbalanced)  triangle  PlPuPm. 

As  a  second  example,  consider  an  unsymmetrical  two-phase  three- 
wire  system  with  symmetrical  load  (Fig.  215).  PJ0,  Puo  and  0  give 
the  terminal  potentials  at  no-load.  J,  and  Iu  are  the  phase  currents, 
whilst  I0  (the  current  in  the  middle  wire)  is  the  geometrical  sum  of 
-Ii  and  -in.  On  account  of  these  currents,  the  potentials  P10,  Pno 
and  0  are  displaced  to  the  points  Pu  Pn  and  0t.  Since  the  pressure 
triangle  PiPu0i  is  not  rectangular,  we  see  that  even  with  symmetrical 
loading,  the  interconnected  two-phase  system  is  not  exactly  balanced. 

78.  Graphic  Calculation  of  Current  in  a  Star  System. 

Method  I.  In  the  previous  section,  for  the  sake  of  simplicity,  we 
assumed  that  the  load  current  of  the  several  phases  was  known  both  in 
magnitude  and  direction.  Strictly  speaking,  this  is  seldom  the  case. 
In  practice,  however,  it  is  often  possible  to  estimate  the  currents  in 
the  several  phases  with  close  approximation,  and  from  these  determine 
the  pressure  drops  in  the  different  phases  by  the  above  method. 

If,  however,  we  have  to  treat  an  unsymmetrically  loaded  system 
with  large  pressure  drops  in  generators,  mains  and  transformers,  it  is 
necessary,  under  certain  conditions,  to  calculate  these  more  exactly 
than  is  possible  by  using  the  above  method.  For  this  purpose  we  turn 
to  the  following  problem  : 

To  calculate  the  currents  and  pressures  in  a  star  system,  whose 
generators  and  load  admittances  are  all  star  connected.  The  km.f.'s  in 
the  several  phases  are  known,  also  the  resistances,  reactances  and  load 
admittances. 

We  assume  as  before  that  the  neutral  point  of  the  generator  possesses 
zero  potential.  Then  at  no-load  the  terminals  of  the  various  phases 
have  a  potential  corresponding  to  the  e.m.f.'s  induced  in  these  phases. 
These  E.M.F.'s  may  have  any  desired  shape  and  strength.  Assume,  for 
the  present,  that  the  potential  of  the  neutral  point  of  the  load  is 
known ;  the  potential  difference  consumed  in  each  phase  is  then  also 
known.  This  is,  namely,  equal  to  the  potentials  at  the  terminals  of  the 
phases  at  no-load,  less  the  potential  of  the  neutral  point  of  the  load. 
The  current  in  any  phase  then  equals  the  potential  difference  consumed 
in  that  phase  divided  by  its  total  impedance.  If  the  current  is 
thus  found  in  magnitude  and  direction,  the  potential  at  any  point  of 
the  system  can  be  easily  deduced  by  the  above  method.    Thus  the 
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pressure  drop  from  no-load  to  load  can  be  simply  determined  for  each 
phase. 

The  knmoledge  of  the  potential  of  tJie  star  point  of  the  load  will  /Aim 
simplify  the  whole  problem,  for  each  phase  can  then  be  treated  indepewlently 
of  the  rest. 

The  determination  of  the  potential  of  this  neutral  point,  however, 
offers  some  difficulties,  which  can  be  best  overcome  as  follows.     As 


Fio.  216. — Polyphase  Star-connected  Generator. 

example,  consider  the  star  system  shewn  in  Fig.  216;  the  km.f.'s 
induced  per  phase  can  be  represented  by  OPro,  OPno,  OPmo,  01\y(i 
and  0PyQ  (Fig.  217).  The  points  PI0,  PII0,  ...  Pvo  give  the  no-load 
potentials  at  the  terminals  of  the  generator.  The  total  admittances  of 
the  five  phases  can  be  represented  by  gjbl9  gnbUi  and  so  on.  In  these, 
the  resistances  and  reactances  of  the  windings  of  the  several  phases  are 
also  considered.  At  the  ends  of  the  pressure  vectors,  set  off  the  con- 
ductances g...  of  the  several  phases  parallel  to  the  ordinate  axis,  and 
from  the  ends  of  these  the  susceptances  b  in  the  horizontal  direction. 
In  this  way  the  admittances  y  appear  as  lines  which  are  displaced  from 
the  ordinate  axis  by  the  phase-displacement  angle  <f>  of  the  several 
phase  currents.  We  suppose  the  problem  to  be  solved,  and  0X  the 
neutral  point  of  the  load  circuit  to  be  found;  the  effective  k.m.f.'s  of 
the  several  phases  are  then  represented  by  the  vectors  OlPl0,  OiPuo, 
and  so  on,  whilst  the  phase  currents  are  displaced  from  their  respective 
e.m.f.'s  by  the  angle  <f>.  From  Kirchhoff's  First  Law,  the  sum  of  the 
currents  in  all  the  phases  at  any  instant  must  equal  zero,  if  all  in 
the  same  sense  with  respect  to  the  neutral  point  are  taken  as  positive. 
Consider  now,  for  example,  the  effective  e.m.f.  />m  =  0I/>,i10  in 
phase  III  with  the  current  /In  lagging  <£ni  behind  it.  We  then  know 
that  /iii  =  Piii.Viii-  Choose  the  time-line  parallel  to  the  abscissa  axis; 
the  momentary  value  is  then 

ilu  =  \f2llu  cos  oni  =  >/2ymPm  cos  alu . 
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From  0,  draw  a  normal  on  to  y,u  ;  this  then  makes  an  angle  «m 
with  0,]',,,,,  and  the  shortest  distance  of  the  point  0,  from  ;/,„  is 
Oi7jiiioCob«iii-  Imagine  ym  to  be  a  force;  then,  neglecting  the  factor 
•J2,  the  moment  of  this  force  with  regard  to  the  pole  0,  is  represented 
by  the  momentary  value  t,It  of  the  current  /j„.  The  condition  that 
the  sum  of  the  currents  in  all  the  phases  equals  zero  at  any  instant  is, 
therefore,  the  sum  of  the  momenta  of  all  the  forces  y  with  respect  to 
the  point  0,  must  equal  zero,  or  0,  must  He  on  the  resultant  of  all  the 


If 


%^ 


forces  y.  If  the  time-line  rotates  with  the  angular  velocity  w,  the  forces 
y  must  also  rotate  with  the  same  velocity,  so  that  the  lines  g  always 
remain  normal  to  the  time-line  and  the  momentary  values  of  the 
eurrenta  proportional  to. the  moments  of  the  forces  y  with  respect  to  U, . 
Imagine  now  that  the  whole  diagram  0,Pl0Pll0 1'ul0 I',V0PV„  as  a  rigid 
system  at  the  terminals  of  which  the  corresponding  forces  yact;  we 
know  then,  that  if  the  forces  be  turned  through  equal  angles  about  the 
points  of  application,  the  resultant  of  these  forces  will  likewise  turn 
through  the  same  angle  about  a  fixed  point  This  centre  of  the  system 
of  forces  must  coincide  with  0,  in  order  that  the  condition  "the  sum 
of  all  the  moments  is  zero "  is  satisfied.     From  this  the  construction 
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for  the  point  0X  follows  at  once  by  finding  the  resultant  of  the  forces  y 
in  two  directions  (e.g.  at  90°  apart).  The  point  of  intersection  of 
these  then  gives  the  potential  0X  of  the  load  star  point.  ' 

In  Fig.  217  the  momentary  value  of  the  current  Im  is  positive,  and 
the  moment  of  the  force  ym  with  respect  to  the  middle  point  0l  of  the 
pressure  must  therefore  be  also  positive.  The  moment  of  the  admit- 
tance, which  represents  a  current,  will  be  also  called  a  cuirent  moment 
in  what  follows.  The  momentary  value  of  the  current  Ix  in  Fig.  217 
is  negative,  and  equals 

iI  =  ^/,cosaI=  --s/iTjCosOSO-a,) 

«  -^2^x008(180-^). 

•J%y\Pi 008(180-0!)  equals  the  moment  of  the  force  yl  with  regard 
to  0\.  This  moment,  which  acts  in  a  clockwise  direction  when  taken 
negative,  gives  the  momentary  value  of  the  current  Ix  with  its  corre- 
sponding sign  (disregarding  the  factor  *]2).  From  this  it  follows  that 
all  current  moments  acting  in  a  counter-clockwise  direction  are  to  be 
taken  as  positive,  and  all  acting  in  a  clockwise  direction  as  negative. 
This  positive  sense  of  the  current  moments  is  due  to  the  direction  of 
rotation  assumed  for  the  time-line,  with  which  the  former  agrees. 

In  Fig.  217  the  currents  IY  and  Im  lag  behind  their  respective 
pressures  Px  and  PIU  in  phase ;  nevertheless  the  susceptances  bt  and  bin 
must  be  set  off  along  the  positive  direction  of  the  abscissa  axis,  when 
the  conductances  are  set  off  along  the  positive  direction  of  the  ordinate 
axis,  for  the  whole  construction  to  be  correct.  The  current  Itl  leads  its 
pressure  Plu  so  that  bu  must  be  set  off  in  the  negative  direction  of  the 
abscissa  axis.  This  definite  direction  for  the  admittance  forces  y  arises 
from  the  chosen  direction  of  rotation  of  the  time-line. 

After  we  have  thus  determined  the  potential  of  the  neutral  point  of 
the  load  system  and  knowing  the  effective  e.m.f.'s  and  pressures  in 
each  phase,  we  can  find  the  current  in  each  phase.  The  currents  cause 
a  drop  of  potential  in  the  windings  of  the  generator  and  in  the  line, 
which  causes  a  displacement  of  the  potential  at  the  receiver  terminals. 
This  displacement  equals  Ir  in  the  direction  of  the  current  and  Ix 
normal  to  it,  as  already  explained.  If  the  km.f.'s  and  loads  in  the 
phases  are  not  all  the  same,  the  pressures  at  the  receiver  circuit  may 
differ  considerably. 

The  above  method  for  finding  the  neutral  point  was  first  suggested 
by  Kennelly,  Elec.  World  and  Engineer  1899,  p.  268. 

In  the  special  case  of  a  symmetrical  star  system  whose  phases  are 
symmetrically  loaded,  the  neutral  point  Ol  of  the  load  coincides  with 
the  neutral  point  0  of  the  generator,  which  can  at  once  be  seen  from 
symmetry.  The  same  current  flows  in  each  phase,  and  the  no-load 
potentials,  Pl0,  Pno,  Pmo>  and  80  on»  a*  the  receiver  terminals  are 
displaced  by  the  same  amount ;  the  system  remains  symmetrical  and 
balanced. 

If  we  have  a  star  system  with  neutral  wire,  the  neutral  point  Ot  can 
also  be  determined  by  the  above  method.     For  this  purpose  it  is  only 
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necessary  to  introduce  a  force  y0  at  the  point  0  corresponding  to  the 
admittance  of  the  neutral  line,  in  order  to  consider  the  influence  of  the 
neutral  wire  on  the  potential  of  the  point  Oj.  When  y0  is  equal  to 
zero  we  have  the  system  in  which  no  neutral  wire  is  present, — while 
for  the  case  y0  equal  to  infinity,  0t  and  0  have  the  same  potential. 
The  points  are  then  short-circuited,  so  that  the  current  and  drop  of 
pressure  in  any  one  phase  has  no  effect  on  the  loads  in  the  other  phases. 
The  conversion  problem  treated  by  Kennelly  in  the  above-mentioned 
paper  is  of  interest,  for  it  also  shews  how,  by  suitably  choosing  the 


4^ 
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Fio.  218a. 


Via.  2186. 


Fig.  218c. 


Fio.  218a-e.— Diagram  of  Symmetrical  Three-phase  System  supplying  Two-phase 

Current. 


Fio.  210a. 


Fio.  210b. 


Fio.  219c. 


Fio.  21  Oa-r.— Diagram  of  an  Interlinked  Two-phase  System  supplying  a  Balanced 

Three-phase  Current. 


three  load  resistances  of  a  symmetrical  three-phase  system,  the  same 
can  be  made  to  deliver  a  two-phase  current.  The  conductances  of  the 
three  load  resistances  (Fig.  218a)  must  bear  the  ratio   1:1: 2*73. 

Fig.  2186  shews  the  pressures  of  the  various  phases,  of  which  OPl0  and 
0/*mo  are  perpendicular  to  one  another.  Fig.  218c  is  the  diagram  of 
the  currents. 

Conversely,  a  symmetrical  three-phase  current  can  be  taken  from  an 
interlinked  two-phase  system,  by  making  the  load  resistances  of  the  two 

phases  equal  and  in  the  ratio  1  :  (1  +\/3)  to  the  resistance  of  the  neutral 
wire  (see  Fig.  219a).  Figs.  2196  and  c  shew  respectively  the  pressure 
and  current  diagrams  for  this  arrangement. 


A.C. 
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79.  Analytic  Calculation  of  Current  in  a  Star  System.  The  graphic 
method  described  in  Section  78  for  the  determination  of  the  middle 
point  Oi  of  the  pressure  is  not  always  convenient,  especially  in  the  case 
of  a  star  system  with  a  neutral  wire  ;  for  the  latter  has  usually  a  much 
greater  conductance  than  one  of  the  loaded  phases. 

Further,  the  admittances  are  often  nearly  parallel,  so  that  graphic 
summation  is  inconvenient  and  inexact,  unless  the  resultants  of  the 
forces  y  are  found  by  means  of  the  force  and  vector  polygon,  as  is 
customary  in  graphic  statics. 

We  shall,  therefore,  first  shew  how  the  currents  and  the  middle  point 
0l  of  the  pressure  of  a  star  system,  with  and  without  neutral  point,  can 
be  analytically  determined. 

Method  I.  The  no-load  pressures  Pl09  PII0,  etc.,  of  the  several 
phases,  which  equal  the  induced  e.m.f.'s,  will  be  denoted  in  general 
by  PX9  for  a  phase  and  the  admittances  of  the  phases  by  y.    Then 

where  P0  is  the  potential  of  the  middle  point  0l  of  the  pressure,  /0  the 
current  in  and  y0  the  admittance  of  the  neutral  wire.     From  this 

2(Pxo.v)-/>o2(y)+i>0yo, 

where  ^(PjoV)  -  Ur  -  /i  +  /n  +  /m,  etc. 

I0K  is  the  current  which  would  flow  in  the  neutral  wire  if  the  two 
neutral  points  were  connected  by  a  wire  with  zero  resistance,  whilst 
/i\  /in  etc.,  denote  the  currents  in  the  phases  under  this  assumption. 
If  these  currents  are  calculated,  we  have 

If  P0  is  known,  we  calculate 

/io  =  Ayi, 

/no  -  P*V\u  a^  so  on. 
Finally,  /o  =  Ay0, 

where  /I0  +  /no  +  /IlI0  + . . .  +  /0  =  I0K . 

The  phase  currents  are  also  easy  to  find,  for 

Similarly,  /„  =  &  -  /II0,  etc. 

Let  us  take  any  given  star  system,  and  supposing  first  that  the  two 
neutrals  are  connected,  as  in  Fig.  220,  calculate  the  current  distribution 
— for  instance,  for  PQ  =  0.    We  have  then 

fi  +  /n  +  •  •  • =  /o  K* 

Secondly,  we  will  suppose  the  current  I0K  distributed  over  all  the 
parallel  conductors  in  the  systems  in  proportion  to  their  admittances, 
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by  putting  the  phase  pressures  Pl0,  PII0,  etc.,  equal  to  zero  and 
calculating  the. currents  /,„,  Inn  •••  I0  as  if  only  P0  were  present  (see 
Fig.  221). 

We  have  here,  therefore, 

/io  +  /no  +  •  •  -  +  /o  =  /o  K' 

The  phase  currents  are  then  obtained  by  superposing  the  two  current 
distributions  in  Figs.  220  and  221. 


I-  V\AAAAAi         1* 


Fio.  220. 


Fio.  221. 


To  take  a  practical  example,  we  will  go  through  the  calculations  for 
a  star  system.     Let  us  take  a  three-phase  generator,  star  connected, 


0*02  ohm 


r-0*08  ohm 
X*  0-2  ohm 


0  "08  ohm 


r- 0*03  ohm 
X-0-2  ohm 

0*02  ohm 


0*02  ohm 
Fio.  222. 


:::  >«Load 


'2  Load 


feeding  a  lighting  network  with  a  phase  pressure  of  100  volts.  The 
lamps  are  connected  in  star,  as  shewn  in  Fig.  222.  With  full  balanced 
load  in  the  network,  the  current  per  phase  is  100  amps.    The  armature 


260 


THEORY  OF  ALTERNATING-CURRENTS 


winding  of  the  generator  has  an  effective  resistance  of  0*03  ohm  and 
a  reactance  of  0*2  ohm  per  phase.  The  mains  between  generator 
and  receiver  have  a  resistance  of  0*02  ohm  per  phase,  whilst  the 
neutral  line  possesses  a  resistance  of  0*08  ohm;  the  self-induction  of 
the  mains  and  incandescent  lamps  is  negligibly  small. 


Fig.  223. 


We  shall  determine  the  distribution  of  current  and  pressure  in  the 
system,  assuming  that  the  first  phase  is  fully  loaded,  the  second 
working  on  £  full-load  and  the  third  on  half-load.  In  all  the  three 
phases  of  the  generator,  the  same  effective  E.M.F.  of  100  volts  is  induced; 
hence  the  no-load  potentials  of  the  four  terminals  of  the  generator  are 
represented  by  the  points  0,  PUf  Puo  and  PIII0  (Fig.  223).  The  first 
phase  of  the  load  network  has  a  conductance  of  1  mho  or  a  resistance 
of  1  ohm,  the  second  phase  £  mho  or  1  '333  ohms,  and  the  third  phase 
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i  mho  or  2  ohms.     To  these  resistances  must  be  added  the  resistances 
of  the  three  lines  and  the  phases  of  the  generator,  so  that  we  have 

t^-1-05,      ^  =  0-2  or     0C  =  0*922,       (j -0*1755; 

rn  =  l*38,     a*n  =  0*2  or    ft,  =  0*710,      bn  =  0*103; 

rm  =  2*05,    «ni  =  0-2  or  ftn  =  0*484,     &m  =  0*0473; 

and  r0  =  0*08  ohm  or     g0=  12*5  mhos. 

The  impedance  between  the  neutral  points  is 

r  -  ix  -  -ffo  +  ft  +  ft*  +  9m  ~J(K  +  >i  +  6ii  +  *in) 
'     (<70  +  ft  +  fti  +  ftn)2  +  (*o  +  *i  +  *n  +  *m)2 
=  0*0684  -''0*001 52  ohm. 

We  calculate  now 

/;  =  pl9yx  =  100(0*922  +j  0-1 755) 
=  92*2  +;  17*55  amps., 

/i'i  =  Pnofa  -  (  -  50  +;  86*6)(0*710  +;0013) 
=  -  44*4  +j56"4  amps., 

I'm  =  JWni  =  ( -  50  -  >86-6)(0-484  +/0-O47S) 

=  -  20*1  -;44*3  amps. 

From  this  we  find 

/ojr  =  27*7 +; 29*7  amps., 

^0  =  (0*0684  -./0*00152)(27*7  +;29*7) 
=  1*94  +jf  1*99  volts. 

This  difference  of  potential  produces  the  following  currents : 

/i  o = PqVi  =  1  '44  +>  2  *1 8  amps., 

/no  =  -PoSfn  ==  1'17  +jf  1'61  amps., 

/mo  =  Attn  =  0*85  +j  1  -06  amps., 

« 

/0  =  P0y0  =  24*22  +j 24*85  amps. 
Finally,  we  get 

/i  =  /i-/io=  -  90*76 +;  15*37  amps., 
/ii  =  /ii-/ho=  - 45*57 +;54*79  amps., 
/hi  =  /in  -  /mo  =  -  20*95  -;  45*36  amps. 
The  absolute  values  of  the  phase  currents  are 

/,  =  92  amps.,      /„  =  71  *5  amps.,      IU1  =  49*8  amps. 

The  current  Ii  causes  an  ohmic  drop  in  the  armature  winding  and 
line  Itr  =  ^0*05  opposing  the  current,  and  an  inductive  drop  ITx  —  Ij0% 
perpendicular  to  the  current,  as  shewn  in  Fig.  223.     Due  to  these  two 
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pressure  drops,  the  potential  across  the  lamps  in  phase  I  is  displaced 
from  P,0  to  Pu  and  the  lamp  pressure  is  now  0^  instead  of  the  no-load 
pressure  OPI0.    From  Fig.  223  the  lamp  pressure  of  the  three  phases 

are  <VWi*  1  =  92  volts, 

OxPu  =  in  x  1  *33  =  95  volts, 

O^m  =  iin  x  2  =  99-6  volts, 

thus  shewing  the  effect  of  the  out-of-balance  load. 

If  all  phases  had  been  equally  loaded  with  100  amperes,  the  lamp 
pressure  would  have  fallen  to  93  volts  in  each  phase. 

80.  Graphic  Calculation  of  Current  in  a  Polyphase  System. 

Method  II.  As  well  as  the  analytic  method  in  the  previous  section, 
the  following  simple  graphic  method  can  also  be  used.  We  will 
describe  it  in  connection  with  a  symmetrical  three-phase  star  system 
with  phases  loaded  unsymmetrically  and  without  neutral  wire.  ■ 


Fin.  224.    • 


Fig.  225. 


In  Fig.  224,  the  no-load  pressures  PKp  of  all  the  phases  are  drawn 
in  the  same  direction,  viz.  along  the  ordinate  axis.  /,',  In  and  I'm  are 
the  currents  which  these  pressures  would  produce  if  the  neutrals  of  the 
generator  and  the  load  were  directly  connected.  Since  all  the  no-load 
pressures  are  equal  in  magnitude  in  a  symmetrical  system,  the  currents 
/i,  In  and  I'ul  in  such  a  system  will  be  proportional  to  the  admittances 
yu_V n  anc*  ym  of  the  three  phases.  To  the  same  scale,  the  vector 
OA  =  /,'  +  In  +  Im  represents  the  total  admittance  y  =  y,  f  yn  +  ylu  be- 
tween the  neutral  points. 

In  Fig.  225,  the  currents  /J,  I'u  and  /,'„  are  drawn  at  their  correct 
phase  angles  ^T,  \f/n  and  \pm  to  the  no-load  pressures  Pro,  Puo  and  Ano- 

Finally,  we  draw  Fig.  226,  in  which  the  currents  I'u  Iu  and  I'm 
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are  geometrically  added,  giving  the  current  hg=f\-¥la+fmi  which 
must  flow  between  the  neutral  points,  from  the  load  to  the  generator. 
The  current  i0K  is  now  distributed  among  the  several 
phases  in  proportion  to  their  admittances  by  drawing 
on  /oc  a  polygon  similar  to  that  formed  by  the 
currents  /[,  f„  and  /,'„  on  OA  in  Fig.  224.  /„, 
Iua  and  /mi  are  the  components  of  Itt  in  the 
different  phases.  By  drawing  parallel  lines,  we  add 
/,'  and  -/(,,  together  in  Fig.  225,  and  thus  ob- 
tain the  resultant  current  Ii  in  phase  I.  Similarly 
for  the  other  phases. 

We  have  determined  the  phase  currents  without  Pio.  sx. 

finding  the  potential  of  the  neutral  point  0,  of  the 
load.    This  can  now  be  found  at  once,  for  the  potential  differences  must 
be  proportional  to  the  currents  they  produce.    Thus,  for  phase  I, 

^?,.:5Ph=/;:/i, 


Similarly  for  the  other  phases, 
0J\iB 


If  we  strike  off  arcs  about  the  points  !',„,  P,Jt  and  Pn,g  with  these 
radii  in  Fig.  225,  they  will  all  cut  in  the  point  0,.  This  is  the  middle 
point  of  pressure  in  the 
load.  For  each  phase  we 
get  a  pressure  triangle 
similar  to  the  current 
triangle  for  the  same 
phase. 

The  direct  determina- 
tion of  the  point  0,  is 
most  easily  done  by  the 
construction  in  Fig.  227. 
Here  again 

is   represented  by   the 
vector  OA.    Further, 

P,,?, +-?„„?„  +  ..  . 
=/;+/;,+  ...=/„. 
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On  the  other  hand, 

f  10  fo      #10 

i.e.  if  we  rotate  the  co-ordinate  system  of  the  pressures  so  that  the 
direction  of  PI0  coincides  with  that  of  /,  then  PQ  lies  in  the  direction 
of  Iqki  and  it  is  only  necessary  to  construct  the  fourth  proportional  in 
Fig.  227  to  find  the  point  0X. 

81.  Conversion  of  a  Mesh  Connection  into  a  Star  Connection.    Of 

the  different  ring-connected  systems,  mesh  connection  is  almost  the 
only  one  which  has  found  favour  in  practice;  consequently  we  must 
study  this  connection  more  especially. 

In  the  previous  section  was  shewn  how  the  neutral  point  of  a  star 
connection  can  be  easily  determined,  and  the  calculation  of  the 
currents  in  a  star  system  thus  reduced  to  the  treatment  of  simple 
conductors.  In  order  to  obtain  the  same  simplicity  for  a  mesh 
connection,  the  following  method  due  to  Kennelly  (Electrical  World, 
vol.  34,  p.  413)  for  converting  a  mesh  connection  into  an  equivalent 
star  connection — with  respect  to  the  outside  circuit — may  be  used. 


Fig.  228a.  Fio.  2286. 

Fio.  228.—  Mesh  System  and  its  Equivalent  Star  8ystem. 

Fig.  228a  represents  a  mesh  system  with  the  impedances  zx,  zn,  zin 
in  the  several  branches.  Let  the  equivalent  star  connection  (Fig.  2*2Sb) 
have  the  impedances  za,  zh  and  ze.  Now,  in  order  that  the  mesh  can  be 
replaced  by  the  star  without  altering  the  conditions  in  the  external 
circuit,  the  impedances  between  the  three  terminals  A,  B  and  C  of  the 
star  must  equal  the  impedances  between  the  angles  A>  B  and  C  of 
the  mesh.  We  have  thus  the  following  symbolic  expressions  for  the 
impedances : 

?<,  +  ?*  = 


?>  +  ?c  =  i 


?l  +  ?n  +  Zni 


«„  +  ?„  = 


.c 


_  — • 
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Multiplying  each  of  these  equations  in  turn  by  - 1  and  adding, 
we  obtain 


?a~  ~ — » 

ri  +  ?ii  +  ?m 
?iii?i 

?6  — »  > 

Zl  +  ?1I  +  ?III 


(146) 


Substituting  the  complex  quantities  for  zly  zu  and  Zm  in  these 
symbolic  formulae  and  splitting  up  the  expressions  z„,  zb  and  ze  into 
their  real  and  imaginary  components,  we  get  the  resistances  and 
reactances  of  the  equivalent  star  connection  expressed  in  terms  of 
those  in  the  mesh  connection. 


'„-./*•-  = 


(rii-jxu)(rm-jj:lu) 


'i  +  ru  +  rlu  -j(xs  +  xn  +  xlu) 

r-jz 

=  fai  -jxii)(rm  - y^ii)  (r  +>x) 
r2  +  a;2 

^/fai^m  ~  SnSm)  +g(rI1a?III  +  r1I1.gll) 

;?  Vll^III  +rHIflJIl)  ~~  #V  II^'lII  "*  ^II^IIl) 
-J  j- 

In  a  similar  manner,  we  get  also 

•     _  rv'iur\  ~~  xmxi)  +  BymJi  +  ^i^iii) 

I 

_  'r(ruixi  +  'j^ni^-  ;r(**in**i  ~  ^III^l) 

•  »■(*•,»•„  +  »„»;,)  - x(r,ris  -  x,zn) 

-J  -  J2  • 

i 

Conversely,  if  a  star  connection  is  given,  we  can  substitute  for  this  a 
mesh  connection. 

In  this  case  we  assume  that  the  admittances  of  the  star  are  known, 
whilst  the  admittances  of  the  mesh  are  to  be  determined. 

If  the  two  systems  in  Figs.  228a  and  b  are  equivalent,  they  will  still 
be  equivalent  if  we  connect  like  circuits  between  two  like  terminals  in 
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both.  They  will  therefore  be  equivalent  when  we  connect  a  circuit  of 
impedance  s  =  0  between  A  and  B  in  both,  i.e.  if  we  short-circuit  A 
and  B.     In  this  case  we  have 

If  we  connect  B,  C  and  C,  A  in  turn  in  the  same  way,  we  also  get 
From  these  three  equations,  we  then  get 

ybye 


*- 


ya+y>+yc 


(147) 


=     yeya 
¥n   ya+y*+ye 

¥m   ya+y>+yeJ 

From  the  last  three  expressions,  which  can  also  be  expressed  as 
complex  quantities,  the  equivalent  mesh  connection  of  any  star  connec- 
tion can  be  calculated. 


Fig.  229.— Graphical  Transformation. 

This  problem  of  conversion  can  also  be  solved  graphically.     In 

Fig.  229,  0ZU  0Zn  and  0ZIU  represent  the  impedances  zly  zn  and  zlu 
of  a  mesh  connection  in  magnitude  and  direction. 

To  determine  now  the  impedances  za,  zb  and  ze  of  the  equivalent 

star  connection,  we  first  draw  the  vector  OZ  to  represent  the  resultant 
impedance  z^Zi  +  Zn  +  rm,   and  then  construct  the  triangle   OZmZu 
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similar  to  0Z1UZ.     Then  0Za  is  the  required  impedance  za  in  magni- 
tude and  direction,  for  the  following  geometric  relation  is  fulfilled  : 


rill 


?II      ?I  +  ?II  +  ?III 

thus  satisfying  Eq.  146.  The  construction  for  zb  and  ze  is  exactly 
similar. 

The  graphic  determination  of  the  admittances  of  the  equivalent 
mesh  from  the  admittances  of  the  star  is  quite  similar  to  the  con- 
struction of  Fig.  229,  as  shewn  by  Eq.  147. 

Example.  Let  <7i=l,  <7n  =  £  and  gul^i  mho,  or  ^  =  1,  rn  =  1*333 
and  rin  =  2  ohms. 

Find  ra  =  stt,  rb  =  zb  and  re  =  ze. 

1*33-2        2'66  =  0614ohm, 


7*„r 


»«  = 


ii 'in 


or 


n  +  'ii  +  'iii     1  +  1*33  +  2     433 
£,=  1*63  mhos; 

r„jr,  2 


U  — 


in  M 


or 


and 


n+ni+'iii    4-33 

<7ft=2*16  mhos; 

nr,,  1-33 


=  0462  ohm, 


n- 


i'h 


0*308  ohm, 


ri  +  rn  +  rni    4-33 

or  &=  3*28  mhos. 

Thus  a  mesh  connection  whose  phase  loads  gl9  gn  and  glu  are  in  the 
ratio  of  4:3:2  is  equivalent  to  a  star  connection  whose  phase  loads 
gb,  gc  and  ga  bear  the  ratio  of  4:3:2,  whence  it  follows  that  the 
influence  of  unsymmetrical  loading  is  no  greater  in  a  star  system 
than  in  a  mesh  system. 

82.  Conversion  of  Star  and  Mesh  Connections  when  £.M.F.'s  are 
Induced  in  the  Phases.  Until  now  it  has  been  assumed  that  no  e.m.f.'s 
are  induced  in  the  phases  which  have  to  be 
transformed  from  mesh  to  star  and  vice 
versa.  If  such  e.m.f.'s  are  present,  we 
have  to  proceed  precisely  the  same  as 
before;  considering,  e.g.,  Fig.  230,  where 
the  paths  of  the  mesh  connection  possess 
both  e.m.f.'s  and  the  impedances  zl9  zn  and 
zin,  we  can  first  imagine  a  condition 
where  no  current  at  all  flows,  on  account 
of  the  E-M.F.'s  in  the  star  system  main- 
taining equilibrium  in  the  former— as 
can  actually  occur  with  generators  working 
in  parallel. 

If  the  E.M.F.  in  one  or  more  of  the  phases 
of   the   star  connection  is  now  altered,  currents  at  once  begin  to 
flow,  and  these  currents  will  depend  only  on  the  impedance  of  the 


Fin.  230.— Transformation  of  a 
Mesh  System  where  k.m.f.'b  are 
induced  in  the  Phases. 
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whole  system  and  on  the  amount  by  which  the  e.m.f.'s  in  the  star 
system  are  varied,  since  it  is  quite  immaterial  which  e.m.f.'s  maintain 
the  equilibrium.  Hence  it  follows  that  the  impedances  of  the  star 
system  which   is  equivalent  to  the  mesh  system  remain  the  same 


Flo.  281. 


whether  e.m.f.'s  are  present  in  the  branches  or  not.  As  regards 
the  conversion  of  star  connections  it  is  therefore  immaterial  whether 
e.m.f.'s  are  present  or  not. 

As  an  example  illustrating  the  complete  procedure,  we  can  take 
a  system  in  which  both  the  generator  and  the  load  are  mesh  con- 


^4 

^^6 

£^ 

JT 

k 

Fig.  282. 

nected,  as  shewn  in  Fig.  231.  We  first  calculate  the  impedances 
of  the  equivalent  star  connections,  and  then  find  the  sum  of  the 
admittances  in  each  phase  and  draw  the  pressure  triangle  for  the 
generator  on  no-load  (Fig.  232).  At  each  corner  of  this  triangle, 
we  then  set  off  the  admittance  of  the  corresponding  phase  as  a  force. 
The  centre  of  these  forces  is  then  the  neutral  point  0X  of  the  load,  and 
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the  distances  of  this  point  from  the  angles  of  the  pressure  triangle  give 
the  blm.f.'s  of  the  phases.  These,  multiplied  by  the  respective  phase 
admittances,  give  the  line  currents  (equal  to  the  phase  currents),  which 

make  angles  tan-1  -  with  0XPQ,    These  currents  cause  a  displacement 

of  the  potentials  from  the  angles  of  the  pressure  triangle  which  is 
drawn  for  the  terminal  pressures  at  the  generator  on  no-load.     The 


Fra.  288. 

displacement  of  each  angle  is  equal  to  the  corresponding  phase  imped- 
ance of  the  equivalent  star  connection  for  the  generator  multiplied  by 
the  line  current.  The  displacement  Ir  opposes  the  current  in  direction, 
whilst  Ix  lags  behind  the  same  by  90°.  By  this  means,  we  get  the 
three  new  angular  points  Pu  Pu,  Pni,  giving  the  pressure  triangle  of 
the  generator  on  load  (see  Fig.  232). 

In  Fig.  233  the  three  lines  Ia,  Ib  and  Ie  represent  the  three  line 
currents.     It  is  often  useful,  however,  to  know  the  currents  in  the  net- 
work, i.e.  in  the  branches  of  the  mesh.     These  can 
be  found  for  the  generator  by  taking  the  geometrical 

difference  Pi0Pio  of  ^i^m  and  Pi0-Pmo*  and  divid- 
ing this  difference  by  the  impedance  zu  of  the 
branch  connecting  them  (Fig.  234).    If  the  currents 
of  the  load  triangle  are  required,  we  must  first 
construct  the  pressure  triangle  for  the  pressures 
at  the  terminals  of  the  receiver.     The   sides  of 
this  triangle  are  the  phase  pressures,   and  each 
such    side    divided    by    the    impedance    of    the 
respective  branch  gives  the  current  in  that  part  of  the  load  triangle. 
We  have  thus  completely  solved  the  given  problem  without  knowing 
the  potential  of  the  neutral  point  of  the  equivalent  star  system  for  the 
generator — this  point  is  unnecessary  for  the  construction. 


Fio.  284. 
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Example  I.     The  load  admittances  of  the  mesh  system  are  all  alike 
in  every  respect. 


Then,  since  *"*" 


and 


?i  +  ?ii  +  ?iii 


we  have  za  =  zb  =  ze  =  |z, 

i.e.  a  mesh  connection  with  equal  impedances  in  all  the  branches  can 
be  replaced  by  a  star  connection  whose  phase  impedance  equals  one4hird 
of  the  phase  impedance  of  the  mesh  connection.  That  this  is  so  is  clear, 
for  with  star  connection,  the  pressure  per  phase  is  n/3  times  smaller 
and  the  current  n/3  times  greater  than  in  the  equivalent  mesh  con- 
nection ;  consequently  the  star  impedance  must  be  r  =  »  that  of  the 
mesh  impedance.  v**) 

Example  II.  In  three-phase  systems  several  star  connections  are 
often  joined  in  parallel.  Since  the  admittances  of  the  several  branches 
of  the  stars  cannot  be  directly  added  when  the  load  is  unsym- 
metrical,  each  star  must  first  be  replaced  by  its  equivalent  mesh.  The 
admittances  of  the  various  meshes  are  simply  added  for  each  branch, 
which  is  allowable,  since  these  admittances  are  all  in  parallel  between 
the  same  two  terminals.  Consequently  we  get  one  resultant  admittance 
for  every  path,  and  the  resultant  admittances  of  the  three  paths  form 
a  single  triangle,  which  is  equivalent  to  all  the  equivalent  parallel 
connected  stars.  This  triangle  can  further  be  replaced  by  an  equivalent 
star,  whereby  it  is  seen  that  several  different  star  connections  have 
been  reduced  to  a  single  equivalent  star.  In  a  similar  manner  it  is 
possible  to  treat  any  desired  load  on  a  three-phase  system. 

83.  Symbolic  Calculation  of  Current  in  Polyphase  Systems.    In  a 

symmetrical  polyphase  system  with  n  phases,  the  E.M.F.  px  induced  in 
the  Xth  phase  is 


px  =  s[2Psin  L>t  -(x-l)  |^| 
=  x/2P|si 


sin  w/  cos  (x-l)- —  cos  <ot  sin  (x  -  1)—  }, 
or,  symbolically, 

P,  =  p{cos(.r-l)^+ysin(.T-l)^| 

Since  pl  =  \f2P  sin  w/,  i.e.  symbolically  Px  =  P,  and  since  also 

j—  2ir     .   .    2tt     npr 

€    »  =  C08 +]  8111 =  V  1  =  6, 

n     J        n 
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we  can  write  for  the  E.M.F.'s  induced  in  the  several  phases, 

p*=p, 
a. -ft 

Consider  first  the  interconnected  four-phase  system  (Fig.  235),  whose 
generator  is  star  connected,  whilst  the  load  admittances  form  a  quadri- 
lateral. In  this  case  it  is  best  to  start  with  Kirchhoff's  Laws,  which 
state  that  the  sum  of  all  the  currents  at  any  junction  is  zero,  and  that 


i 


■WVWW-t 


Fig.  286. 

the  sum  of  all  the  e.m.f.'s  in  a  closed  circuit  must  be  zero.  Up  to 
the  present  there  is  no  graphical  solution  for  such  a  system; 
consequently  the  symbolic  method  is  used  for  treating  this  particular 
case — which  seldom  finds  practical  application.  Applying  Kirchhoff's 
First  Law  for  the  five  junctions  in  the  system,  we  have : 

/,  +  /«-/.  =0, 

/n  +  /.-/»  =0, 

fw+L-h        =o, 

and  It  +  /„  +  I1U  +  /IV  =  0. 

Since  the  last  equation  can  also  be  obtained  by  addition  of  the  other 
four,  we  need  not  consider  it  further. 

Similarly,  applying  Kirchhoff's  Second  Law  for  the  five  closed 
circuits  in  the  system,  we  have : 

Pi  -  Pu  -  h*i  -  Iaza  +  Jn%         =  0, 

•  •  • 

Pu  "~  #iii  ~  Ai^n  ""  ^bzb  +  ■'in^iii    =  0, 

•  •  • 

#iii ""  P iv  ""  Aii^iii  ~  leze  +  J-vr^vr  ~  0, 

... 

P IV  ~~  -T I  ~"  ■*  IV^IV  ~"  ^dZd  +  «*I^I  =  0* 

•  •  • 

and  Iaza  +  Ibzb  +  Ieze  +  Idzd  =  0. 

•  »  •  • 

The  last  equation  can  likewise  be  obtained  by  adding  the  other 
four,  and  can  therefore  be  omitted. 
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If,  in  the  pressure  equations,  we  now  replace  the  phase  currents 
Iu  /„,  /„,  and  /IV  by  the  line  currents  Iai  Ib,  Ie  and  Id,  we  get  the 
following  four  linear  equations  with  the  four  unknown  currents  Ia,  Ibi 
/«  and  Id. 

A  -  Ai  "  /a(?l  +  ?a  +  ?n)  +  A*n  +  U*i  =  0, 

»  • 

Ai  -  An  -  /»(?ii  +  ?6  +  ?m)  +  ^m  +  J«*n    =  o, 

An  -  Av  -  /,(?III  +  ?e  +  ?iv)  +  Jd*IV  +  A%I  =  0, 
Av  -  A  -  /*(?IV  +  ?d  +  ?l)  +  i«*I  +  ^e*IV  =  0. 

From  these  we  find  the  currents, 


where 


D  = 


4a        Jj, 

/»  = 

^>2 

/  -     s      and       r  -     * 

4c  —  j)      ana      / d  —  jj  > 

-  (?I  +  ?«  +  ?Il), 

o, 

-(?1I 

+  ?»  + 

o, 

o, 

*~iii/>                ?m> 

-  (?m  +  re  +  riv), 

?TV» 

-(ft* 

0 

r  +  ?d  +  ?l)   1 

o, 

?I, 

-  (?I  +  ?«  +  ?Il)> 

"(ftl 

o, 

-  (?III  +  ?c  +  ?iv)> 

?IV) 

o, 

*(?IV 

ftv                     ' 
ft 

0 

is  the  determinant  of  the  above  four  equations,  Whilst  Dl9  J92,  Ds  and 
#4  can  be  found  from  D  when  the  coefficients  of  the  unknowns  Ia>  Ib9 
It  and  Id  are  respectively  interchanged  with  regard  to  the  constant 
terms, 

A  —  Ai>     ¥ n  ~  fun     An  ~  Av     an(l     Av  ~  A- 

When  the  four  currents  Iay  IbJ  Ie  and  7,,  have  thus  been  determined, 
the  four  terminal  pressures, 

*oZa}       -*-bZbi       -*e~e>        -LdZdi 

•  •  •  • 

and  the  four  phase  currents, 

■fit     /n>     4 in  >     /iv> 
can  be  easily  found. 

The  problem  is  accordingly  solved,  and  for  the  solution  we  have 
only  used  the  simplest  means.  This  method  of  symbolic  treatment, 
however,  yields  a  result  which  has  very  little  meaning  until  we 
work  out  the  determinants,  and  then  from  the  symbolic  expressions 
come  back  to  the  complex.  The  final  result  is  thus  always  long  and 
complicated.  ' 

In  practice  we  usually  meet  with  the  independent  two-  or  four- 
phase  system  and  the  two-phase  three-wire  system.  The  former 
can  be  calculated  both  graphically  and  analytically  in  the  same  way 


CALCULATION  OF  CURRENT  IN  POLYPHASE  SYSTEMS     273 

as  a  single-phase  system.  The  two-phase  three-wire  system  can  be 
best  analytically  and  graphically  treated  by  calculating  the  neutral 
point  of  the  pressure.  We  shall,  however,  treat  this  case  here  sym- 
bolically, and  by  means  of  an  example  explain  the  operations  with 
complex  quantities  somewhat  more  fully.  In  Fig.  215  a  two-phase 
three-wire  system,  with  equal  currents  in  the  two  phases,  was  graphi- 
cally investigated,  and  it  was  found  that  the  drop  of  pressure  in  the 
two  phases  was  unequal.  If  we  consider  the  same  system  on  the 
assumption  that  both  the  phases  have  equal  load  admittances,  we 
find  that  in  this  case  also  the  pressure  drops  are  different.  Thus  the 
two-phase  three-wire  system  is  always  unsymmetrical  with  respect  to 
pressures  and  currents,  even  with  symmetrical  loading. 
In  order  to  shew  this,  let 

PI0  =  P  =  e.m.f.  induced  in  phase  I  of  generator, 
Pno=./P  =  E.M.F.  induced  in  phase  II  of  generator, 

/  =  current  in  phases  I  and  II, 

I0  =  current  in  neutral  line, 

z  =  impedance  in  phase  lines, 

s0  =  impedance  in  neutral  line, 

y  =  load  admittance  of  the  two  phases. 

Px  and  Pu  =  terminal  pressures  between  the  phase  terminals  and  the 
middle  wire. 

We  have,  then,  /,  +  /„  =  -  /0, 

where  all  currents  leaving  the  neutral  point  are  taken  as  positive. 

/,  =  yP,    and    /„  =  yP„, 

•  ■  • 

P^fio"  IiZ  +  I0ZQ  =  P  -/i(?  +  ?b)-/n*o 

•  •  • 

and  P„  =  Aio  -  hi*  +  Io*o  =]P  -  /n(?  +  ?b)  -  /i*o, 

•  •  • 

or  P,  { 1  +  y  (?  +  ?t>)}  +  yzoPii  =  P, 

PiFo  +  { 1  +  y  (»  +  &>)}  Pn  =jP, 

m 

i+y(z+%))-jyzo 

whence  f>i  =  ii-t — /— : — xTs — i    ^J**  0*8) 

{i+y(?+?o)}2-.(y?o)2  v     ' 

_    Fo-7{l+y(*  +  *>)} 

•n"Ti+y(?+?b)}2-(Fo)2  *    ' 

Take,  for  example,  s  =  ?on/2,  then 

1+  (1-707  -  0-707 j)yz 


ft- 


1  +  3414^  +  2414^2 


_  1  +  (V707  + 0-707 j)yz 
and  *n  ~  i+frtUyz  +  2-414^ 

For  further  similar  calculations,  see  Steinmetz  and  Berg. 
a.c.  s 
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The  dissymmetry  of  currents  and  pressures  is  due  to  the  fact  that 
the  reaction  of  first  leading  phase  in  such  a  system  on  the  second 
lagging  phase  differs  from  that  of  the  second  upon  the  first  Hence, 
such  a  system  is  not  to  be  recommended  for  current  distribution — 
rather  it  is  preferable  to  use  the  independent  two-phase. system,  whose 
pressure  regulation  is  just  as  simple  as  that  of  an  ordinary  single-phase 
system.  For  power  transmission,  however,  the  interconnected  two- 
phase  system  is  often  used,  since  it  necessitates  only  three  wires,  one 
of  which  can  be  earthed.  In  this  case  it  is  customary,  to  use  two 
concentric  cables  with  uninsulated  outers. 

• 

84.  Graphic  Representation  of  the  Momentary  Power  in  a  Polyphase 
System.     In  Fig.  45,  p.  36,  the  momentary  value  of  the  power, 

pi  =  PI  jcos  (<t>x  -  <f>2)  +  sin  horf  +  (<f>x  +  <f>2-  |YU, 

of  an  alternating  current  is  graphically  illustrated.     This  method  of 
representation,  however,  is  not  suitable  for  polyphase  currents.     We 

therefore  set  off  the  momentary  power  as  a  vector,  at  an  angle  (tat-^j 
to  the  abscissa  axis.*  ^ 

Putting  PI  cos  (<^  -  <£2)  =  PI  cos  <f>  =  W 


and  2  "  (*i +  **)  =  & 

then  w=/rfl+8ini^^ 

\  cos  9      / 

will  be  represented  by  a  closed  symmetrical  curve,  the  so-called  power 
curve,  whose  centre  is  a  point  of  the  fourth  degree.  Since  the  power 
of  each  phase  in  a  polyphase  system  varies  with  double  the  frequency 
of  the  current,  the  total  power  in  a  polyphase  system  can  also  be 
expressed  by  an  expression  of  the  following  form : 

w=fr{l+esin(2arf-^)}. 

eJff  is  here  the  amplitude  of  the  double-frequency  power.  Returning 
now  to  the  rectangular  co-ordinates  x  and  y  by  putting 


w 


=  V^  +  y2    an(j    tan  (w/ -  |W-, 


we  get  the  following  equation  for  the  power  curve : 

(3»  +  y2)3  __  ^2(32  +.?/2  +  2gX//)2  =  0, 

which  is  a  curve  of  the  sixth  degree. 

♦See  Steinmetz  and  Berg,  Alternating-Current  Phenomena. 
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In  this  equation,  put 

wwmx  =  0  +  e)JV=  maximum  power, 
Wmtn  =  (1  -  e)  W=  minimum  power, 


iy ^rnm 


+  W»'5    and    tJ"^-w 


mi  it 


then  ,,    _ 

2  w^  +  wmln 

Inserting  this  in  the  above  equation  of  the  power  curve,  we  get 

(xt  +  y^-liw^ix  +  yy  +  w^z-yyy-^O 

as  the  final  form  of  the  equation  for  this  curve,  whose  main  power  axes 
are  w1MX  and  wml0.  The  ratio  waAX  :wmia  is  often  referred  to  as  the 
balance  factor  of  the  system.  In  Figs.  236  to  239  the  power  curves 
of  the  most  important  alternating-current  systems  are  given. 


Fio.  23d. — Single-phase  System  on 
Inductive  Load,  </>=G0°. 


Fio.  287.— Single-phase  System  on  Non-inductive 

Load,  0=0. 


Fio.  238.— Inverted  Throe-phase  System  on 
Non-inductive  Load. 


Fio.  239.— Inverted  Three-phase  8ystem 
on  Inductive  Load,  0=60'. 


The  single-phase  system  with  non-inductive  load  (i.e.  cos</>=1)  has 
the  following  power  equation  : 

w=^{l+8in(2a>/-^)}, 
or,  since  winM=2#r,  wmln  =  0  and  6  =  1,  we  get,  in   the  rectangular 
coordinate  system,       (a.2+y2)3_  jr2(x  +  y)*  =  o. 

The  power  curve  is  shewn  in  Fig.  237. 
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As  is  obvious  from  the  above  figures,  the  power  in  an  alternating- 
current  system  is  completely  characterised  by  the  two  main  power 
axes  Wuuuj  and  wmlu.  All  symmetrical  polyphase  systems  with  »~3 
give  circles  for  the  power  curves  when  symmetrically  loaded.  These 
systems  therefore  transmit  the  power  quite  uniformly,  and  for  this 
reason  have  almost  completely  ousted  all  other  unbalanced  alternating- 
current  systems  for  power  purposes. 


CHAPTER  XV. 

NO-LOAD,  SHOBT-CIBOUIT  AND  LOAD  DIAGRAM  OF  A 

POLYPHASE  CURBENT. 

85.  No-load  Diagram.     86.  Short-oirouit  Diagram.     87.  Load  Diagram. 

86.   No-load  Diagram.     (Percentage  Current  Variation.)    When  a 
symmetrical  polyphase  system  is  uniformly  loaded,  each  phase  behaves 


Fio.  240.— No-load  Diagram. 


in  the  same  way  as  in  a  single-phase  system.  Hence  the  no-load 
diagram  derived  for  the  single-phase  circuit  can  be  directly  applied  for 
the  symmetrically  loaded  polyphase  system. 
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In  practice,  polyphase  systems  are  almost  exclusively  met  with,  the 
chief  amongst  these  being  the  three-phase.  We  shall  therefore  now 
derive  the  no-load  diagram  for  a  symmetrical  three-phase  star  system 
with  unsymmetrical  load  and  with  the  no-load  currents  in  the  three 
phases  equal. 

The  no-load  diagram  enables  us  to  determine  the  percentage  change 
of  current  from  the  receiver  terminals  to  the  supply  terminals.     This 


Fig.  241. 

percentage  current  variation  is  nearly  equal  to  the  current  variation  at 
the  receiver  terminals  from  shortrcircuit  to  load  when  the  current  in 
the  supply  circuit  is  maintained  constant 

If  the  system  is  unsymmetrically  loaded,  we  must  first  find  the  line 
currents  7I2,  /n2  and  7III2  by  geometrically  adding  the  three  load 
currents  IA2,  IB%  and  IC2.  The  pressure  triangle  (Fig.  240)  is  then 
drawn  for  the  pressures  at  the  receiver  terminals,  as  an  equilateral 

triangle — this  is  not  quite  correct — and  the  no-load  currents  -=^  100, 

-*II0 

and  so  on,  are  set  off  as  percentages  of  the  line  currents  at  an  angle  <£0 
to  the  phase  pressures  PI2,  and  so  on.  With  the  no-load  currents  as 
diameters,  we  describe  circles  and  obtain  the  variations  of  the  three 
line  currents  as  we  pass  from  the  receiver  terminals  to  the  supply 
terminals,  thus, 


ix%=±A*io  + 


tn%=±/*n0  + 


rio 
200' 

2 

^110 

200 
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and 


hii/o—  i  ^mo  + 


200" 


In  Fig.  241,  in  the  same  way,  the  no-load  diagram  is  represented  for 
a  three-phase  network,  to  which  several  unsymmetrical  transformers 
are  connected  of  the  kind  shewn  in 
Fig.  242.  The  load  is  symmetrical 
and  inductive,  with  a  power  factor  of 
0'9.  Since  the  no-load  currents  in  the 
several  phases  of  the  unsymmetrical 
transformers  vary  considerably,  we 
get  large  differences  in  the  diameters 
of  the  circles  (see  Fig.  241). 


Fio.  242. — Three-phase  Transformer. 


86.  Short-circuit  Diagram.  (Per- 
centage Pressure  Variation.)  The 
short-circuit  diagram  enables  us  to 
determine  the  percentage  change  of  the 
supply  pressures  when  the  pressures 
at  the  receiver  terminals  are  kept  constant  from  no-load  to  full  load. 
This  percentage  variation  nearly  equals  the  change  of  pressure  which 
takes  place  at  the  receiver  terminals  when  the  pressures  at  the  supply 
terminals  are  maintained  constant. 

When  a  symmetrical  polyphase  system  is  uniformly  loaded,  each 
phase  behaves  as  in  a  single-phase  system.  Hence  the  short-circuit 
diagram  of  a  symmetrical  three-phase  system  can  be  found  directly 
from  that  of  a  single-phase. 

We  have  here,  however,  three  pressures  at  the  receiver  terminals, 
whose  directions  are  represented  by  the  three  sides  PA2,  PB2>  Pa  of  an 
equilateral  triangle.  When  the  load  is  uniform,  the  line  currents  7I2, 
JII2  and  Im2  will  all  be  equal  and  make  the  same  angle  </>2  with  the 
phase  pressures  Pl2,  Pm  and  Pni2-  Each  of  these  line  currents  causes 
a  displacement  of  the  potential  at  the  supply  terminals  by  the  amount 
I2zK  in  passing  from  no-load  to  full  load.  Hence  we  set  off  the 
impedance  pressures  T 

±^100 


at  angle  <f>K  to  the  line  currents,  as  a  percentage  of  the  pressure  P2 
at  the  receiver  terminals.  On  this,  as  diameter,  we  describe  a  circle 
and  find  the  distances  pK  and  vKl  given  by  the  three  terminal  pressures 
in  these  circles.  I2zK  is  here  the  shortKiircuit  pressure  per  pnase,  and 
consequently  equals  PAK  when  the  load  is  uniform,  where  PAK  denotes 
the  terminal  pressure  at  short-circuit.  The  direction  of  each  terminal 
pressure  cuts  out  lengths  fiK  and  vK  from  two  circles.  We  thus  get 
the  percentage  change  of  pressure  at  the  supply  terminals,  on  passing 
from  no-load  to  load : 


•-.%  =  «*%-«*%«  ±fa±A  + 


200 


2 
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If  the  three-phase  system  is  unsymmetrically  loaded,  we  first  deter- 
mine the  line  currents  7I2,  In*  and  7III2,  as  shewn  in  Fig.  243,  by 
geometrically  adding  the  load  currents  IA9>  IB2  and  Ic2. 

The  short-circuit  diagram,  Fig.  243,  is  drawn  for  an  uusymmetrical 
non-inductive  load.  In  this  figure,  therefore,  the  load  currents  coincide 
in  direction  with  their  respective  terminal  pressures  PAa>  PBi  and  Pa- 


Fiq.  248.— Short-circuit  Diagram  of  a  Three-phase  System. 


/, 


The  impedance  pressures    ""*"  100  are  then  set  off  at  an  angle  $K  to 

2 
the  line  currents,  as  a  percentage  of  the  pressure  at  the  receiver  terminals. 

On  this  as  diameter,  we  describe  a  circle,  and  so  obtain  the  percentage 

variation  of  the  pressure  at  the  supply  terminals.     For  phase  B  this 

variation  is  /         .  x2 

p  <>/  AvBiK-rvBniK) 

GB/0—rBlK       pBUIK^ 

and  similarly  for  the  other  two  phases. 


200 


87.  Load  Diagram.  With  uniform  loading,  each  phase  of  a  poly- 
phase system  acts  just  as  a  single-phase  system.  Hence  we  can  apply 
the  load  diagram  for  single-phase  currents  directly  for  polyphase 
currents,  if  we  carry  out  the  calculations  for  each  phase  and  afterwards 
multiply  the  power  per  phase  by  the  number  of  phases. 
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The  relations,  however,  are  not  so  simple  when  we  come  to  deal  with 
unsymmetrical  systems  or  systems  unsymmetrically  loaded,  since  the 
currents  in  the  different  phases  mutually  affect  one  another,  but  not  all 
in  the  same  way.  Since  systems  with  a  considerable  want  of  symmetry, 
or  with  very  unsymmetrical  loading,  seldom  occur  in  practice,  we  shall 
not  treat  such  systems  exhaustively,  but  rather  satisfy  ourselves  by 
shewing  how  the  load  diagrams  for  such  systems  can  be  constructed. 

(a)  In  star  systems,  it  is  best  to  find  the  neutral  point  of  the  pressure 
for  different  loads.  If  this  point  does  not  alter  much  with  the  load, 
the  pressures  between  the  terminals  and  the  neutral  point  can  be 
regarded  as  constant;  and  the  load  diagram  for  each  phase  is  con- 
structed in  the  usual  manner  and  the  several  powers  summed  up.  If 
all  the  diagrams  have  the  same  conductance,  they  can  be  replaced  by 
an  equivalent  diagram,  whose  pressure  P  equals  the  root  of  the  sum  of 
the  squares  of  all  the  phase  pressures  Pu  Plu  Pm,  and  so  on,  i.e. 


/Wil+n+i* ,  +  ..., 

and  the  current  I  in  the  equivalent  diagram  bears  the  same  relation  to 
the  phase  currents : 

An  interlinked  four-phase  system,  where  one  double-phase  is  dis- 
placed 90°  in  phase  from  the  other  double-phase,  but  is  of  different 
magnitude,  yields  an  equivalent  diagram,  for  example,  if  both  phases 
feed  circuits  of  equal  conductance  y.     The  equivalent  pressure  is  then 

and  the  equivalent  current 

If  the  two  phases  supply  circuits,  however,  whose  conductances  are 
different,  but  with  similar  diagrams,  the  equivalent  diagram  can  also  be 
found  for  this  case,  if  we  take  the  pressure 


and  the  current  I  =  Jpl  ^-  +  Pn  ^ 

where  the  conductance  y  of  the  equivalent  diagram  equals  the  root  of 
the  product  of  the  two  phase  admittances  yl  and  ylu  i.e. 

y=slyiyn. 

The  same  also  holds  for  an  ra-phase  system,  if  we  write  for  the 
equivalent  admittance  „,,    — - — 
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The  equivalent  pressure  is  then 


\    x  y      n  y  m  y 

and  the  equivalent  current, 

v    yi      yn  ym 

Since  these  ratios  of  conductances  are  the  same  for  all  loads,  we 
can  calculate  them  for  any  desired  load — e.g.  no-load — and  substitute 
them  in  the  formulae 

(b)  In  ring  systems,  the  phase  pressures  generally  remain  constant  for 
all  loads,  and  on  this  account  the  formulae  that  have  been  deduced  for 
star  systems  may  also  be  applied  for  ring  systems. 


f  -*/    "•--..  \    \ 

£AJ 

>s^/        "  V 

Mi            "^^^^J- 

w.-* 

\ 


my* 


V 


-&■ 


Fio.  244.— Load  Diagram  of  a  Three-phase  Induction  Motor. 

(c)  As  an  example  of  a  symmetrically  loaded  three-phase  system,  we 
will  consider  the  load  diagram  for  a  75  H.P.  three-phase  asynchronous 
motor  at  580  r.p.m.  and  50  cycles.  Measurements  were  taken  at 
no-load  and  short>circuit,  and  the  following  mean  values  were  obtained 
for  each  of  the  three  phases : 

No-load : 

Pl  =  289  volts,     I0  =  2 1  amps.,     WQ  =  1  0  K. w. 

Short-circuit : 

PK  =  61  volts,     IlK  =  80  amps.,     WK  =  1 72  K.w. 

From  this  we  get 

cos  <£0  =  ^°T  =  0-165,     <£0  =  80°  30'. 
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The  short-circuit  current  at  full  phase-pressure  is 

p 
Ik  =  Iik  it  =  379  amps., 

W 

and  cos  ^  =  ^^=0352,     <^  =  69°20'. 

From  these  the  load  diagram  per  phase  is  drawn  in  Fig.  244  to  a 
scale  of  1  cm  =  75  amps.,  together  with  the  power  and  loss-lines,  in 
accordance  with  the  constructions  given  in  Sect.  58. 

For  the  maximum  power  (Pm),  the  diagram  gives : 

Supplied  power  #^  =  53*3  K.W., 
Efficiency  *7  =  72%, 

from  which  fr2lnax  =  0-72 .3 .533  =  115 K.W. 

for  all  three  phases,  or         jjg 


0746 


=  154  H.P. 


With  this  scale,  we  find  for  the  full-load  power  of  75  H.P.  (point  P) 
7=80  amps.,  ij  =  89  %,  cos<£  =  0-9,  s  =  3-9. 

The  maximum  power  for  <£2  =  0,  A^~0  is,  from  Formula  104, 

W       -  ™  P*  i1*  -  J<>C08  (6> ""  6r)) 

'*  2  max  —  llb 7TT\ — : 1 — \ 

2(1+  cos  <f>K) 

o  289(379 -21.  0-981) 
2(1+0-352) 

=  115  K.w.  or  154  H.P. 


CHAPTER  XVI. 
POLYPHASE  CURRENTS  OF  ANT  WAVE-SHAPE. 

88.  Higher    Harmonics    of    Current    and    Pressure    in    Polyphase    Systems. 
89.  Polyoyolic  Systems. 

88.  Higher  Harmonics  of  Current  and  Pressure  in  Polyphase 
Systems.  As  with  a  single-phase  current,  so  also  with  polyphase 
currents,  each  harmonic  (fundamental  and  higher  harmonics)  can  be 
treated  separately,  and  just  as  the  resultant  E.M.F.  of  the  fundamental 
waves  of  two  phases  is  found  by  geometric  addition,  so  also  harmonics 
of  the  same  frequency  can  be  summed  up,  only  the  angle  at  which  they 
act  is  different  for  the  several  harmonics.  The  harmonics  of  the  same 
frequency  in  an  n-phase  system  form  a  pressure  polygon  of  n  sides,  and 
the  laws  deduced  for  this  will  apply  quite  generally.  The  effective 
pressure  between  two  points  and  the  effective  current  in  a  conductor 
are  likewise  found,  as  before,  by  taking  the  square  root  of  the  sum  of 
the  squares  of  the  effective  pressures  or  currents  of  the  several  fre- 
quencies. The  total  power  of  the  system  is  the  algebraic  sum  of 
powers  of  the  several  harmonics. 

In  an  unsymmetrical  system,  there  are  such  manifold  variations  that 
it  is  preferable  to  treat  the  harmonics  of  symmetrical  systems  only. 
Particular  unsymmetrical  cases  can  then  be  studied  for  themselves. 

As  an  example  of  a  symmetrical  w-phase  system,  we  shall  examine 
that  which  most  frequently  occurs  in  practice,  viz.  the  three-phase 
system. 

The  phase  pressures  in  the  three  phases  are  as  follows : 

Pj  =  Ppl  s/2  sin  (a)/  +  ^) 
+  Pp,V2sin(3u>*  +  ^) 
+  Pp5 \/2 sin  (5<ot  +  \pb)  +  ... , 

Pn  =  PPi  n/2  sin  (arf  +  ^  -  120°) 
+  P„  >/2  sin  (Sod  +  ^  -  3 .  120°) 
+  Pp6Vr2sin(5cotf  +  ^5-5.120Q)+..., 
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Pm  =  PPi  \/2  sin  (tot  +  ^  -  240°) 
+  PpS  s/2  sin  (3tot  +  ^3  -  3 .  240°) 
+  PpaN/2sin(5W  +  ^6-5.240o)  +  ...; 

or,  working  these  out : 

pt  =  Ppl  sf2  sin  (tot  +  ^) 
+  Pl>3\/2sin(3arf  +  ^3) 
+  Pp6\/2  sin  (5w/  +  \ph)  +  ... , 

Pn  =  PPi  >/2  sin  {id  +  ^  -  1 20°) 
+  P„3\/2sin(3arf+^3) 
+  ^5^8^(5^  +  ^-240°)+..., 

pm  =  Ppls/2am(tot  +  +1-2i0°) 
+  Pp3>/2sin(3^  +  ^8) 
+  PpS  >/2  sin  (5o>/  +  ^5  -  120°)  +  . . . . 

From  this  it  is  seen  that  every  harmonic  whose  frequency  is  a 
multiple  of  the  third  harmonic  is  equal  in  all  the  phases,  i.e.  at  any 
instant  these  KM.F.'s  have  the  same  magnitude  and  the  same  direction 
with  regard  to  the  neutral  point,  whilst  all  the  other  harmonics  of  the 
three  phases  are  displaced  at  120°  to  one  another,  and  can  therefore 
be  treated  as  ordinary  symmetrical  three-phase  currents.  It  must 
be. observed,  however,  that  the  order  in  which  the  phases  follow  one 
another  is  not  always  the  same  as  that  of  the  fundamental;  e.g.  for 
the  fifth  harmonic  the  order  is  1,  3,  2,  where  1,  2,  3  is  the  order 
of  the  fundamental. 

From  the  momentary  values^,  pu  and^m  of  the  km.f/s  induced  in 
the  three  phases,  the  momentary  values  pa,  pb  and  pc  of  the  line 
pressures  of  a  star  system  can  be  found.     Thus 

Pe=Pi-Pn 

=  */3Ppl  J2  sin  (o>*+  ^  +  30°) 

+  V3P„5  V2  sin  (5w/  +  ^5  -  30°)  +  . . . , 

Pa=Pn-Pm 

=  >/3Ppl  v/2  sin  (tot  +  ^  -  90°) 

+  n/3Pp5  >/2  sin  (btot  +  ^6  +  90')  +  . . . 

and  Pb=Pm-Pi 

=  Vr3PplN/2sin  (a>*  +  ^  -  210°) 

+  n/3PpB>/2  sin  (btot  +  ^  -  150°)  + ... . 
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If  the  time  t  is  reckoned  from  another  instant,  e.g.  orf' =  wf  +  30' 


we  get 


-N/3Pp5N/2sin 
-  n/3Pp7  >/2  sin 

Pa  =  sf3Ppl^/2sin 
-V3P„5>/2sin 
-x/SP^V^si 


sin 


and 


pk  =  J5Pplj2Bin 
-x/3i>p8N/2sin 
-x/3Pp7V2sin 


K  +  ^i)    .. 
(5arf'  +  ^5) 
(7wf  +  ^7)  +  ..., 

(of +  ^-120°) 
(5W  +V6  -  240°) 
(7o>r  +  ^7-120°)+... 

(wf  +  \px  -  240°) 
(5«f  +  ^6-120-) 
(7o>f  +  ^7-240°)+.... 


This  way  of   expressing   instantaneous  values   of   the  line  pres- 
sures agrees  with  that  of  the  phase  pressures,  except  that  instead 
of  Pp!  we  have  *JSPplm}  instead  of  Pp3,  0;  instead  of  PpS  and  Pp-9 
-*J$Pp6  and  y/SPp1i  and  so  on.     Hence,  if  we  reckon  from  the  time  f, 

where  of  =  at  +  30°, 

in  a  three-phase  system,  we  get  the  following  expressions  for  the 
effective  line  pressures  of  the  several  harmonics  in  the  system, 

Pn  =  *j3Ppl;        Pl3  =  0;     Pl6=->/3Pp81 
Pw=-«/3P,T;    P„  =  0;    P„,=  +n/3P, 


>5»      I 
►  11"  J 


.(150) 


A  star  system  with  the  phase  pressures  PpU  PpS,  PpBf  etc.,  is 
equivalent  to  a  mesh  system  with  the  phase  pressures  Pn,  Pn,  Pni 
etc.,  if  the  star  system  is  regarded  as  lagging  30°  behind  the  mesh 
system. 

The  harmonics  of  the  third  order  have  no  effect  on  the  pressure 
between  the  terminals  (in  a  star  system),  for  these  have  the  same 
direction  in  the  several  phases  and  neutralise  one  another  in  respect  of 
the  outside  terminals.     Hence,  the  effective  terminal  pressure  will  be 

■»  i  =  »JPl\  +  Pts  +  P\n  +  . .. 


whilst  the  phase  pressure  is 
whence  we  get  the  ratio 


p, 


,W3 


1+(fe)+fe)+" 


(151) 
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For  example,  if  ^  =  100,  PpS  =  31-65  and  Pp6=l0; 
then  g-VS^g^ 

If  PpU  PpS9  PpS,  etc.,  are  the  effective  values  of  the  several  harmonics 
in  the  phase  pressure  of  an  interconnected  two-  or  four-phase  system, 
we  get  the  effective  values  of  the  line  pressures  in  a  similar  way 
to  the  above : 

Pn  =  >/2Ppl;       P/3=-V2Pp3;    PuT-j2Ppt9\ 
Pn=+j2Pp,;    P„  =  j2Pp9;        P,n=-v/2PpllJ 

whence  Pt  =  sf2Pp (153) 

Further,  the  momentary  value  of  one  phase  pressure  is 

^p  =  PplN/2sin(^  +  ^1) 
+  PpS  </2  sin  (3<ot  +  v^8) 
+  PpB*/2  sin  (5w*  +  ^a)  + ... , 
whence  the  momentary  value  of  one  line  pressure  is 

#  =  P„  n/2  sin  ( W  +  v^) 
+  Pias/2  8in(3<af  +  +s) 

+  Pn \/2  sin (5o>/'  +  \f>&)  +  ... , 
where  at  =  tot  +  45°. 

From  this  it  is  easy  to  find  the  momentary  values  of  the  remaining 
phase  and  line  pressures. 

To  find  the  currents  due  to  the  several  harmonics  in  a  three-phase 
star  system,  the  pressure  triangle  can  he  drawn  for  each  harmonic,  and 
the  pressure  of  the  load  star  point  found  for  each  triangle.  The 
triangles  of  the  third,  ninth,  and  so  on,  harmonics  come  together 
at  a  point  which  is  also  the  star  point  of  the  load,  and  is  displaced 
from  the  neutral  point  of  the  plane  of  the  respective  harmonics 
by  an  amount  equal  to  the  phase  pressure.  Hence,  in  a  symmetrical 
three-phase  star  system,  there  is  a  difference  of  potential  between  the 
star  point  of  the  generator  and  that  of  the  load  equal  to  the  effective 
E.M.F.  of  the  harmonics  of  the  third  order.  This  potential  difference 
can  only  produce  a  current  when  these  two  neutral  points  are 
connected,  whereby  this  P.D.  can  equalise  itself  along  the  neutral 
wire.  Consequently,  in  a  three-phase  system  without  a  neutral  wire, 
only  currents  of  the  first,  fifth,  seventh,  etc.,  order  can  flow,  and  only 
pressures  of  these  frequencies  will  exist  at  the  terminals.  On  the 
other  hand,  in  a  symmetrical  three-phase  system  with  harmonics  of 
the  third  order,  currents  of  these  frequencies  will  flow  when  the 
neutral  points  are  connected  (Fig.  245). 
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We  have  thus  the  general  rule :  A  symmetrical  w-phase  star  system 
without  a  neutral  line  acts  like  a  system  on  no-load  with  respect  to  all 
harmonics  of  the  wth  order ;  for  currents  of  these  frequencies  cannot 
flow  in  the  outer  wires  nor  can  their  corresponding  pressures  act 
between  the  same.     If  n  is  a  prime  number,  or  only  divisible  by  some 
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power  of  2,  it  will  be  found  that  all  the  other  harmonics  in  the  n-phase 
star  system  act  like  the  fundamental,  if  we  disregard  the  order  in  which 
they  occur.  When  n  is  not  a  prime  number,  the  phase  k.m.f.'s  of  the 
harmonics,  whose  order  have  a  common  factor  with  n,  will  partly 
coincide.  For  example,  with  «  =  9,  we  shall  only  get  three  different 
triple  harmonics,  since  the  nine-sided  polygon  reduces  to  a  triangle. 

If  the  three  phases  of  a  symmetrical  three-phase  system  are  mesh  con- 
nected, the  sum  of  the  three  momentary  e.m.f/s  will  not  equal  zero,  but 

Pi  +Pu  +i>in  =  3Ps</2  sin  (3a>*  +  ^3)  +  3P9v/2  sin  (9a»/  +  ^9)  +  . . . . 

• 

Such  a  system,  therefore,  with  harmonics  of  the  third  order,  does 
not  satisfy  the  above  requirement,  that  the  sum  of  the  e.m.f.'s  of  the 

phases    connected    in    a    closed    circuit 

equals  zero.     These  E-M-f/s  of  the  third, 

ninth,  etc.,  harmonics  will  always  produce 

a  current  in  the  mesh  (i.e.  even  on  no-load) 

and  only   in  the  mesh.     Under  certain 

conditions    this    current    may    reach    a 

i]/pi p*^.  "~      considerable  value.    The  mesh  connection 

3    *  acts  like  a  short-circuited  generator  with 

Fio.  246.  respect  to  these  harmonics,  and  just  as 

the  terminal  pressure  in  such  a  case  is 
zero,  so  also  these  harmonics  cannot  have  any  effect  on  the  pressure 
between  the  outside  terminals.  If  the  mesh  is  opened  at  any  point 
and  a  voltmeter  is  inserted  (Fig.  246),  the  effective  pressure 

3n/^  +  PS+... 

will  be  measured,  which  may  be  denoted  as  the  internal  pi'essure. 

In  this  connection  an  internal  current  is  produced  which  can  be 
measured  by  inserting  an  ammeter  in  the  mesh.  With  a  star  connec- 
tion the  internal  pressure  produces  no  current.  Thus  the  harmonics 
of  the  third  order  do  not  send  any  currents  through  the  outer  wires 
and  exert  no  pressures  at  the  terminals.  This  holds  generally  for 
the  harmonics  of  the  nth  order  in  a  symmetrical  n-phase  system. 
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89.  Polycyclic  Systems.  In  an  alternating-current  installation 
which  has  to  provide  simultaneously  light  and  power,  the  selection  of 
a  suitable  number  of  phases  and  frequency  often  presents  considerable 
difficulties.  One  condition  for  the  proper  working  of  all  known  means 
of  electric  lighting  is  a  high  frequency.  On  the  other  hand,  both  single- 
and  polyphase  motors,  together  with  rotary  converters,  work  better, 
and  have  a  greater  overload  capacity,  with  low  frequencies. 

For  a  pure  power  supply,  a  polyphase  system  is  preferable,  whilst  for 
lighting — on  account  of  the  better  pressure  regulation  and  simpler 
installation — single-phase  currents  are  more  suitable. 

Moreover,  with  regard  to  the  pressures,  the  conditions  for  power  are 
different  from  those  for  lighting.  The  lighting  pressure,  on  which  the 
cost  of  the  network  mains  depends,  must  be  chosen  low  to  meet 
the  requirements  of  the  lamps  used  at  the  present  day ;  the  pressures 
for  motors,  however,  can  with  advantage  be  chosen  much  greater 
.than  those  commonly  met  with  for  lighting. 

On  account  of  the  sensitiveness  of  electric  lamps  to  variations  in  the 
network  pressure,  it  is  advisable  to  keep  the  pressure  drop  in  the 
network  and  the  generator  much  smaller  in  installations  giving  both 
light  and  power  simultaneously,  than  is  necessary  with  one  giving 
power  only.  Consequently,  in  the  former  case  the  amount  of  copper 
used  is  greater,  and  therefore  the  cost  of  the  network  and  the  generator 
is  increased. 

The  object  of  the  polycyclic  system,  therefore,  is  to  simultaneously 
transmit  electrical  energy  by  means  of  currents  at  different  pressures 
and  frequencies  through  one  and  the  same  conductor,  and  to  distribute  the 
same  without  their  affecting  one  another.  For  this  to  be  possible,  it  is 
of  course  necessary  that  the  currents  of  different  frequencies  should 
have  no  mutual  effect  on  one  another. 

Consider  a  symmetrical  three-phase  system  (Fig.  247);  then,  assuming 
sinusoidal  currents  of  equal  amplitude,  no  pressure  will  exist  between 
the  neutral  points  0  and  0X.     Hence,  considering  such  a  star  system 


Fro.  247. 

(main  system)  as  a  whole,  we  can  use  the  same  as  one  conductor  for 
conveying  other  currents  between  its  neutral  points,  by  connecting,  for 
example,  a  source  of  supply  G$  in  the  conductor  001.  These  currents, 
which  flow  through  the  phases  of  the  main  system  in  the  same  sense 
and  phase,  and  superpose  themselves  on  the  currents  already  existing 
in  the  main  system  (main  currents),  produce  no  detectable  motor  or 

A.C.  T 
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inductive  effects  in  the  generators,  motors  or  transformers  in  the  main 
system.  This  superposed  current  may  be  an  alternating-current  of  any 
frequency  or  a  continuous  current.  The  two  currents,  the  three-phase 
current  and  the  superposed  single-phase  current  produced  in  generator 
G,  (Fig.  247),  are  entirely  independent  of  one  another,  and  the  super- 
posed single-phase  current  will  flow  along  the  conductors  of  the  main 
system  in  the  direction  shewn  by  the  arrows  (Fig.  247),  just  as  if  the 
three-phase  currents  were  not  present. 

Instead  of  a  three-phase  system,  a  single-phase  system  might  have 

been  used  as  the  main  system, 
as  shewn  by  Fig.  248 ;  for  a 
single-phase  system  can  always 
be  regarded  as  a  two-phase 
system  with  its  phases  displaced 
at  180°. 

Dr.  F.  Bedell  has  shewn  how 
currents — especially  direct  cur- 
rent— can  be  introduced  and 
drawn  out  at  points  having  the 
same  potential  in  a  power-transmission  scheme  without  affecting  the 
currents  which  already  exist. 

It  is,  however,-  easy  to  see  that  the  superposed  alternating-currents — 
introduced  at  the  neutral  point — must  cause  a  large  inductive  drop  of 
pressure  in  the  generator  and  transformer  windings,  and,  for  this  reason, 
Bedell's  arrangement  for  introducing  and  withdrawing  the  superposed 
current  has  not  met  with  practical  success. 


Flu.  248. 
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The  Authors,  together  with  Prof.  E.  Arnold,  however,  have  overcome 
these  disadvantages  in  Bedell's  arrangement  and  worked  out  a  poly- 
cyclic  system.  This  system  is  based  on  the  application  of  bifilarly- 
wound  choking  coils,  and  on  the  introduction  and  withdrawal  of  the 
superposed  current  by  means  of  special  transformers  and  generators. 
Owing  to-  the  apparently  complicated  scheme  of  connections,  however, 
this  system  has  never  been  used  in  practice. 

As  an  illustration  of  the  complete  arrangement  of  an  installation  for 
transmitting  and  distributing  polycyclic  currents,  the  scheme  shewn  in 
Fig.  249  can  be  used.  In  the  double  generator  G  and  E  having 
one    armature    and    two    pole    systems    arranged    in    the    relative 
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positions  shewn  in  Fig.  250  to  one  another — the  three-phase  current  and 
the  superposed  single-phase  current  are  simultaneously  produced.  The 
single-phase  current,  which  is  the  third  harmonic  of  the  three-phase 
current,  is  superposed  on  the  main  current  in  such  a  way  that  the 
maximum  momentary  pressure  between  the  return  B  and  the  remaining 
conductors  of  the  transmission  line  is  as  small  as  possible.  At  the 
receiver  station,  the  three-phase  current  is  transformed  into  two-phase 
current  by  means  of  two  single-phase  transformers  connected  as  in 
Scott's  arrangement,  this  being  better  for  a  polycyelic  supply  network 
than  a  three-phase  current  on  account  of  symmetry.  ' 


The  superposed  alternating-current  produces  no  Mux  in  the  two 

transformers,  and  can  therefore  be  withdrawn  at  the  point  0t  in  the 
primary  of  tie  transformer  Tv  In  the  transformer  Ts,  the  superposed 
single-phase  current  is  transformed,  and  since  the  secondary  winding  is 
connected  between  the  two  conductors  a  and  b  of  the  two-phase  system, 
incandescent  lamps  can  be  connected  directly  between  the  two  wires. 

Taking  an  uninterlinked  two-phase  system  as  the  main  system,  the 
weight  of  copper  is  66-7  %  of  that  required  by  a  single-phase  system, 
when  the  same  total  power  is  transmitted  over  the  same  distance  with 
the  same  effective  pressure  between  the  conductors  and  the  same 
percentage  loss,  if  we  take  the  power  of  the  single-phase  current  as 
50  %  of  that  of  the  three-phase. 

The  polycyelic  system,  therefore,  may  become  important  in  cases 
where  power  and  light  have  to  be  distributed  by  the  same  network  and 
the  lighting  load  is  tbe  less  of  the  two.  We  then  combine  in  the  one 
network  all  the  advantages  of  independent  networks  with  different 
frequencies,  without  introducing  any  complications  whatever  into  the 
scheme. 


CHAPTER  XVII 
MEASUREMENT  OF  ELECTRIC  CURRENTS. 

90.  Systems  of  Units  and  Standards.  91.  Measuring  Instruments.  92.  Electro- 
static Instruments  (the  Electrometer).  93.  Electromagnetic  Instruments. 
94.  Electrodynamio  Instruments.  95.  Hot-wire  Instruments.  96.  Watt- 
meters. 97.  Direct  Measurement  of  the  Effective  Values  of  the  Several 
Harmonics.  98.  Measurement  of  Power  by  Means  of  Three  Voltmeters 
or  Three  Ammeters.     99.  Measurement  of  tower  in  a  Polyphase  Circuit. 

100.  Measurement  of  the  Wattless  Component  of  an  Alternating-Current. 

101.  Determination  of  Wave  Shape  of  a  Pressure  or  Current  by  Means 
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Braun'8  Tube.  104.  Measurement  of  Frequency  of  an  Alternating-Current. 
105.  Instrument  Transformers.  106.  Electricity  Meters.  107.  Calibration 
of  Alternating- current  Instruments. 

90.  Systems  of  Units  and  Standards.  On  the  basis  of  the  work  of 
Gauss  and  Weber  (1833-1852),  the  Committee  of  the  British  Association 
on  Electrical  Standards  was  able,  in  1869,  to  draw  up  a  practical 
system  of  electrical  units  which  could  be  derived  from  the  absolute 
system  of  magnetic  units.  At  the  International  Congress  held  in  Paris 
in  1881,  these  units  were  designated  as  the  ohm,  the  volt,  the  ampere, 
the  coulomb  and  the  farad. 

Since  these  practical  units  can  only  be  derived  from  the  fundamental 
units  of  length,  mass  and  time  of  the  c.G.s.  system  by  means  of  very 
elaborate  and  expensive  measurements,  which  distinctly  belong  to  the 
region  of  physics,  the  need  arose  for  standards  of  the  above  electric 
units  which  would  remain  practically  constant  and  could  be  easily 
reproduced.  As  such  standards,  approximating  as  closely  as  possible 
to  the  units  derived  from  the  absolute  C.G.s.  system,  and  suitable  for 
use  both  in  practice  and  at  law,  we  have : 

The  International  Ohm  equal  to  the  resistance  of  a  column  of 
mercury  106*3  cm  long  and  1  sq.  mm  section  at  0°  C.  and  weighing 
144521  gm. 

The  International  Ampere  equal  to  the  constant  current  which,  when 
passed  through  a  silver  voltameter,  deposits  silver  at  the  rate  of 
1  •  1 1 8  mg  per  second. 

The   remaining  units  can  be  then  found   from  these  two.     The 
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following  two  units  of  electric  pressure  (so-called  standard  cells)  are  also 
used,  however : 

The  Clark  Cell,  The  positive  electrode  is  mercury  and  the  negative 
amalgamated  zinc.  The  electrolyte  consists  of  a  concentrated  solution 
of  zinc  sulphate  and  mercurous  sulphate.  The  pressure  between  the 
terminals  of  this  cell,  on  open-circuit,  at  t°  C,  is 

1-4292  -0-001 23  (t-  18)  -  0*000007  (t-  18)2  volts 

between  0°  and  30°  C. 

The  Weston  or  Cadmium  Cell.  This  cell  differs  from  the  above 
only  in  having  cadmium  and  cadmium  sulphate  instead  of  zinc  and 
zinc  sulphate.  With  a  saturated  solution  of  CdS04,  the  pressure 
between  10°  and  30°  C.  is,  at  t°  C, 

1-0187  -  0-000035(*  -  18)  -  000000065(*  -  18)2  volts. 

The  Weston  Co.  make  a  cell  in  which  the  CdS04  solution  is  saturated 
at  4*  C.  Such  a  cell  has  a  pressure  of  1*0190  volts,  almost  inde- 
pendently of  the  temperature. 

91.  Measuring  Instruments.  The  standards  described  in  the  last 
section  do  not,  as  a  rule,  admit  of  direct  use  in  practice,  the  methods 
of  measurement  being  somewhat  roundabout.  For  practical  purposes, 
therefore,  special  instruments  are  used,  which  permit  of  measurements 
being  made  directly  by  noting  the  position  taken  up  by  a  pointer 
%  capable  of  moving  over  a  scale.  Such  instruments  must  of  course  be 
first  calibrated  or  standardized  by  comparison  with  the  above  standards. 

Generally  speaking,  these  instruments  have  a  movable  system  which 
carries  the  pointer,  and  a  fixed  system  to  which  the  scale  is  fastened. 
The  electric  measurement,  then,  depends  on  the  mechanical  force  set  up 
between  the  two  systems.  For  the  measurement  of  continuous  currents 
and  pressures,  the  fixed  system  may  consist  of  a  permanent  magnet  and 
the  movable  system  of  a  coil  through  which  the  current  flows ;  but  for 
alternating-currents  and  pressure's  both  the  fixed  and  movable  system 
must  consist  of  coils.  In  the  older  torsion  instruments  (e.g.  Siemens  and 
Halske's  Torsion  Galvanometer  and  Torsion  Dynamometer)  the  action 
of  this  force  is  always  measured  for  one  and  the  same  position  of  the 
movable  system,  the  latter  being  brought  into  its  zero  position  by 
means  of  a  spiral  spring,  the  force  then  varying  directly  as  the  angle  of 
torsion.  In  the  current  balance  also  (Kelvin  balance),  the  movable 
system  is  kept  in  its  original  position,  the  magnitude  of  the  force  being 
determined  by  weighing. 

In  general,  for  one  and  the  same  relative  position  of  the  two  systems, 
the  force  varies  either  directly  (when  the  fixed  system  consists  of  a 
magnet)  or  as  the  square  of  the  electric  magnitudes  being  measured. 
Let  a,  therefore,  denote  the  angle  through  which  the  spiral  spring  of 
the  torsion  instrument  must  be  turned,  or  the  static  moment  of  the 
counter-weight  in  the  current  balance,  the  electric  magnitude  a;  to  be 
measured  is  either  given  by 

x  =  k^a     or     X  —  k2\/a. 
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The  advantage  of  these  instruments  lies  in  the  fact  that  their  reduction 
factor  kY  or  k2  can  be  determined  once  for  all  by  a  single  measurement 
(calibration),  and  remains  constant.  A  disadvantage  of  this  arrange- 
ment is  the  necessary  hand-adjustment  of  the  torsion  spring  or  weight, 
which  makes  it  impossible  to  take  such  measurements  rapidly,  whilst 
for  the  measurement  of  quickly  varying  currents  such  instruments  are 
out  of  the  question.  For  this  reason,  the  instruments  used  in  practice 
at  the  present  day  are  so  arranged  that  the  movable  system  with  the 
pointer  moves  away  from  the  zero  position,  and  takes  up  a  position 
corresponding  to  the  magnitude  of  the  electric  quantity  being  measured. 
In  such  instruments,  even  when  the  controlling  force  (which  tends  to 
bring  the  needle  back  into  its  zero  position)  is  proportional  to  the 
deviation  of  the  needle  from  the  zero  position  (as  can  easily  be 
obtained  by  using  springs),  the  readings  nevertheless  no  longer  follow 
the  simple  or  the  quadratic  law,  because  the  force  between  the  two 
systems  changes  with  their  relative  position.  Such  instruments,  there- 
fore, must  be  calibrated  at  as  many  points  on  the  scale  as  possible, 
whilst  intermediate  points  can  be  obtained  by  interpolation  (graduation). 
For  measuring  alternating-currents,  only  instruments  can  be  used 
which  obey  the  law  of  squares,  for  it  is  only  in  such  instruments  that 
the  direction  of  movement  does  not  alter  with  the  change  in  current 
direction.  Provided,  then,  that  the  mass  of  the  moving  parts  is 
sufficiently  large  and  the  frequency  sufficiently  great,  the  deflection  of 
the  instrument  will  remain  practically  steady  in  a  position  corre- 
sponding to  the  mean  turning  moment  acting  on  the  movable  system. 

92.  Electrostatic  Instruments  (The  Electrometer).  As  first  pointed 
out  by  Lord  Kelvin,  electrostatic  instruments  can  be  made  for  absolute 
measurements,  but  in  practice  only  those  graduated  by  comparison 
with  standards  are  used,  and  these  chiefly  for  measuring  pressures. 
In  principle  a  static  voltmeter  can  be  considered  as  a  small  air- 
condenser,  of  which  one  part  is  fixed,  and  consists  of  one  or  more 
plates,  whilst  the  other — the  needle — is  movable,  and  also  consists  of 
plates  and  carries  a  pointer.  The  fixed  part  of  the  instrument  is  made 
up  of  one  or  two  systems  of  plates  insulated  from  each  other,  called 
the  quadrants.  If  there  is  only  one  fixed  system  of  plates  in  the 
instrument,  one  terminal  is  connected  to  it  and  the  other  to  the 
needle.  The  force  exerted  between  the  plates  and  the  needle  is 
proportional  to  the  square  of  the  pressure  existing  between  the  charges, 
and  therefore  to  the  pressure  at  the  terminals,  whatever  the  wave- 
shape and  frequency.  If  the  instrument  has  two  fixed  sets  of  plates, 
one  terminal  is  connected  to  one  of  these  and  the  other  terminal  to 
the  needle  and  the  other  set  of  plates,  so  that  the  force  acting  on  the 
needle  is  approximately  double  that  in  the  former  case. 

Electrostatic  instruments  are  well  adapted  for  measuring  high 
pressures,  because  they  only  need  an  extremely  small  current.  The 
capacity  of  such  instruments  is  of  the  order  0*00001  microfarad. 

Fig.  251  shews  an  instrument  for  60  to  120  volts,  made  by  Hartmann 
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and  Br&un.  In  order  to  obtain  sufficient  force  in  the  case  of  this  low 
pressure,  several  needles  and  pairs  of  quadrants  are  used  (multi-cellular 
instrument).  For  the  purpose  of  damping,  the  movable  axis  carries  a 
metal  disc  at  the  bottom,  which  turns  between  the  poles  of  a  horse-shoe 
magnet. 

For  pressures  of  more  than  about  10,000  volte,  the  plates  with  the 
opposite  charge  to  the  needle  are  completely  embedded  in  rubber,  to 
prevent  sparking  from  one  to  the  other.  In  instruments  for  pressures 
under   10,000  volts,  a  separate  spark-gap  is  provided,  of  which  the 


contacts  are  at  a  smaller  distance  from  each  other  than  the  smallest 
space  between  needle  and  plate,  so  that  all  sparks  are  kept  away  from 
the  needle.  In  order  that  the  quantity  of  electricity  passing  shall  not 
be  too  great,  double-pole  high  resistances  are  connected  in  series  in  the 
form  of  tubes  filled  with  liquid. 

Static  voltmeters  can  also  be  used  for  different  ranges  of  measure- 
ment by  connecting  in  series  two  or  more  condensers,  and  placing  the 
voltmeter  in  parallel  with  one  of  these.  If  the  condensers  are  similar, 
the  reading  on  the  scale  must  be  multiplied  by  the  numl>er  of  con- 
densers. The  tuning  of  the  condensers,  however,  is  so  elaborate,  that 
the  scales  are  usually  calibrated  separately.  The  dielectric  of  these 
condensers  is  micanita  This  arrangement  can  lie  used  with  good 
results  up  to  40,000  volts.  Dividing  resistances  are  also  employed  in 
a  similar  n 
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For  laboratory  purposes  the  instruments  are  provided  with  horizontal 
scales ;  for  switchboards,  on  the  other  hand,  vertical-scale  instruments 
are  more  generally  employed. 

Recently,  electrostatic  wattmeters  have  also  been  introduced,  which 
are  very  useful  in  the  laboratory.  The  chief  advantages  of  these  are 
as  follows : 

1.  Accurate  readings  can  be  obtained  even  with  low  power-factors. 

2.  They  are  especially  suited  to  high  pressures,  because  they  do  not 
possess  any  high  non-inductive  resistances. 

3.  There  is  not  so  much  danger  of  overloading  the  instrument  as 
with  an  ordinary  wattmeter. 

4.  The  construction  is  cheap  and  simple. 

The  arrangement  of  the  instrument  is  exactly  the  same  as  the 
quadrant  voltmeter. 

Denoting  the  potential  of  the  needle  by  P0, 

„  „  „  first  quadrant  by  J\ , 

and      „  „  „  second  quadrant  by  P2i 

the  deflection  a  of  the  needle  is  given  by 

A«  =  (/>,-/>,)  (i>0  -  ^  J  ^ 

where  £  is  a  constant. 

Putting  P0-P]==P,     P0-P2  =  P  +  AP, 

in  accordance  with  Fig.  252,  for  an  alternating-current  we  must  sub- 
stitute the  momentary  values  P\/2  sin  <ot  and  A/V2  sin  (a>/  -»-  <f>)  for 

P  and  AP,  where  <t>  is  the  phase 
displacement  between  current  and 
pressure.  Hence  we  obtain  for  the 
mean  of  the  deflection  a,  by  inte- 
grating over  half  a  period, 

Since    AP2    is    negligibly    small 

compared  with   the  first  term,  and 

AP  is  proportional   to   the  current 

flowing   through    the   non-inductive 

^GsnemUF  resistance  ]?,  a  is  clearly  proportional 

to  2PIE  cos  <f>}  that  is,  to  the  power 
F,G-262-  PI cos  <f>. 

93.  Electromagnetic  Instruments.  These  instruments  depend  on 
the  action  between  a  coil  carrying  an  electric  current  and  a  magnet. 

In  instruments  for  measuring  pressure  (voltmeters)  the  coil  is  con- 
nected in  series  with  a  non-inductive  resistance  across  the  terminals 
of  the  pressure  to  be  measured ;  whilst  in  those  for  measuring  currents 
(ammeters)  the  current  to  be  measured,  or  a  proportional  part  of  it, 
flows  through  the  coil.     Since  it  is  not  good  to  allow  heavy  currents  to 
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pass  through  the  moving  eoil,  it  becomes  necessary  to  use  calibrated 
resistances  {shunts)  in  parallel  with  the  ammeter. 

(a)  If  the  magnet  is  permanent  and  its  strength  is  not  appreciably 
influenced  by  the  current  in  the  conductor,  the  force  in  a  given  relative 
position. of  coil  to  magnet  will  be  diiTctly  proportional  to  the  current. 
Consequently,  such  instruments  arc  only  suitable  for  continuous  cur- 
rents. Usually  the  magnet  is  the  fixed  part  and  the  current-carrying 
coil  the  movable  (e.g.  Weston  and  Deprez-d'Arsonval  instruments). 


Fig.  253  shews  the  internal  arrangement  of  such  a  moving  coil 
instrument  by  Hartmanu  and  Braun.  M  is  a  horse-shoe  magnet  with 
two  pole-shoes  P  turned  cylindrically.  A  solid  soft-iron  cylinder  E 
of  smaller  diameter  than  the  Iwre  of  the  shoes  is  placed  between  them 
concentrically,  and  in  the  space  between  E  and  P  the  rectangular  coil 
S  rotates,  to  which  the  current  is  brought  through  two  spiral  springs, 
which  provide  at  the  same  time  a  retarding  force.  The  iron  core  and 
coil  can  l>e  pulled  out  bodily,  and  they  are  shewn  in  this  position  in 
the  figure.  Since  the  field  in  the  gap  is  practically  constant,  the  scale 
divisions  arc  nearly  uniform.  A  heavy  damping  effect  is  obtained  by 
making  the  frame,  on  which  the  coil  is  wound,  of  metal. 
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(b)  In  some  electromagnetic  instruments  (known  as  soft-iron  instru- 
ments) a  small  moving  soft-iron  magnet  is  employed,  magnetised  by 
the  current  in  a  fixed  coil.  In  such  instruments  the  quadratic  law 
only  holds  approximately,  because  the  magnetism  in  the  iron  is  not 
exactly  proportional  to  the  current  in  the  coil,  and  also  because  of  the 
screening  effect  of  the  eddy  currents  set  up  in  the  iron,  which  vary 
with  the  frequency.  These  instruments,  therefore,  read  less  with 
alternating-currents  than  with  direct,  and  cannot  be  calibrated  directly 
by  means  of  continuous  current.  Such  an  instrument  must  be  gradu- 
ated by  comparing  it  with  another  alternating-current  instrument, 
which  can  be  calibrated  or  graduated  with  direct  current,  the  com- 
parison being  made  when  connected  to  the  actual  system. 

In  spite  of  these  inconveniences,  such  instruments  are  nevertheless 
often  used  in  practice  on  account  of  their  cheapness  and  simplicity. 
Moreover,  they  can  be  made  very  sensitive,  that  is,  to  consume  very 
little  power. 

94.  Electrodynamic  Instruments.  The  principle  on  which  these 
instruments  are  based  is  the  action  between  two  coils  carrying  electric 
currents.  In  clectrodynamic  in- 
struments for  measuring  pressure 
and  current,  the  two  coils — the 
fixed  and  the  movable — are  gener- 
ally connected  in  series.  Fig.  254 
shews  a  Torsion  dynamometer  by 
Siemens  and  Halske.  The  movable 
coil  consists  of  a  rectangular  copper 
frame  of  one  turn,  and  is  perpen- 
dicular to  the  fixed  coil.  It  is 
suspended  by  means  of  a  thread 
and  a  spiral  spring  from  the  torsion 
head  at  the  top  of  the  instrument. 
One  pointer  is  carried  by  the  head 
and  one  by  the  coil,  and  both  of 
these  pointers  must  stand  at  zero 
when  no  current  flows  through  the 
instrument.  The  current  is  led  to 
the  movable  coil  through  mercury 
contacts.  The  instrument  shewn 
has  two  fixed  coils,  the  number 
.     D.]Mn  ,S)  and  section  of  the  turns  on  each 

ami  iinisku).  being  different,  thus  increasing  the 

range  of  the  instrument.  When 
in  use,  the  movable  coil  is  held  in  its  zero  position  by  rotating  the 
torsion  head.  Since  in  this  constant  position,  the  torque  is  propor- 
tional to  the  square  of  the  current,  the  angle  through  whieh  the  head 
is  rotated  is  a  measure  of  the  square  of  the  current.  Hence  the 
instrument  is  suitable  for  both  continuous  and  alternating-currents, 
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and  in  the  latter  case  measures  effective  values  independent  of  wave- 
shape or  frequency. 

For  measuring  pressures,  the  two  coils  are  made  of  several  turns  of 
fine  wire.  A  variable  non-inductive  resistance  is  placed  in  series  with 
the  instrument,  which  can  therefore  be  used  over  a  wide  range.  If 
the  self-induction  of  such  an  instrument  is  negligible  compared  with  the 
ohmic  resistance,  the  current  will  equal  the  pressure  divided  by  the 


Fto.  SS5.—  Direct-reading  Klectrodynamic  Voltmoter  (Weston). 

resistance.     Hence  the  instrument  can  he  used  directly  to  measure 
pressures.     If  there  is  a  self-induction  L  present,  the  resistances  for 
alternating  and  continuous  currents  will  have  the  ratio 
■>/t« +  «*■£* 

where  r  is  the  total  ohmic  resistance  in  the  circuit  (coils -(-resistances). 
Hence,  if  the  instrument  has  been  calibrated  for  direct  current,  the 
readings  must  be  multiplied  by  the  above  correcting  factor  when  alter- 
nating-current is  measured.  The  readings  in  this  case  depend  on  the 
wave-shape  and  frequency,  since  <u  occurs  in  the  correcting  factor. 

(a)  The  newer  elecfcrodynamic  instruments  for  measuring  pressure 
and  current  are  made  direct  reading  by  reading  off  the  position  of  the 
pointer  fixed  to  the  moving  coil.  Since  the  action  between  the  two 
coils  under  these  conditions  obeys  no  simple  law,  the  scale  must  be 
graduated  by  comparison  with  a  direct-current  instrument.  Fig.  255 
depicts  such  a  direct- reading  instrument  by  Weston  for  measuring 
pressure. 

The  rotation  of  the  moving  coil  due  to  the  action  of  the  current  is 
always  such  that  the  total  self-induction  L  of  the  two  coils  (in  series) 
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is  increased.     Hence,  in  this  case,  the  correcting  factor is 

not  quite  constant.     For  practical  measurements,  however,  this  source 
of  error  in  the  pressure  dynamometer  is  quite  negligible. 


Fig.  8511.— EkttrodjiiMDlc  Ammeter  (Sicilian*  mid  Halckc). 

In  Fig  256  an  eleetrodynamic  instrument  by  Siemens  and  Halskc 
or  -measuring  cwrrenU  is  shewn.  The  movable  coil  is  mounted  on 
pivots  and  controlled  by 
spiral  springs,  which  also 
serve  to  convey  the  current 
to  and  from  the  coil,  as  in 
the  pressure  dynamometer 
and  the  electromagnetic 
Weston  instrument.  Since 
only  a  very  small  current 
can  be  conducted  through 
the  springs,  the  fixed  and 
movable  coils  in  these  in- 
struments are  connected  in 
parallel.  Fig.  257  shews 
the  diagram  of  connections 
for  such  an  instrument, 
a  plug  for  short- 
to  vary 


AW  denotes  the  fixed  and  x 
circuiting  the  instrument. 


able 

o  plugs  1\  and  I 
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the  range  of  the  instrument,  thus  with  P2  plugged,  the  range  of  the 
instrument  may  be  double  that  when  Px  is  plugged.  The  current  must 
be  distributed  in  constant  ratio  between  the  two  parallel  branches, 
independently  of  the  heating.  This  is  achieved  by  making  the  resis- 
tances Bj,  R2  and  r  of  material  whose  temperature  coefficient  is  very 
small.  In  order  that  the  instrument  can  be  graduated  with  direct 
current,  the  distribution  of  the  current  between  the  two  coils  must  be 
the  same  with  alternating-current  as  with  continuous.  Consequently 
the  time  constants,  or  the  ratio 

ohmic  resistance 


apparent  self-induction 

in  the  two  branches  should  be  the  same.  The  apparent  self-induction 
of  a  coil  equals  the  pure  self-induction  of  the  same  plus  its  mutual 
induction  relative  to  the  second  coil ;  hence,  for  the  fixed  coil, 

LB  =  L  +  Mr 

and  for  the  movable  coil 

/,  =  /  +  .¥. 

In  order  that  the  time  constants  may  be  equal,  we  must  have  therefore 

RL.L  +  M 
r  "  /.  " T+AT 

where  R  and  r  are  the  ohmic  resistances  in  the  two  branches. 

In  this  case,  however,  M  is  variable,  since  the  relative  position  of 
the  coils  varies.  In  the  neighbourhood  of  the  zero  position  on  the 
scale,  M  is  negative ;  when  the  coils  are  perpendicular  to  one  another, 
M  equals  zero ;  and  for  larger  deflections  M  is  positive.  Hence  this 
condition  can  only  be  approximately  fulfilled  by  making  M  small — 
this,  however,  cannot  be  carried  too  far  for  mechanical  reasons,  for  the 
change  of  M  corresponds  to  the  energy  expended  in  the  movement  of 
the  pointer.  Another  means  is  to  make  Z,  and  I,  small  in  comparison 
with  R  and  r,  in  which  case  these  magnitudes,  and  consequently  any 
change  in  the  same,  have  but  little  influence  on  the  current  distribution. 

>JW^L]  ^  >/tf  +  iW  _  R 

This  is  the  means  usually  employed,  and  although  such  ammeters 
have  comparatively  large  losses,  they  are,  nevertheless,  very  valuable 
for  accurate  laboratory  work  owing  to  their  exact  and  convenient 
readings. 

(b)  A  special  class  of  electrodynamic  instruments  is  known  by 
the  name  of  Induction  instruments.  Currents  are  produced  in  the 
movable  system  by  the  electromagnetic  induction  of  the  fixed  system. 
Fig.  258  shews  the  arrangement  of  a  Siemens  and  Halske  induction 
instrument.     It  is  based  on  the  principle,  due  to  Ferraris,  of  producing 
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a  rotary  field  by  splitting  up  a  single-phase  current  into  two  perpen- 
dicular components.     The  laminated  iron  ring  a  carries  the  poles  ee 
and  //.    Between  the  latter,  there  is 
the  laminated  iron  cylinder  c.    In  the 
gap   there   is  a    movable    aluminium 
drum  b,  to  which  the  pointer  of  the 
instrument    is    connected,    and     this 
drum  tries  to  follow  the  rotary  field. 
If  the  instrument  is  to  be  used  for 
measuring    pressures,    sufficient   non- 
inductive   resistance   is  connected   in 
series  with  the  winding  on  the  pole 
ee,  to  bring  the  current  approximately 
into   phase  with  the   pressure  being 
measured.     The  winding  of  the  pole 
ff  forms  the  branch  S8  of  the  bridge 
Pro.  Ms.— induction  instrument.         arrangement  shewn  in  Fig.  259.     The 
pressure  to  be  measured  acts  between 
A  and  C,  whilst  between  V  and  B  a  choking  coil  of  impedance  Z, 
is  connected.      By    suitably   adjusting  the   two   equal    resistances  rr 
and  the   resistance   rt   of   the   bridge,  it  can   be   arranged   that   the 
two  equal  current*  in  the  paths  fiS  are  displaced  90°  in  phase  from 


the  pressure  acting  across  AC.  In  Fig.  260  the  vector  diagram 
of  the  scheme  is  shewn.  The  total  current  /  produces  the  pressure 
drop  bC  in  the  choking  coil.  Pressure  AB  is  made  up  of  AD  and 
]>B  on  the  one  side  and  of  AE  and  EB  on  the  other.  Since  the 
pressures  across  diagonal  paths  of  the  bridge  are  equal  and  similarly 
directed,  their  vectors  form  a  parallelogram.  This  is  also  the  case  with 
the  currents  in  the  four  paths.  Further,  we  have  /,  perpendicular  to 
AC._  Since  branches  rr  and  r,  are  non-inductive,  we  have  also  fr  |[  AE 
||  DB  and  /,  [|  I)E.  <p,  is  the  phase -displacement  of  the  current  in  the 
coils  SS  of  the  instrument.  The  diagram  only  holds  for  one  frequency, 
and  only  for  this  frequency  will  the  instrument  read  correctly.  For 
the  same  reason,  the  readings  also  depend  on  the  wave-shape,  and 
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the  instrument  must  be  calibrated  with  an  alternating-current  having 
the  same  wave-shape  as 
that  which   has   to   be 
measured. 

Induction  instru- 
ments made  by  several 
firms  are  based  on  the 
production  of  a  rotary 
field  having  a  very  local 
and  very  unsymmetrical  ^s£ 
distribution.     Fig.  261  \ 

shews  the  arrangement 
of  such  an  instrument. 
An  aluminium  disc  S, 
carrying  the  pointer 
of  the  instrument,  is 
capable  of  moving  be- 
tween the  poles  of  the 
horse-shoe  magnet  M. 
The  current  to  be  mea- 
sured is  sent  through 
the  winding  W.  The 
pole  surfaces  of  the 
magnet  are  slotted,  to 
take  the   coils   w.    In  . 

, i_      i   j.  .  Fio.  260.— Vector  Diagram. 

the  latter,  currents  are 

induced  which  react  on  the  resultant  field  between  the  pole  surfaces, 


Fio.  261.— Arrangement  of  Induction  Instrument. 


304 


THEORY  OF  ALTERNATING-CURRENTS 


so  that  at  the  right  pole  tip  (hence  inside  the  coils  w)  the  field  is 
lagging  with  respect  to  the  field  in  the  left  pole  tip.  We  thus  get  a 
local  rotary  field  moving  over  from  left  to  right,  so  that  the  disc  $ 
tends  to  turn  in  the  same  sense. 

To  the  category  of  electrodynamic  instruments  also  belong  the 
wattmeters  in  general  use  for  measuring  power.  These,  however,  will 
be  dealt  with  in  a  separate  section. 

95.  Hot-wire  Instruments.  The  heating  of  a  wire  by  a  current  is 
proportional  to  the  square  of  the  effective  value  of  the  latter,  and  is 
independent  of  the  frequency  or  wave  shape.  Hot-wire  instruments — 
in  which  the  heating  of  a  wire  is  measured  by  its  extension — were 
first  introduced  bv  Cardew. 

Fig.  262  represents  such  an  instrument,  as  made  by  Hartmann  and 
Braun.     The  extension  of  the  comparatively  short  wire  h  causes  the 

pointer  to  move  over  the  scale, 
as  the  figure  shews.  The  axis 
of  the  pointer  is  provided  with 
an  aluminium  disc,  which  moves 
between  the  poles  of  a  strong  per- 
manent magnet,  thus  preventing 
the  instrument  from  oscillat- 
ing. The  system  is  mounted 
on  a  plate,  made  up  of  brass  and 
iron  in  such  a  way  that  it  has 
the  same  coefficient  of  expansion 
as  the  wire.  In  this  way  it 
becomes  entirely  independent  of 
the  temperature  variations  of 
the  surroundings.  An  adjusting 
screw  is  connected  to  one  end 
of  the  wire,  for  the  purpose  of 
bringing  the  pointer  to  zero  when  no  current  is  passing. 

These  instruments  are  made  both  as  volt-  and  ammeters.  As  volt- 
meter, a  current  of  .about  0*22  amp.  flows  through  the  hot-wire  to  give 
the  maximum  deflection,  which  corresponds  to  a  pressure  drop  of 
3  volts. 

For  higher  pressures  a  resistance  made  of  constantin  wire  is  con- 
nected in  series,  which,  up  to  a  range  of  400  volts,  is  made  part  of  the 
instrument,  and  for  still  higher  voltages  is  contained  in  a  separate,  box. 
A  pressure  drop  of  3  volts  is  much  too  high  for  ammeters,  and  con- 
sequently thicker  hot-wires  are  used  and  several  connected  in  parallel 
in  such  instruments,  so  that  the  drop  is  reduced  to  about  0*26  volt. 
The  wires  would  become  too  thick,  however,  for  currents  above 
4-5  amps.,  so  that  in  this  case  a  shunt  of  constantin  strip  is  placed 
across  the  hot  wire.  For  currents  up  to  100  amps,  these  shunts  are 
made  part  of  the  instrument,  but  above  this  range  they  are  kept 
separate. 


Fio.  262. 


-Hot-wiro  Instrument  (Hartmann  and 
Braun). 
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In  spite  of  the  disadvantage  of  a  high  current  consumption,  the 
hot-wire  instrument  possesses  many  advantages.  Firstly,  the  heat 
produced  is  independent  of  the  wave  shape  or  frequency,  and  secondly, 
external  magnetic  variations  have  no  effect,  because  there  is  no  magnetic 
field  or  solenoid  present.  They  can  therefore  be  used  for  either 
continuous  or  alternating-currents,  and  can  be  calibrated  by  means  of 
continuous  current. 

Voltmeters  for  over  10  volts  can  be  protected  by  fuses  renewable 
from  the  outside,  but  for  lower  pressures  such  protection  is  impracticable 
on  account  of  the  high  resistance.  Ammeters  can  be  protected  from 
injury  in  a  simple  way  by  an  automatic  short-circuiting  switch. 

The  hot  wire  wattmeter  has  not  yet  been  made  practicable.  It  is 
based  on  the  formula       ^  +  {y  _  ^  _  {y  =  ^ 

where  i  is  proportional  to  the  current  to  be  measured  and  i'  to  the 
pressure.  By  arranging  two  hot  wires  in  such  a  way  that  the  added 
current  (i  +  i')  flows  through  one  and  the  subtracted  current  (*-*') 
through  the  other,  with  the  pointer  to  indicate  the  difference  of  the 
heating  of  the  two  wires,  an  instrument  for  measuring  the  power  of  a 
circuit  is  obtained. 

96.  Wattmeters.  All  wattmeters — i.e.  instruments  for  measuring 
power — used  in  practice  are  based  on  the  electrodynamic  principle. 


Flo.  263.— Wattmeter  Connections  for  Low  Pressures  and  Large  Currents. 

Of  the  two  coils  of  the  wattmeter,  the  fixed  one  is  connected  in  series 
with  the  circuit,  and  is  thus  traversed  by  the  main  current ;  whilst  the 
movable  coil  is  connected  in  parallel  with  the  circuit  whose  power  has 
to  be  measured.     The  connections  are  shewn  in  Fig.  263. 

Suppose,  for  the  time  being,  that  the  terminal  pressure  p  follows  a 
sine  wave,  thus  p 

j>  - />««  sin  «*    and    ^  =  -^p 

and  the  main  current         i  =  /„„  sin  (w/  -  <£), 

p 
where  An«=— ,-- 


V^Ki)* 


and  *  =  ten"1(v-i> 

A.O.  U 
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Similarly,  the  current  in  the  shunt  coil  is 

?  =  ^.n«  sin  (tri  -  <£'), 

where  l'unx  =  — fm-— 

and  <£'  =  tan"1  — - . 

T 

The  torque  acting  on  the  movable  coil  is  proportional  to  the  product 
of  i  and  i',  assuming  that  the  coil  is  always  held  in  the  same  position 
by  a  torsion  spring.  The  reading  a,  which  is  proportional  to  the 
torsion  of  the  spring,  is  therefore  proportional  to  the  mean  torque. 

Then,  if  hY  is  a  constant, 

&ia  =  -41  it  dt 


1  f T 


=  //'  cos  (<f>  -  <f>') 

p 

=  /  -7-= cos  (6  -  <b') 

Vr'2  +  o>2i/2        V        *' 

P 

=  1—  cos  (<f>  -  <f>)  cos  4>. 

The  power  to  be  measured  is,  however, 

W =  -[' pi  dt  =  PI cos  <£. 

Substituting  /V  from  the  first  equation,  we  get 

JV=kar' -8^ , 

1       cos  (</>-<£')  COS  </>' 

1      1  +  tan  <f>  tan  <£' ' 

r/ 

By  suitably  choosing  and  arranging  r  we  can  make  tan  </>'  =  —j~  very 

small,  so  that 

W—  kxr'a  —  constant  x  reading. 

When  we  have  a  terminal  pressure  whose  wave  is  not  sinusoidal,  but 

P  =  Pi ,nax  sin  (<ot  +  ^)  +  P3m»x  sin  (3o>*  +  ^8)  +  . . . , 

we  get,  as  shewn  by  Prof.  H.  F.  Weber,  in  the  official  report  of  the 
Frankfort  Exhibition,  1891, 

1     PJ*  cos  <f>3    PJ&  cos  <fr5 

r/r    .      ,      1  +  tan2<£'  /Vj  cos  <i>,     Pj/,  cos  <£x 


1  +  tan  <£  tan  <j>'  -     /Vs  cos  <£3  cos2<£3    1  +  tan  </>3  tan  <£3 

I\I1  cos  </>!  cos2</»i    1  -l-  tan  <f>A  tan  </>i 

The  phase  displacements  </>  and  <£'  apply  to  the  current  circuit  and 
pressure  circuit  respectively. 


WATTMETERS 


307 


The  first  correcting  factor  is 
1  +  tan2<£' 


1 


1  +  tan  <{>  tan  <f>'     1  -  tan  <f>  tan  <f> 


for  tan</>>0, 

,  =  l-[  „    tan<£  =  0, 

„   tan<£<0. 


The  second  correcting  factor  is  always  greater  than  unity,  but  even 
for  very  distorted  "wave  shapes  is  only  about  y^^  greater,  and  can 
therefore  be  always  put  equal  to  1.     Hence,  for  any  wave, 

;r=v'i    +   \, — u (154) 

1      1  -  tan  </>  tan  </> 

The  measured  .power  W  is  not  exactly  equal  to  the  power  given  to 

F2 
the  circuit,  but  somewhat  greater,  since  the  heating  loss  —  in  the 

pressure  coil  of  the  wattmeter  is  measured  with  it.     Hence  the  true 

P2 
power  is  W — , ,  where  r'  is  the  resistance  of  the  pressure  coil. 

At  any  stated  voltage,  it  is  a  very  simple  matter  to  determine  the 

P1 
error  — ;-  experimentally,  by  noting  the  wattmeter  reading  when  the 

t  * 

load  circuit  is  opened  so  that  the  true  power  is  zero. 

I 


Fio.  264.—  Wattmeter  Connections  for  High  Pressures  and  Small  Currents. 

The  wattmeter  can  also  be  connected  as  shewn  in  Fig.  264.  Here 
likewise  the  power  measured  is  too  great  by  the  amount  1 V,  lost  in 
the  current  coil  of  resistance  r". 

If  in  the  above  circuits  we  have  power  produced  and  not  power 

consumed,  the  above  losses  Ilr"  and    ,-  must  be  added  to  the  measured 

power  W  in  order  to  find  the  power  produced  in  the  circuit. 

To  obtain  minimum  error,  the  former  scheme  of  connections  should 
be  used  for  small  currents  and  large  pressures,  and  the  latter  for  low 
pressures  and  large  currents.  When  powers  at  high  pressures  are 
measured,  a  resistance  must  be  placed  in  series  with  the  shunt  circuit, 
to  keep  the  potential  difference  between  the  two  coils  of  the  wattmeter 
as  small  as  possible,  as  in  Figs.  263  and  264. 

In  addition  to  the  earlier  wattmeters  with  torsion  springs,  several 
firms,  e.g.  Wes&on  and  Siemens  it'  Ilalske,  make  more  convenient  instru- 
ments in  which  the  movable  coil  (together  with  the  pointer)  changes 
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its  position  relative  to  the  fixed  coil.  From  this  it  follows  that  these 
direct-reading  instruments  have  not  a  uniform  scale,  and  must  con- 
sequently be  calibrated  by  experiment. 

The  Weston  instruments  for  smaller  powers  have  a  compensating 
coil  wound  over  the  current  coil  and  carrying  the  current  flowing 
through  the  pressure  coil,  so  that  the  currents  oppose  one  another  in 
the  two  fixed  coils.  The  number  of  turns  of  the  compensating  coil  is 
chosen  so  that  the  power  is  measured  directly. 

For  direct  connection  in  high  pressure  circuits,  wattmeters  of  the 
type  due  to  Lord  Kelvin  are  specially  suitable. 

97.  Direct  Measurement  of  the  Effective  Values  of  the  Several 
Harmonics.  The  wattmeter,  however,  can  also  be  used  for  other 
purposes  than  the  measurement  of  power.     For  example,  with  two 


Fig.  265. — Connections  for  Direct  Measurement  of  tho  Effective  Values  of  the  Several 

Harmonics  in  a  Circuit. 

wattmeters  the  effective  values  of  the  pressures  and  currents  of  the 
several  harmonics  in  any  wave  can  be  measured  directly.  For  this 
purpose  we  must  have  auxiliary  sinusoidal  pressures  at  our  disposal 
at  frequencies  of  the  first,  third,  fifth  and  seventh  harmonics. 

The  current  under  investigation  is  sent  through  the  current  coil  of 
one  of  the  wattmeters,  whilst  the  current  coil  of  the  other  wattmeter 
(which  must  be  made  for  small  currents  and  high  pressures)  is  con- 
nected in  shunt.  The  pressure  coils  of  both  wattmeters  are  connected 
to  the  circuit  in  which  the  sine-wave  pressure  is  produced. 

In  Fig.  265  HY  and  H2  represent  the  current  coils  and  Nl9  iV2  the 
pressure  coils.  The  voltmeter  V  measures  the  sinusoidal  pressure  Ph 
in  the  auxiliary  circuit  whose  frequency  can  be  adjusted  to  that  of  the 
first,  third,  fifth  or  seventh  harmonic. 

From  Section  64  we  know  that  only  currents  of  the  same  frequency 
can  act  on  one  another  electrodynamically,  and  that  this  action  is  a 
maximum  when  the  two  currents  are  in  phase.  If  we  then  wish  to 
measure  the  magnitude  of  the  fundamental,  we  induce  the  auxiliary 
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current  at  this  frequency  and  vary  its  phase  until  it  is  in  phase  with 
the  main  current ;  the  reading  on  the  wattmeter  is  then  a  maximum. 
Let  Wl  watts  denote  this  maximum  reading  and  Phl  the  value  of 
the  auxiliary  pressure  read  on  voltmeter  V\  the  effective  value  of  the 
fundamental  of  the  current  is  then 

W 

To  determine  the  effective  pressure  Px  of  the  fundamental  current, 
the  phase  of  the  auxiliary  current  is  varied  until  the  pointer  of  the 
second  wattmeter  shews  a  maximum.  Denoting  this  maximum  reading 
in  watts  by  Vl  and  the  pressure  of  the  auxiliary  circuit  again  by  PhU 
the  effective  value  Px  of  the  fundamental  of  pressure  will  be 

V 

where  A;  is  a  constant  depending  on  the  resistance  R, 

We  can  also  measure  the  phase  displacement  <t>x  between  the  funda- 
mental pressure  Px  and  the  fundamental  current  Ix:  This  is  best 
done  by  adjusting  the  phase  of  the  auxiliary  current  until  the  needle 
of  the  first  wattmeter  shews  no  deflection.  Starting  from  this  position, 
the  angle  through  which  the  phase  of  the  auxiliary  current  must  be 
altered  to  bring  the  deflection  of  the  pointer  of  the  second  instrument 
to  zero  then  gives  directly  the  phase  angle  <f>x  between  Px  and  Ix . 

If  we  arrange  the  auxiliary  pressure  to  have  the  frequency  of  the 
third  harmonic,  we  get  in  a  similar  manner  the  effective  pressure  and 
current  of  the  third  harmonic,  viz. 

V  W 

P,  =  fcp-    and    /,-£*, 

where  W%  is  the  maximum  power  on  the  first  wattmeter  and  V%  on  the 
second,  whilst  PhZ  is  the  effective  pressure  of  the  auxiliary  current  at 
this  periodicity.     <f>s  is  found  in  the  same  way  as  <j>v 

By  this  means,  the  effective  values  of  the  currents  and  pressures,  and 
also  their  phase  displacements,  for  the  several  harmonics  can  be  found 
directly,  and  an  insight  is  obtained  into  the  action  of  the  same. 

In  most  machines,  the  magnitude  of  the  several  harmonics  is  of 
more  interest  than  their  phase  displacement,  and  in  such  cases 
the  above  method  is  sufficient  for  their  investigation.  In  other  cases, 
e.g.  arc  lamps,  insulation  testing,  transformers  on  no-load,  where  the 
shape  of  the  pressure  curve  and  not  the  magnitude  of  the  several 
harmonics,  is  the  important  part,  the  above  determination  of  the 
harmonics  one  by  one  is  not  sufficient.  For  this  purpose,  the  oscillo- 
graph can  be  resorted  to — for  this  instrument  shews  the  complete 
curve  at  a  glance. 

98.  Measurement  of  Power  by  Means  of  Thifce  Voltmeters  or  Three 
Ammeters.     In  addition  to  the  measurement  of  power  by  wattmeters, 
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two  other  methods  may  be  mentioned,  viz.  the  three-voltmeter  method 
of  Ayrton,  Swiiibivnie  and  Summier  and  the  three-ammeter  method  of 
Fleming. 

The  former  can  be  carried  out  as  follows 
(see  Fig.  266).  r  is  a  non-inductive 
resistance  in  series  with  the  circuit  whose 
power  W  is  to  be  measured.  Since  the 
pressure  Px  is  in  phase  with  the  current 
/,    Pi    and    Pn    can    be    geometrically 


*r 


6 


tAA/WW 


£ 
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r 
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Fig.  266.— Connections  for  tho  Three-Voltmctcr 

Method. 


Fio.  267.— Pressure  Diagram  of 
Three- Voltmeter  Method. 


added,  independently  of  their  wave  shape.     Fig.- 267  is  the  vector- 
diagram  of  this  arrangement,  where  P0  is  the  resultant  of  Px  and  Pu . 

The  power  due  to  Pu  is : 

W=PUI cos  4>n 

■  • 

p 

=  Pu  — '  cos  <f>n 
r 

-^(^-■Pt-it) (155) 

This  method  is  of  no  practical  use  because,  unless  the  power  consumed 
in  the  inserted  resistance  is  fairly  large,  the  results  are  very  inaccurate. 

The  second  method,  the  three  ammeter  method,  is  also  of  little 
importance,  but  nevertheless  is  preferable  to  the  above,  since  the  full 
pressure  is  applied  to  the  load  circuit,  the  non-inductive  resistance 
being  placed  in  parallel  with  the  latter  (see  Fig.  268).  The  diagram 
is  shewn  in  Fig.  269,  and  the  proof  is  as  follows : 

From  the  diagram  (Fig.  269)  we  have  firstly 

W=  PIU  cos  <£n  —  rljlu  cos  <f>n 


r 


=  -  (T  -T  -1   \ 


(156) 


MEASUREMENT  OF  POWER  BY  THREE  AMMETERS       311 


Secondly,   denoting   the  momentary   values   of    the   pressure  and 
currents  hy  p>  %,  i,  and  in,  we  get,  independently  of  the  wave  shape, 


•  •  • 


r 


The  momentary  power  in  branch  II. 


is 


w  =pin  =  i^r, 
and  since    %  =  i\  +  if,  +  2*,* 


IlT 


then 


•2      #      a 


/*• 


w=v(h-h-hi)', 


<2> 


i 


f{ 


V- 


w     J, 


Fio.  2tJ8.— Connections  for  the  Three-Ammeter 

Method. 


Fie.  269.— Current  Diagram  of  Three- 
Ammeter  Method. 


hence  the  mean  power  is 

This  is  the  same  as  the  previous  result,  from  which  we  see  that  the 
diagram  in  Fig.  269  is  correct. 

I<rom  this  it  follows  in  general  that  the  graphical  addition  of  the 
current  vectors  of  parallel  circuits  is  allowable  if  all  these  circuits 
except  one  have  zero  reactance. 

A  method  for  experimentally  examining  the  admissibility  of 
geometrically  adding  effective  E.M.F.'s  of  any  wave  shape  has  been 
given  by  Bedell  in  the  Elec.  World,  Vol.  28,  No.  3. 

Let  Pt  and  Pu  be  two  pressures  of  any  wave  shape,  and  let  PM  be 
their  measured  sum,  whilst  Pd  is  their  measured  difference  (see  Fig.  270). 

Then  we  must  have 


and 


1  fr 

?*=  j  J  (Pi-Pn)2dt> 
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whence,  by  addition, 

/*  +  P5  =  2/?  +  2f* 

or  i*=*(P?+^-2i>?), 

i.e.  Pu  is  the  line  containing  the  centre  of  gravity  of  the  triangle  whose 
sides  are  P„  Pd  and  2Ply  or,  in  other  words,  A  CD  must  be  a  straight 
line  if  it  is  allowable  to  add  Pr  and  Pu  geometrically. 


Fig.  270. — Experiment  shewing  how  Pressures  can  be  added. 

By  means  of  this  proof,  we  can  shew  it  is  allowable  to  add  Px  and 
Pu  geometrically,  if  we  measure  Pj,  Pny  Pd  and  P,. 

Instead  of  the  thfee-voltmeter  method  for 
measuring  power,  the  following  method  can 
also  be  used.     To  measure,  for  example,  the 

power  ;r-P„/ooB*n. 

Since  the  pressure  PT  =  Ir  (Fig.  271)  is  in 
phase  with  the  current  /,  we  have 

By  subtracting  the  above  expressions  for  F*t 
and  P  2d,  we  have 


?J--P5-7j[{(Pi+fti)a-(ft-F.,)f} 
4  fr 


dt 


thus 


Fio.  271.— Diagram  for  meat*, 
uriug  Power  by  means  of  Two 
Voltmeters. 


4r 


(157) 


This  method  has  recently  been  recommended 
by  various  writers  for  cases  in  which  c£„  is 
large ;  but  even  in  such  cases  it  is  very  inexact.  For  measuring  the 
power  in  circuits  with  large  phase  displacements,  it  is  advisable  to 


MEASUREMENT  OF  POWER  BY  THREE  VOLTMETERS     313 

have  special  wattmeters  with  scales  only  ^  to  £  of  those  for  the 
ordinary  wattmeter.  For  example,  if  a  wattmeter  is  made  for  60 
amperes  and  100  volts,  the  torsion  spring  governing  the  movable  coil 
can  be  set  (i.e.  weakened)  so  that  the  instrument  has  its  maximum 
deflection  at  2000  watts  instead  of  at  6000.  One  may  also  use  the 
ordinary  wattmeter  and  overload  the  pressure  coil,  but  this  must 
naturally  only  be  done  for  short  periods. 

99.   Measurement  of  the  Power  in  a  Polyphase  Circuit.      In  a 
symmetrical  n -phase  system  which  is  symmetrically  loaded,  we  found 

in  Chap.  XIII.  that  the  power  in  each  phase  is  -  th  of  the  total  power. 

From  this  it  is  obvious  that  the  power  in  such  a  system  can  be 
measured  by  a  wattmeter  inserted  in  any  one  of  the  phases.  The 
same  also  holds  for  a  balanced  two- phase  three-wire  system,  since  in  this 


Fio.  272. — Measurement  of  Power  in  a  Balanced  Three- 
phase  System  by  means  of  a  Wattmeter. 


Fio.  278. 


case  also  the  two  phases  produce  equal  power.  This  measurement  can, 
however,  only  be  made  directly  when  the  system  is  independent,  or  in 
the  case  of  a  star  system,  when  the  neutral  point  is  available,  so  that  the 
pressure  coil  of  the  wattmeter  can  be  connected  up.  To  carry  out  the 
measurement  for  a  ring  system,  the  latter  must  be  opened  at  some 
point  in  one  phase  and  the  current  coil  of  the  wattmeter  inserted, 
whilst  the  pressure  coil  is  connected  across  this  phase. 

In  cases  where  only  the  n  terminals  of  the  ?&-phase  system  are 
available,  we  must  proceed  otherwise.  A  method  suitable  for  this  case 
was  given  by  Behn-Eschenburg  in  the  E.T.Z.,  1896,  p.  182.  The 
current  coil  is  connected  in  series  with  one  of  the  mains,  and  the 
pressure  coil  between  this  main  and  an  artificial  neutral  point  01 
made  by  means  of  resistances,  as  shewn  in  Fig.  272  for  a  three-phase 
system. 

If  the  resistances  r'  between  the  two  points  A  and  B  and  the  point 
0X  are  chosen  equal,  the  neutral  point  0X  in  the  equilateral  pressure 
triangle  (Fig.  273)  will  fall  on  the  normal  from  Con  AB ;  consequently 
the  pressure  0XC  is  displaced  by  the  phase  angle  <£  from  the  current 
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in  the  current  coii  of  the  wattmeter.      If  the  pressure  between  two 
wires  is  interlinked,  the  power  in  the  system  is 

JF=3/'/co8<£. 

In  the  pressure  coil,  however,  we  have  not  the  pressure  3P,  but  £ ; 

3P 

consequently  the  reading  must  be  multiplied  by  the  ratio  kr='-£-.     In 

the  pressure  triangle  (Fig.  273),  the  point  0l  is  determined  by  the 
method  for  finding  the  pressure  of  a  load  star  point,  p.  254,  and,  hence, 

f    2g     i/g  +  g 

r     r      r  r 

-    r  +  - 
2  2 

Now  £  +  ??  =  f  Py  since  a  side  of  the  triangle  equals  P*j3. 

Hence  -  =  ~ -, 

r     2r  +  r 

SP     2r-rV     .     /     . 
or  _=_-— =  2  +  -  =  /cr, 

£  r  r 

and  the  power  in  the  system  equals 

fV=krx  measured  power. 

If  we  make  r  =  r',  we  get 

and  W—  3  x  the  measured  watts. 

If  a  polyphase  system  is  not  quite  symmetrical,  or  is  iinsymmetrically 
loaded,  the  power  in  the  several  phases  may  differ  considerably.     For 

this  reason,  such  a  system 
cannot  be  regarded  as  bal- 

anced,  and  the  total  power 

can  only  be  ascertained  in 
the  same  way  as  for  any 

other  unbalanced  system,  as 

the  two  following  methods 
shew. 

■fa (a)    For    the    ordinary 

m     „  ,  Mn       .      ,m        ■    ™  method   of   measuring  the 

Fifj.  274.-  Measurement  of  Power  m  a  Three- wire  Three-  .  ,  ° 

phase  SyHtem  by  moans  of  Two  Wattmeters.  power  in  any  »-pnase  System 

with  n  wires  we  need  only 
n-\  wattmeters ;  for  any  one  of  the  n  conductors  can  be  regarded  as 
the  return  for  the  n  -  1  currents,  since  the  sura  of  all  the  currents  in 
the  system  equals  0.  The  current  coils  of  the  n  -  1  wattmeters  are 
all  connected  in  the  same  way  in  the  n  -  1  lines,  and  the  pressure  coils 
between  their  respective  lines  and  the  line  where  there  is  no  wattmeter. 
Fig.  274  depicts  the  connections  for  a  three-phase  system. 

From  the  several   wattmeters,  different  powers  will  be  obtained ; 
should  any  of  these  be  negative,  the  wattmeter  must  be  reversed  and 


^ 


n 


V^r 
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its  power  prefixed  by  the  negative  sign ;  the  algebraic  sum  of  the 
powers  thus  measured  gives  the  total  power  in  the  system. 

If  the  power  of  a  symmetrical  three-phase  system  is  measured  with 
two  wattmeters,  the  phase  displacement  of  the  currents  in  the  system 
can  be  found  from  the  wattmeter  readings. 

Let  the  three  phase-pressures  be  : 

Pi  —  Ps/2  sin  W, 
pn  =  /V2sin(W-120°), 
pm  =  Pn/2  sin  (at  -  240°), 
%i  —  I\l2  sin  (udm-  <f>), 
in  =  A/2sinM-<£-120o). 

tr^s/3  PI  cos  (<f>-30°)9 
jrn^sftPI  coa  (<f>  + 30°). 
For</>  =  60°,  /Tn  =  0, 

ton*- J?rJ^V3 (158) 

The  above  assumes  sine  waves  for  both  currents  and  pressures,  and 
that  all  phases  are  equally  loaded. 

(b)  The  second  method  for  measuring  the  power  in  any  n-phase 
system  consists  in  using  n  wattmeters,  each  line  containing  one ;  the 


and  the  currents, 

Then 
and 
whence 


Fio.  275. 


Fio.  276. 


Measurement  of  Tower  in  an  Unbalanced  Three-phase  System  by  means  of 

Throe  Wattmeters. 

pressure  coils  can  be  connected  between  their  respective  lines  and  the 
neutral  line.  If  no  neutral  line  is  present,  all  the  ends  may  be  joined 
to  a  neutral  point.  In  the  former  case,  when  a  neutral  wire  is  present, 
each  wattmeter  measures  the  power  in  its  respective  phase.  In  the 
latter  case,  the  sum  of  the  readings  equals  the  total  power,  but  the 
several  readings  do  not,  in  general,  represent  the  power  in  the  several 
phases.  Consider,  for  example,  a  three-phase  system  without  a  neutral 
wire  (Fig.  275),  and  let  ABC,  (Fig.  276),  represent  its  pressure  triangle, 
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with  0V  as  the  middle  point  of  pressure  in  the  load.  The  pressures  of 
the  three  loads  are  Pu  Pn  and  Pul ;  further,  if  02  is  the  middle  point 
of  pressure  for  the  pressure  coils  and  their  resistances  and  O^O^  is  equal 
to  Ps,  then  the  momentary  values  of  the  three  measured  powers  are : 

Wi  =  (Pi-P*)h, 

^u-=(pn-px)ilu 

Win  =  (Pin-px)ini; 
hence  u\  +  wn  +  wm  =pjh  +puiu  +Pmhiu 

which  proves  the  correctness  of  the  measurement. 

100.  Measurement  of  the  Wattless  Component  of  an  Alternating 

Current.     When  we  wish  to  determine  the  wattless  component  in  any 

W 
circuit,  the  pressure,  current  and  power  factor,  cos  <f>  =  -pj,  will  serve  for 

finding  sin  <£,  from  which  the  wattless  current  can  be  calculated.  At 
low  power-factors,  however,  the  results  thus  obtained  are  not  accurate. 
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Fio.  878. 


As  seen  from  Fig.  277,  in  which  sin  <f>  and  cos  4>  are  plotted  as  functions 
of  1  -  cos  <f>,  a  small  error  in  the  reading  of  the  instrument,  that  is, 
in  cos<£,  causes  a  large  error  in  sin<£.  If,  for  instance,  the  power 
factor  cos  </>  =  0*99,  and  unity  was  read  off  the  instruments  (which  only 
amounts  to  an  error  of  1  %),  the  wattless  current  of  14  %  would  have 
escaped  notice.  Especially  in  cases  where  condensers  and  synchronous 
motors  are  used  to  raise  the  power  factor  to  unity,  it  is  advisable  to  have 
instruments  which  enable  the  wattless  current  to  be  accurate!}7  measured. 

Of  the  various  methods  which  have  been  published,  only  a  few 
which  have  found  their  way  into  practice  will  be  described  here. 

(a)  The  principle  of  an  instrument  by  Hartmann  and  Braun  is  given 
in  Fig.  278.  The  coil  AB  is  traversed  by  the  current  t=/sin(o>/-  </>) 
and  produces  a  field  *  =  *0  sin  (w/  -  <j>).  A  current  i'  —  1'  sin  u>/  in  phase 
with  the  pressure  is  sent  through  the  coil  D,  whilst  a  current 


*'  =  /'sin  ( iol-  9  J, 
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at  right  angles  to  the  pressure,  is  sent  through  the  coil  C,  which  stands 
at  90°  to  D. 

When  I)  is  displaced  through  the  angle  a  from  «the  field,  the  torques 
exerted  on  the  coils  are  : 

<j>  /' 

8j  =  — Or-  sin  a  cos  <f>} 

S2  =  —°—  sin  </>  cos  a. 

The  movable  system  will  come  to  rest  at  such  an  angle  that  <51  =  S2, 
i.e.  tana  =  tan<£.  We  measure  therefore  tan<£,  which  function,  in  the 
neighbourhood  of  unity,  is  as  sensitive  to  changes  of  <f>  as  sin  <f>  itself. 

This  instrument  is  of  great  use  as  synchroniser,  for  it  serves  to  denote 
phase  equality  and  synchronism  when  paralleling.  When  a  current  is 
sent  through  ABy  proportional  to  and  in  phase  with  the  pressure  of  a 
generator  (or  bus  bars),  and  a  current  in  phase  with  the  pressure  of  the 
other  generator  to  be  paralleled  through  D,  and  a  current  at  90°  to  this 
pressure  through  C,  then  the  position  of  the  movable  coils  will  give  the 
phase  difference  between  the  pressures  of  the  two  generators. 

In  large  generators,  in  paralleling  which  it  is  highly  important  to  know 
the  exact  instant  of  phase  equality,  this  instrument  is  of  great  service. 
The  methods  of  synchronising  by  means  of  lamps  or  phase  voltmeters, 
since  they  are  not  very  sensitive,  may  give  rise  to  heavy  rushes  of 
current  on  switching  on.  This  instrument  was  first  largely  used  in  the 
power  station  at  Niagara  Falls. 

It  may  be  further  mentioned  that  neither  the  angle  between  C  and 
D  nor  the  phase  displacement  between  the  currents  in  these  coils  needs 
to  be  exactly  90°.  So  long  as  there  is  a  space  and  time  angle,  the 
instrument  will  respond  to  phase  displacement. 

(b)  The  principle  of  displacing  the  current  in  the  pressure  coil  90° 
from  the  pressure  in  an  ordinary  wattmeter  can  also  be  used  to  measure 
the  so-called  imaginary  power,  or  with  a  constant  pressure,  the  wattless 
current.  Then  the  instrument  will  give  the  value  PI  sin  <f>  instead  of 
PI  cos  cf).  By  connecting  a  large  capacity  in  series  with  the  pressure 
coil,  a  phase  displacement  of  about  90°  can  easily  be  obtained. 

(c)  We  have  still  to  deal  with  the  application  of  wattmeters  as  phase 
indicators  in  polyphase  systems. 

If  all  the  phases  of  a  three-phase  system  are  balanced  and  the 
pressure  is  a  sine  wave,  we  can  obtain  the  phase  displacement  by  two 
readings  on  one  wattmeter  from  Formula  158,  p.  315, 

tan*=V3/rI+/rII' 

Provided  we  do  not  alter  the  sensitiveness  of  the  instrument  we 
need  not  know  the  constants  but  merely  note  the  readings. 

The  G.E.C.  of  America  have  made  instruments  with  two  pressure 
coils  (Fig.  279) ;  the  pointer  then  takes  up  a  position  corresponding  to 
the  phase  displacement.    The  scale  is  calibrated  on  test  and  reads  cos  <f>. 
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Such    instruments    should   only   be    installed,    however,    where    a 
knowledge  of  the  wattless  current  is  essential. 
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Fio.  279.— Connections  of  Power-factor  Meter  (G.E.C.). 

The  phase  meter  of  the  A.E.G.  (due  to  Dolivo  von  Dobrowolsky) 
is  based  on  the  principle  of  the  induction  instrument  (see  Fig.  258). 
Here,  however,  the  one-coil  system  must  be  traversed  by  a  current  in 
phase  with  the  pressure.  The  displacement  of  90°  mentioned  on  p.  317 
is  not  necessary.  The  instrument  reads  P/sin<£,  or  at  constant 
pressure,  the  wattless  current  /sin  <f>. 

All  instruments,  however,  which  are  based  on  induction  effects  have 
the  disadvantage  that  they  are  largely  influenced  by  frequency  and 
wave  shape. 

101.  Determination  of  Wave  Shape  of  a  Pressure  or  Current  by 
means  of  Contact  Apparatus  and  Galvanometer.     To  determine  the 

instantaneous  values  of  a  rapidly 
varying  pressure  or  current*  care 
must  be  taken  that  only  one  and 
the  same  momentary  value  acts  on 
the  instrument — this  is  attainable 
with  Joubert's  disc  and  contact 
apparatus.  For  every  revolution  of 
the  rotating  contact  apparatus,  the 
same  momentary  current  is  tapped 
off  once.  The  arrangement  of  the 
contact  apparatus  and  the  measure- 
ment of  the  current  thus  tapped  off 
may  be  accomplished  in  various 
ways,  only  two  of  which,  however, 
will  be  given  here.  The  one  is  a 
zero  method,  and  is  specially  suitable 
for  accurate  work,  whilst  the  other, 
due  to  Blond-elf  is  more  convenient 
and  needs  less  time. 

The  zero  or  tmnp&nmtum  method  is 
given  in  Fig.  280. 

G  is  the  generator  from  which  a 
current  is  sent  through  the  resistances  rx  and  ?•.,.  Parallel  to  the  resis  • 
tance  r, ,  the  contact  apparatus  K-A  and  a  galvanometer  are  connected, 


K, 


r  K,  r 


Fin.    280. — Determination    of    Pressure    and 
Current  Curves  by  the  Zero  Method. 
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together  with  the  part  c~d  of  the  wire  a-b  which  is  connected  to  a 
battery  B.  If  the  contacts  od  are  shifted  along  the  wire  until  the 
galvanometer  shews  no  deflection,  the  pressure  over  the  part  c-d  equals 
the  required  momentary  value.     That  is,  the  momentary  value  being 

measured  = -r  x  p,  where  p  is  the  pressure  across  the  whole  wire  Orb. 

The  galvanometer  must  be  a  rather  heavily  damped  Dep-ez-galvarwrneter 
with  a  long  period  of  oscillation  and  high  sensitiveness. 

Blondel's  method  as  used  by  Siemens  and  Halske  in  conjunction 
with  a  synchronous  motor  is  very  convenient  for  practical  work,  since 
the  apparatus  can  be  used  anywhere.     Fig.  281  shews  the  scheme. 

The  pressure,  whose  curve  is  to  be  found,  is  applied  to  the  terminals 
Kx  and  K2.  By  means  of  the  contact  apparatus  K-A,  which  is  driven 
by  a  synchronous  motor  running  from  the  mains  being  tested,  the 
condenser  C  is  charged  each  time  contact  is  made  and  discharged  in 
the  next  instant  through  the  galvanometer  G,  whose  throw  is  thus 
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Fio.  281.— Determination  of  Pressure  and 
Current  Curves  by  Blondel's  Mothod. 
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Fig.  282.— Determination  of  Pressure 
and  Current  Curves  by  means  of  a 
Milli-voltmctor. 


proportional  to  the  respective  momentary  pressure.  A  well-damped 
milli-voltmeter  can  also  be  used  to  measure  this  momentary  pressure, 
but  it  is  found  that  the  deflection  is  not  proportional  to  the  momentary 
value,  so  that  the  scale  of  the  milli-voltmeter  must  be  calibrated  by 
means  of  a  direct  pressure  applied  at  the  terminals  Kx  and  K2. 

This  brings  us  to  the  third  method,  shewn  in  Fig.  282,  in  which  the 
capacity  is  omitted  and  a  sufficiently  large  deflection  of  the  milli- 
voltmeter  is  obtained  by  introducing  a  small  resistance.  Of  course,  in 
this  case,  the  instrument  will  be  largely  overloaded  during  the  period 
of  contact,  which,  however,  is  too  short  to  cause  damage. 

Care- must  be  taken  that  the  instrument  is  disconnected  before  the 
synchronous  motor  is  switched  off,  because  otherwise  the  motor  might 
come  to  rest  in  such  a  position  that  contact  was  made  continuously, 
which  would  result  in  burning  out  the  instrument.  To  obtain  steady 
deflections,  a  range  of  about  one-third  the  scale  should  not  be  exceeded. 
Greater  deflections  are  unsafe  owing  to  the  large  currents  broken  at 
the  contact-maker.  The  good  adjustment  of  the  contact  spring  is  of 
especial  value,  since  the  presence  of  small  sparks  makes  accurate  results 
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impossible.  For  this  reason,  only  a  part  of  the  pressure  should  be 
used  in  taking  the  pressure  curve. 

The  method  of  obtaining  the  current  curve  is  similar  to  the  above, 
the  current  being  passed  through  a  suitable  non-inductive  resistance 
and  the  pressure  curve  taken  at  its  terminals.  It  is  desirable  to 
calibrate  this  also  with  direct  current.  Deviations  from  the  propor- 
tionality up  to  20  %  may  occur  through  variations  in  the  contact 
resistance  at  the  contacts,  and  it  is  therefore  advisable  to  clean  the 
contact  disc  with  switch  oil. 

In  the  above  methods  it  is  chiefly  the  sparking  at  the  contacts  which 
vitiates  the  accuracy  of  the  curves.  This  difficulty  is  completely 
overcome  by  Owens'  differential  galvanometer*  (Fig.  283). 
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Fio.  283. — Differential  Galvanometer  for  Determination  of  Alternating-current 

Curves  (R.  B.  Otant). 

The  alternating  current  to  be  measured  is  sent  through  the  two  outer 
fixed  coils  and  a  direct  current  through  the  two  inner  ones  or  vice 
versa.  A  synchronous  motor,  driven  by  the  current  under  considera- 
tion, carries  a  contact-maker,  which  periodically  closes  a  direct-current 
circuit  containing  the  movable  coils.  The  four  fixed  coils  act  on  the 
movable  turns  only  when  the  circuit  is  closed.  Hence,  if  the  direct- 
current  flowing  in  the  inner  fixed  coils  is  varied,  the  momentary  value 
of  the  alternating  current,  which  only  flows  in  the  moving  coils  at  the 
moment  the  circuit  is  closed,  can  be  compensated,  so  that  the  coils  do 
not  deflect.  A  calibration  is  here  necessary,  in  order  to  know  what 
relation  the  direct  current  bears  to  the  momentary  values  of  the 
alternating  current. 

For  exact  measurements  the  arrangement  of  the  contact  apparatus 
shewn  in  Figs.  284«  and  b  and  devised  by  G.  Sdiade  is  very  useful. 
In  this  arrangement,  there  are  no  rubbing  surfaces,  but  contact  is  made 
by  pressure.  The  time  of  contact  is  very  small,  so  that  rapid  changes 
in  the  curve  can  be  accurately  measured. 

The  instrument  consists  of  the  contact-disc  S  coupled  to  the  shaft  of 


*Amer.  butt,  of  EhcL  Kntj.  1902,  p.  753. 
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the  machine,  a  segment  T  and  the  sliding  piece  of  ebonite  G  which  can 


be  shifted  over  this  segment.  G  carries  the  contact  springs/,  and/s 
insulated  from  it  and  the  control  springs  /2  and  /,.  S  carries  a  contact 
cam  «,.  The  wires  a  and  b  are 
connected  once  in  every  revolu- 
tion, when  ML  comes  underneath 
/,.  /,  is  thus  lifted  until  kt 
makes  contact  with  fq.  In  the 
next  instant  the  circuit  between 
a  and  b  is  broken,  due  to  /,  and 
/«  being  raised  together,  thereby 
shifting  k2  from  its  position.  To 
prevent  m,  from  making  further 
contact,  a  second  cam  n,  behind 
«,  is  provided.  This  keeps  /g 
raised  until  /,  returns  to  its 
original  position. 

102.  The  Oscillograph.  The 
point-by-point  methods  just  de- 
scribedfor  delineating  alternating- 
current  curves  have  many  great 
disadvantages.  In  the  first  place 
they  require  much  time,  aud 
secondly  they  are  often  inexact. 
Pointby-point  methods  are,  of 
course,  out  of  the  question  alto- 
gether when  the  successive  waves 
are  not  identical.  In  this  case, 
instruments  known  as  oscillographs        '°£Lb^Ung%um™Cur*m{o°sdwU)!^ 
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can  be  used  for  taking  such  curves,  especially  as  they  have  been  much 
improved  of  late  years.  In  Vol.  XXViII.  (1899)  of  the  Journal  of  the 
Inst  of  Else.  Engineei's,  Dvddell  and  Marchant  described  an  oscillograph 
constructed  according  to  a  suggestion  by  Blondel.  The  following  is  a 
summary  of  this  description. 

In  Fig.  285  the  instrument  is  shewn  diagrammatically.      In  the 
narrow  gap  between  the  poles  NS  of  a  powerful  electromagnet  are 


Fin.  285.— Diagrammatic  View  of  Oscillograph. 

stretched  the  two  parallel  sides  //  of  a  metal  strip  which  passes  over  a 
small  disc  S.  At  the  bottom  the  strip  is  fixed  at  bb,  and  above  it 
presses  against  the  bridge  C.  The  current  flows  up  one  side  of  the 
strip  and  down  the  other.  Owing  to  the  electromagnetic  action 
brought  into  play,  the  one  conductor  will  be  displaced  forwards  and 
the  other  backwards,  whereby  the  small  mirror  d,  fixed  to  the  two 
conductors,   will  be  deflected   through  an    angle,   which,   for  small 
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deflections,  will  be  proportional  to  the  current  flowing  through  the 
strip.     An  oscillograph  should  fulfil  the  following  conditions  : 

1.  The  time  of  natural  oscillation  of  the  conductors  11  must  be  very 
small  compared  with  the  period  of  the  alternating-current  being 
measured. 

2.  The  instrument  must  be  damped  so  as  just  to  prevent  the 
movement  becoming  oscillatory. 

3.  The  apparatus  must  have  a  negligible  self-induction. 

4.  The  sensitiveness  must  be  sufficiently  large. 

The  requisite  damping  is  obtained  by  surrounding  the  conductors 
and  mirror  with  oil,  the  case  for  the  oil  being  formed  by  the  pole-faces 
for  tiie  sides,  a  brass  plate  for  the  back  and  a  lens  for  the  front. 

In  order  to  observe  the  movements  of  the  mirror,  a  ray  of  light  is 
reflected  from  it  by  means  of  another  rotating  mirror ;  or  by  suitable 
arrangements,  the  moving  ray  of  light  can  be  photographed. 

Actually  the  instrument  is  provided  with  two  strips,  each  strip 
occupying  a  separate  space  in  the  magnetic  circuit,  so  that  the 
pressure  and  current  curves  can  be  taken  simultaneously.  In  addition 
to  this,  between  the  two  movable  mirrors  there  is  a  small  fixed  mirror. 
The  ray  of  light  reflected  from  this  fixed  mirror  then  gives  the  zero  line. 


Fin.  286a. — Duddtll  and  Marchant't  Oscillograph. 

Fig.  286a  shows  a  front  view  of  the  instrument.     The  front  part, 
together  with  the  lens,  is  removed  and   placed   on  the  left  at  a. 
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The  glass  tube  b  fixed  to  this  part  is  for  inserting  the  damping  oil. 
The  optical  system  of  the  apparatus  is  shewn  in  Fig.  286k  0  is  the 
oscillograph  with  the  two  vibratory  mirrors  sx  and  s2,  whilst  ^  is  the 
fixed  mirror  and  I  is  the  lens.  The  beam  of  light  is  supplied  by 
the  direct-current  arc  lamp  lantern  L. 

The  light  passes  through  a  system  of  lenses  and.  a  vertical  slit  d 
(about  1*5  mm  wide).  The  slit  d  is  about  270  cm  away  from  the 
lens  I. 

The  photographic  plate  is  dropped  through  an  arrangement  at  S. 
During  its  motion  (vertical)  the  plate  passes  a  horizontal  slit  some 
6  mm  wide,  through  which  the  light  from  the  mirrors  falls  on  to  the 
plate.  The  vertical  distance  of  the  case,  which  holds  the  plate,  above 
the  slit  must  be  chosen  so  that  the  mean  velocity  of  the  plate  in  moving 
over  the  slit  is  640  cm  per  sec.     For  bringing  the  plate  to  rest  after 
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Ficj.  2866.—  Arrangement  of  Oscillograph  0. 

passing  the  slit  there  is  a  braking  arrangement  which  acts  by  pressing 
a  spring  against  the  back  of  the  plate.  The  plates  are  brought  to 
and  taken  from  the  apparatus  by  means  of  light-tight  bags  and 
wooden  cases. 

In  front  of  the  slit  there  is  a  cylindrical  lens  C  whose  axis  is  hori- 
zontal. This  serves  to  concentrate  the  light  coming  from  the  vertical 
slit  d  and  to  produce  a  sharp  point  of  lignt  at  S.  R  is  the  rotating 
mirror  driven  by  the  small  direct-current  motor  M.  A  strip  of  film 
can  be  used  instead  of  the  plate  to  obtain  a  continuous  photograph  of 
the  curve. 

In  order  to  observe  the  curve  continuously,  a  white  plate  is  fixed  at 
S  exactly  behind  the  falling  plate.  The  rays  reflected  from  the  small 
mirrors  sv  s2  and  .s3  then  fall  on  the  white  screen,  and  the  wave-shape 
can  be  observed  in  the  rotating  mirror  at  the  same  time  as  the 
exposure  is  taken. 

The  Cambridge  Scientific  Instrument  Co.  constructs  such  an  oscillo- 
graph in  which  the  time  of  natural  vibration  of  the  strip  is  less  than 
T^tnr  second. 
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The  maximum  permissible  current  for  these  oscillographs  is  O'l  amp. 
Usually,  however,  the  desired  amplitude  of  the  wave  can  be  obtained 
with  a  considerably  smaller  current. 


A  further  great  advantage  of  the  oacillogiaph  ia  that  the  shape  of 
the  curve  can  be  inspected  before  it  is  photographed. 

Fig.  287  shews  an  oscillograph  on  the  same  principle,  made  by 
Siemens  &  Halske. 

103.  Braua's  Tube.  The  cathode  rays,  emitted  in  an  exhausted 
tube  from  the  surface  of  the  cathode  where  the  current  lines  from  the 
anode  strike,  are  diverted  by  a  magnetic  field  into  a  plane  perpendicular 
to  the  direction  of  the  lines  of  force.  In  a  rotary  field  of  constant 
strength,  therefore,  the  cathode  rays  will  describe  a  conical  surface. 
Since  a  cathode  ray  causes  chalk,  Balmain's  luminous  paint  and 
many  other  bodies  which  it  meets  to  glow  brilliantly,  the  magnetic 
field  can  be  represented  by  means  of  a  luminous  curve,  which  can  be 
photographed.  If  the  vector  representing  the  rotary  field  fluctuates 
periodically,  the  luminous  curve  will  be  the  polar  diagram  of  this 
vector.  This  method  is  very  sensitive,  and  can  be  so  arranged  that 
even  fields  of  jV  c.g.s.  unit  can  be  detected. 

If  the  field  is  merely  alternating,  the  ray  will  only  be  diverted  in 
one  plane,  and  will  swing  with  the  frequency  of  the  current.  The 
luminous  line  thus  formed  will  represent  a  curve  on  a  uniformly 
revolving  mirror.  The  curve  can,  however,  be  also  seen  directly  on 
the  screen,  when  the  cathode  ray  is  given  a  uniform  velocity  perpen- 
dicular to  the  plane  in  which  it  swings,  by  means  of  a  variable  auxiliary 
current.  This  auxiliary  current  can  be  obtained,  for  example,  by 
means  of  a  contact  U  (Fig.  288)  moved  uniformly  along  the  wire  AB. 
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The  current  traversing  the  coil  S  will  then  be  nearly  proportional  to 
the  time.     This  is  most  easily  obtained  by  placing  the  wire  AB  oh  the 

periphery  of  a  disc  revolving  synchron- 
ously with  the  alternating-current,  whilst 
C  remains  stationary.  In  this  way 
corresponding  points  of  the  current 
curve  always  fall  on  the  same  part  of 
the  luminous  screen,  so  that  the  curve 
on  the  latter  appears  stationary  and 
can  be  photographed. 


HdiF 


Fig.  288. 


104.  Measurement  of  the  Frequency  of  an  Alternating  Current. 

(a)  To  measure  the  frequency  of  an  alternating-current  the  effects  of 
resonance  may  be  used,  because  these  phenomena  always  depend  on  the 
frequency,  no  matter  whether  we  are  dealing  with   the  resonance 
between    a    current   and   a 
tuning-fork  or  with  electric 
resonance. 

Fig.  289  shews  a  steel 
fork  vibrating  under  the  in- 
fluence of  an  alternating- 
current  magnet.  In  such  an 
apparatus  resonance  occurs 
between  the  alternating  mag- 
netic field  and  the  fork,  when 
the  natural  time  of  vibra- 
tion of  the  latter  is  an  exact 
multiple  of  the  frequency  of 
the  current.  If  either  is 
altered,  the  vibrations  dis- 
appear, together  with  the 
note  given  out  by  the  fork. 

Inthei/T.Z.,  1899,  p.  873, 
an  instrument  of  this  nature 
for  finding  the  frequency  is 
described  by  E.  Stockhart. 
The  chief  part  of  the  instrument  consists  of  a  soft-iron  tuning-fork 
carrying  weights  which  can  be  moved  along  its  limbs  to  vary  the  time 
of  vibration.  Between  the  ends  of  the  fork  there  is  a  soft-iron  core 
wound  with  a  coil  through  which  the  alternating-current  is  sent.  Each 
of  the  movable  weights  carries  a  pointer  which  moves  along  a  fixed 
scale,  from  which  the  frequency  of  the  current  is  read  off  directly.  To 
take  the  measurement  the  weights  are  displaced  until  the  note  given 
out  becomes  loudest. 

In  the  E.T.Z.,  1901,  p.  9,  Kenvpf-Hartrnann  described  a  different 
method  for  directly  measuring  the  frequency.  The  instrument  has 
32  steel  tongues  (similar  to  that  in  Fig.  289)  having  different  natural 
periods  of  vibration,  all  of  them  being  fixed  in  a  ring  with  their  free 


Fio.  2S9.— Diagrammatic  Representation  of  Flat  Spring 
vibratod  Dy  an  Alternating-current  Magnet. 
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ends  pointing  upwards.  By  turning  a  screw  the  tongues  can  be  passed 
across  the  poles  of  an  electromagnet.  As  soon  as  the  tongue  corre- 
sponding to  the  frequency  of  the  current  enters  the  field,  it  commences 
to  give  out  its  note.  The  frequency  is  then  read  off  directly  on  the 
scale.  The  loudness  is  immaterial ;  the  vibrations  of  the  tongue  can 
even  be  observed  through  a  glass  plate — and  the  adjustment  is  made  so 
as  to  obtain  the  maximum  amplitude  of  vibration. 

With  these  acoustic  instruments  it  is  possible  to  determine  the 
frequency  to  within  about  one-fifth  of  a  whole  period. 

Figs.  290ii  and  b  shew  Frahm's  frequency  measurer.*  A  series  of 
springs  /,  made  from  spring  steel  as  used  for  clocks,  are  adjusted  for 
different  periods  of  vibration  and  fastened  to  "a  common  bar  s.  This 
bar  is  connected  to  the  plate;  by  means  of  two  steel  springs  bb  (called 
bridges),  so  that  it  can  move  somewhat  about  its  longitudinal  axis. 


Fru&m'i  Froqusncj  Kwuror, 

On  this  bar  also  a  flat  piece  of  iron  a  is  fixed,  which  forms  the 
armature  for  the  magnet  in.  The  magnetism  of  this  latter  is  alternately 
strengthened  and  weakened  by  the  current  whose  frequency  is  being 
measured — the  current  being  sent  through  the  coils  cc.  The  bar, 
together  with  the  springs  attached  to  it,  are  thus  set  vibrating  synchron- 
ously with  the  alternating-current,  and  the  particular  spring  whose 
natural  period  of  vibration  harmonises  with  this  motion  is  set  swinging 
to  a  sufficient  extent  to  enable  the  motion  at  the  head  L  to  be  distinctly 
observed. 

(l>)  A  black  disc,  having  a  white  line  drawn  on  it  radially,  is  used 
for  the  s/roteayte  method  of  measuring  the  frequency.  The  disc  is 
mounted  on  the  shaft  of  a  motor  and  is  lit  up  by  an  arc  lamp  working 
on  the  alternating-current  being  investigated. 

The  light  of  the  arc  lamp  varies  periodically  with  the  frequency  of 

the  current,  and  when  the  speed  of  the  stroboscopic  disc  is  equal  to  this 

frequency,  the  white  line  will  always  be  illuminated  in  the  same  place 

and  appear  to  be  at  rest     If  the  speed  of  the  disc  is  less  than  the 

'.See  E.T.Z.,  1905,  p.  204. 
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frequency,  the  line  will  appear  to  rotate  in  the  opposite  direction  to 
the  disc,  and  if  greater,  in  the  same  direction. 

This  method  of  measuring  the  frequency  is  similar  to  that  for 
determining  the  slip  of  an  induction  motor,  which  is  treated  fully  in 
JFechselstromtechnik,  Bd.  V.,  Part  L,  Sect.  74. 

105.  Instrument  Transformers.  In  the  measurement  of  very  heavy 
currents  or  high  pressures,  it  is  often  not  possible  to  connect  the 
instruments  directly  in  the  respective  circuits,  for  instruments  suitable 
for  these  extreme  values  of  current  and  pressure  would  become  both 
expensive  and  impracticable,  whilst  such  instruments  in  connection 
with  high  pressures  could  not  be  used  without  danger.  In  such  cases, 
therefore,  instrument  transformers  are  used. 

In  Fig.  291,  Tr  shews  the  connections  of  a  pressure  transformer  for 
measuring  the  pressure  across  the  bars  &  TA  is  a  current  transformer 
for  measuring  the  current  flowing  in  the  line  L. 


V> 


*5 


rwo'O'o  }■* 


% 


p. 
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Fig.  201. — Connections  of  Pressure  and 
Current  Transformers. 


Fio.  2y 2.— Connections  of  Wattmeter  with 
Instrument  Transformers. 


As  a  first  approximation,  where  the  various  losses  in  the  transformers 
are  neglected,  the  pressures  will  be  directly  proportional  to  the  numbers 
of  turns  and  the  currents  inversely  proportional,  thus 


w 


Pi-^P>=«.r*; 


W, 


W, 


Ut 


,2  ~T 

Usually  the  instruments  are  provided  with  scales  to  read  the  primary 
values  directly. 

If  the  instrument  transformers  are  connected  to  a  wattmeter,  as 
shewn  in  Fig.  292,  and  again  neglecting  the  losses,  the  power  supplied 
to  the  line  L  will  be 


tit 


where  W  is  the  reading  of  the  wattmeter. 

On  load,  the  pressure  transformer  works  as  on  no-load,  for  the 
voltmeter  current  must  be  very  small.  The  current  transformer,  on 
the  other  hand,  is  practically  on  short-circuit,  for  the  terminal  pressure 
of  the  ammeter  is  very  small. 

When  the  range  of  a  voltmeter  is  increased  by  placing  resistance  in 
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series,  that  of  an  ammeter  by  placing  resistance  in  parallel,  the  losses 
increase  as  the  range  is  enlarged.  On  the  other  hand,  instrument 
transformers  allow  of  extreme  values  of  current  and  pressure  being 
measured  without  causing  larger  losses  than  exist  in  the  instruments 
on  their  normal  range,  when  the  losses  in  the  transformers  themselves 
are  neglected. 

(a)  Pressure  Transformer.  To  investigate  instrument  transformers, 
we  start  from  the  secondary  values  of  current,  pressure  and  impedance, 
reduced  to  the  primary,  and  write 


1^~~  zr22>      r*'~~z.rr2> 


From  eq.  88,  p.  157,  we  have  for  the  pressure  transformer, 

P  I 

■p  =  ft  +  ft  ~p  ?*i  =  ft  +  Q&Kih* 

i  2  *  2 

where  y9  is  the  admittance  of  the  voltmeter  reduced  to  primary. 
Further,  as  shewn  before, 

ft  =  l  +Ziyay 
ft=l+*2y«, 


ZS1~  ?i  +  7T' 
•  2 

zKl  in  the  equivalent  circuit  (Fig.  293)  is  the  short-circuit  impedance 
measured  between  the  terminals  1-1  when  the  terminals  2-2  are  short- 
circuited.  Let  zK2  denote  the  short-circuit  impe- 
dance between  2-2  when  the  terminals  1-1  are 
shorteircuited. 


•+N*&W& 


2*       1 


Pig.  293.— Equivalent  Circuit  of  Pressure  Transformer. 


Pig.  204.— Pressure 
Diagram. 


Then 


^2?K1—  ^lZK2f 


y  =  ft(l  +ar„jf.)  =  (l  +*,y.)(l  +  *„&) 


- 1  +  «  -fa, 


(159) 


where  c  is  the  percentage  pressure  rise  in  phase  with  P2,  and  €t  the 
percentage  pressure  rise  leading  P2  by  90°  (Fig.  294). 
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Since  yv  must  be  kept  very  small,  it  is  sufficiently  accurate  to  put 

=  1 +*!&,  +  (?! +  ?a)y., 

and  c  -  r,  (ga  +  ?,)  +  ^(^  +  b9)  +  r8^#  +  a^,),^ 

*<^r1(6a  +  &,)-rA  +  ^(0«  +  0.)+aW'..  J 

Since  the  imaginary  part  of  this  expression  is  very  small  compared 
with  the  real,  the  ratio  between  the  effective  values  of  the  pressures 
can  be  written 

p 

-F^l+r^  +  gl+z^  +  bJ  +  w.  +  rJ,,   (160) 

or,  if  the  current  taken  by  the  voltmeter  is  very  small,  ue.  y,  is  very 
small,  then  p 

p^l+nft.  +  zA (160a) 

The  pressure  transformer  should  be  constructed,  therefore,  so  that 
1  +*iyfl  is  as  near  unity  as  possible,  that  is,  zlya  is  as  small  as  possible, 

for  in  this  case  the  pressures  are  as  nearly  as  possible  in  proportion  to 
the  numbers  of  turns.  Further,  this  is  also  advantageous  when  the 
transformer  is  graduated,  for  then  the  changes  of  ga  and  x{ba  are  least 
affected  by  variations  in  the  saturation  and  frequency.  On  the 
contrary,  the  secondary  resistance  r2  and  reactance  x2  have  no  effect 
when  the  voltmeter  current  is  small. 

The  conductance  ga  is  due  to  the  hysteresis  and  eddy  losses  in  the 
iron.  Whilst  the  latter  part  is  independent  of  the  pressure,  the  part 
due  to  hysteresis  varies  inversely  as  the  0*4th  power  of  the  pressure. 
Owing  to  this  decrease  in  the  hysteresis  conductance  with  increasing 
pressure,  the  deviation  in  the  secondary  pressure  is  greater  at  low 
pressures  than  at  high.  To  make  this  error  as  small  as  possible,  the 
primary  resistance  r:  must  be  as  small  as  possible. 

The  susceptance  ba  varies  inversely  as  the  permeability  with  varying 
pressure.  It  is  therefore  large  at  low  pressures,  attains  a  minimum 
at  an  induction  2?  =  7000  to  9000,  and  then  rises  again.  With  low 
pressures  when  the  induction  is  below  7000  to  9000,  ba  changes  in  the 
same  way  as  ga1  and  with  increasing  pressure  causes  an  increase  in  the 
secondary  pressure  compared  with  the  primary.  At  higher  pressures, 
the  increase  of  ba  acts  against  the  decrease  of  ga,  and  the  ratio  of  the 
pressures  will  be  more  constant. 

With  changing  frequency  c,  the  hysteresis  conductance  varies  in- 
versely as  C0"6.  Hence,  qualitatively,  the  same  changes  occur  as  with 
varying  pressures. 

(b)  Current  Transformer.  From  eq.  89,  we  have  for  the  current 
transformer  T  p 

—  l2  +  Lj       ^01  —  u2  +  Vl^Ol^* 

4  •>  4  9 
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Here  zA  denotes  the  impedance  of  the  ammeter,  reduced  to  the 
primary.     Also 

where  y02  is  the  no-load  admittance  between  the  secondary  terminals ; 
hence  j 

f=C2(l  +  yQ%zA)  =  C2  +  yazA  =  1  +  (%  +  ?^)ya 

=  1  +  l+j.i{ (161) 

Here  ^(r2  +  rA)ga-^(xi  +  xA)ba  (162a) 

is  the  percentage  increase  of  current  in  phase  with  J2,  and 

'i  =  (r2  +  rA)ba-(x2  +  xA)ga    (1626) 

is  the  percentage  current  increase  lagging  90°  behind  /«  (see  Fie.  295). 
Since  the  imaginary  part  is  here  very  small  compared  with  the  real, 
we  can  write  j 

j~l+(r2  +  rA)ga  +  (z.z  +  xA)ba (163) 

From  this  it  is  at  once  seen  that  the  primary 
impedance  of  the  current  transformer  has  no  effect  on 
the  measurements.  On  the  other  hand,  care  must  be 
taken  to  keep  the  secondary  resistance  and  reactance 
as  small  as  possible — just  the  reverse  of  a  pressure 
transformer. '  It  is  therefore  immaterial  where  the 
primary  coil  is  arranged ;  often  the  bus  bar  is*  merely 
led  through  an  iron  ring,  thus  making  one  turn  in 
the  primary  winding.  To  make  the  effect  of  changes 
in  ga  and  ba  as  small  as  possible,  the  impedance  of  the 
ammeter  zA9  reduced  to  primary,  must  be  kept  as  low 
as    possible.      Thus    the    apparent    volt-ampere    con-  fiQ.  295. 

sumption  of  the  ammeter  should  be  kept  very  small, 
so  that  the  current  transformer  is  practically  on  short-circuit. 

To  make  ga  and  ba  as  small  as  possible,  the  induction  must  not  be 
made  too  low.  Since  the  induced  e.m.f.  is  very  small,  only  a  small 
iron  section  is  required. 

Since  the  e.m.f.  increases  as  the  current  rises  in  the  same  way  as 
when  the  pressure  increases  in  a  pressure  transformer,  the  secondary 
current  increases  in  proportion  to  the  primary  current,  owing  to  the 
decrease  of  ga  and  ba.  Fig.  296a  shews  the  increase  of  this  ratio  very 
clearly  for  a  current  transformer  made  by  Siemens  &  Halske.  The 
abscissa  axis  represents  the  current  in  per  cent,  of  the  range  of  the 
instrument,  whilst  the  ordi nates  shew  the  percentage  deviations  of 
the  current  ratio  from  its  mean  value.  The  curves  A,  B  and  C  are  for 
different  impedances  zA.  As  eq.  161  shews,  the  secondary  current 
decreases  for  larger  zA.  At  the  same  time  the  effect  of  changes  in  ga 
and  ba  is  increased,  so  that  the  lower  curves  B  and  C  rise  more  rapidly 
than  the  upper  curve  A. 
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As  mentioned  in  connection  with  pressure  transformers,  a  decrease 
in  the  frequency  c  must  act  in  the  same  direction  as  an  increase  in  zA . 
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Fio.  SfHVi  and  6. 

This  is  clearly  seen  in  the  curves  D  and  E  (Fig.  2966),  which  are  taken 
for  frequencies  of  50  and  25. 

(e)  Wattmeter  Transformers.  For  the  measurement  of  power,  current 
and  pressure  transformers  are  used.  As  before,  let  y9  denote  the 
secondary  admittance  of  the  pressure  transformer  and  zA  the  secondary 
impedance  of  the  current  transformer.  Further,  we  will  let  the  suffix 
V  denote  the  constants  of  the  pressure  transformer,  and  the  suffix  A 
those  of  the  current  transformer.  The  primary  and  secondary  powers 
are  then  represented  by  the  vectors, 

where  I[  and  /2'  denote  the  conjugate  vectors  of  /j  and  /2.     We  have 
then  jy     p  ji 

W  =  T  T  =  ^  +  ft?*ifr)r (&  +  GfftifciXi 
=  ftft'O  +  *«yr)r(l  +V^a)a' 

The  symbols  marked  '  denote  the  conjugate  vectors.  Introducing 
equations  158  and  161,  we  get  further 

jk-(i+.-io<i+»-;.*>| (164) 

If  an  ammeter  is  placed  in  series  with  the  current  coil  and  a  volt- 
meter in  parallel  (or  in  series)  with  the  pressure  coils  of  the  wattmeter, 
we  can  at  the  same  time  measure  the  real  part  JVn  of  the  secondary 
power  and  also  the  secondary  current  and  the  secondary  pressure  P$. 

We  then  get  W%  =  JV2  +jJVti, 

where  W%  <  =  J{IJ\f^'fV\. 

Similarly,  if  we  write     Wx  =  Wx  +jWlu 
we  have  IV x  =  ( I  +  e  +  i)H\  +  (*,  + i,)/Fi„  1 

'V   J    ■"■■ 


/rH=(i +  €  +  !)/*;,-(€, +*,)»' 


,(165) 
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If  the  secondary  phase  displacement  is  small  (i.e.  JF2{  small),  the 
primary  power  Wl  to  be  measured  is  found  by  increasing  the  reading 
IV< g  by  the  percentage  pressure  drop  and  percentage  decrease  in  current. 
The  measurement  of  the  primary  imaginary  power  WXi  or  primary 
phase  displacement  is  then  inaccurate,  because  the  term  -(c^  +  i,)/^ 
may  be  large. 

With  very  large  phase  displacements,  the  imaginary  primary  power 
JVlt  is  obtained  by  increasing  the  imaginary  power  JF8„  measured  in 
the  secondary,  by  the  percentage  pressure  drop  and  current  decrease. 
The  measurement  of  the  real  primary  power  Wx  is  then  inaccurate, 
since  the  term  (e,  +  it)  JV2i  can  be  comparatively  large. 

106.   Electricity  Meters.     The  energy  consumed  in  a  circuit  is 

A  =  jpi  dt=  I  PI cos  <f>  dt. 
If  the  pressure  remains  constant, 

A=PJlcos<f>dt. 

If  /  and  <f>  are  constant, 

A=Icos<t>jPdL 

Finally,  if  the  momentary  power  is  constant,  then 

A  =  PIco6<t>jdt. 

Corresponding  to  the  above  equations  we  can  distinguish  between 
watt-hour  meters,  ampere-hour  meters,  volt-hour  meters  and  electricity 
meters.  Since  it  is  difficult  to  construct  instruments  to  respond  only 
to  the  watt  component  of  the  current,  ampere-hour  meters  are  not 
largely  used  with  alternating-currents.  We  shall  therefore  deal 
chiefly  with  vxitt-hour  meters.  These  work  partly  on  the  dynamometer 
principle  and  partly  on  the  laws  of  induction.  We  can  distinguish 
between  motor  meters  where  the  current  to  be  measured  itself  causes  a 
movement,  the  speed  of  which  is  directly  proportional  to  the  current, 
and  pendulum  meters  where  the  alternating  action  of  two  coils  carrying 
current  is  made  to  influence  an  already  existing  motion.  The  latter 
possess  the  disadvantages  of  being  complicated,  on  account  of  the  many 
axes  and  moving  parts,  and  that  of  being  continually  in  motion  and 
therefore  always  subjected  to  wear.  Moreover,  the  permanent  control 
possible  with  the  motor  meter  is  an  advantage  wnich  must  not  be 
under-estimated.  Thus,  whilst  the  motor  meter  is  more  reliable 
in  working  than  the  pendulum  meter,  yet  the  induction  meter,  in 
which  there  are  no  current  leads  and  rubbing  contacts,  has  a  still 
more  certain  action.  As  ah  example  of  the  pendulum  meter  we  shall 
consider  the  Avon  watt-hour  meter. 

This  instrument  is  provided  with  two  pendulums,  each  possessing  a 
pressure  coil.  Under  each  pendulum  a  coil  carrying  the  line  current 
is  placed,  and  connections  are  made  so  that  the  one  pendulum  is 
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accelerated,  the  other  retarded.      If  the  pendulums  swing  synchron- 
ously when  no  current  is  flowing,  and  operate  a  counting  device  which 
only  records  the  difference  of  their  swings,  then  the  readings  will  be 
approximately  proportional  to  the  current  flowing. 
The  time  of  oscillation  /  of  a  pendulum  of  length  I  is 

where  g  is  the  acceleration  due  to  gravity.      When   current  flows 
through  the  coils,  we  can  write 


vg+9i  Vg-9i 


If  the  pointer   on   the  indicator  moves   one   division    when   one 
pendulum  has  completed  N  swings  more  than  the  other,  then  one 

division  will  correspond  to  N    l  *    seconds,  and  the  consumption  per 

*      i 
division,  or  the  so-called  constant  of  the  instrument,  is 

1 1  PI 

K=.^±  N^nn — iAAA  kilowatt-hours 
t2-tx     3600x1000 

NPIt        q 
or 


1000  x  3600  ql 
where  the  higher  powers  of  $±  are  neglected. 

That  these  instruments  read  correctly  for  alternating-currents  is  seen 
directly,  when  we  remember  that  the  dynamometer  action  depends 
only  on  the  watt  component  of  the  current.  Against  the  disadvantages 
of  the  several  axes  and  moving  parts,  these  instruments  have  many 
advantages,  since  they  are  independent  of  the  frequency  and  wave- 
shape, and  further  are  very  sensitive  and  possess  no  permanent  magnets 
whose  magnetism  can  vary  with  age. 

Motor  meters  have  been  constructed  in  many  forms  and  placed  on  the 
market.  They  consist,  in  principle,  of  one  or  more  fixed  current  coils, 
an  armature  to  which  a  current  proportional  to  the  pressure  is  supplied 
and  a  damping  device,  usually  consisting  of  a  disc  of  aluminium  or 
copper  which  revolves  between  the  poles  of  a  permanent  magnet.  If 
•the  instrument  is  to  read  correctly  for  alternating-currents,  no  iron, 
must  be  present.  Since  a  large  resistance  is  placed  in  series  with  the 
armature,  the  induced  e.m.f.  is  small  compared  with  the  network 
pressure,  and  the  current  in  the  armature  is  practically  proportional 
to  the  pressure.  The  torque  will  therefore  be  proportional  to  PIW  and 
the  power  to  PIwn,  where  n  is  the  speed  of  rotation. 

In  the  damping  device  e.m.f. 's  are  induced  directly  proportional  to 
the  speed,  so  that  the  power  consumed  in  the  disc  is  proportional 
to  the  square  of  the  speed. 
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Since  now — neglecting  losses — the  power  taken  must  equal  that 
supplied,  then  Plwn  =  Cn2  or  the  power  taken  from  the  line  is  pro- 
portional to  the  speed  of  the  motor.  Hence  a  counting  device  coupled 
to  the  axis  of  the  motor  can  be  made  to  read  the  power  directly. 

The  principle  of  the  motor  meter  is  only  free  from  objection  when 
the  pressure  coil  is  entirely  non-inductive.  A  phase  displacement  \p 
between  pressure  and  current  in  the  pressure  coif  changes  the  formula 
W=  PI  cos  <f>  into 

^=P/cos»cosfc08^:^, 

cos<£ 


where 


v  =  tan  1  -  -  : 
r 


L  =  coefficient  of  self-induction 
r= resistance 


V  of  the  pressure  coil. 


Since,  however,  the  arrangements  necessary  to  eliminate  this  error 
make  the  instrument  too  costly,  they  are  only  provided  in  standard 
meters.  In  general,  when  the  phase  angle  </>  is  not  too  large  and  the 
resistance  in  series  with  the  pressure  coil  is  sufficiently  high,  the 
accuracy  is  not  materially  affected,  and  a  correction  becomes  unnecessary 
for  practical  purposes. 

The  error  due  to  friction  loss  can  be  eliminated  by  placing  sufficient 
turns  on  the  current  coil  and  sending  through  them  the  current  in  the 
pressure  coil  until  their  mutual  action  can  just  compensate  for  this  loss. 
The  friction  losses,  however,  do  not  remain  constant— after  a  time  they 
may  decrease  with  wear,  and  then  the  meter  may  come  to  possess  the 
worst  possible  fault  in  the  eyes  of  the  consumer,  viz.  the  instrument 
rotates  when  no  current  is  being  supplied. 

Consequently,  artificial  friction  resistance  is  often  added,  the  magni- 
tude of  which  is  large  compared  with  the  original,  and  remains  constant. 
Moreover,  these  artificial  resistances  have  the  advantage  of  being 
adjustable.     They  can  be  provided  in 
various  ways,  but  a  complete  descrip- 
tion would  take  us  too  far  here.     One 
practical  device  consists  in  allowing  a 
pin  on   the  revolving   axis  to  strike 
against  one  or  more  springs  at  every 
revolution. 

Induction  meters,  from  their  principle, 
are  only  applicable  for  alternating- 
currents.  Like  the  induction  instru- 
ments for  measuring  current  and 
pressure  described  above,  these  also 
depend  on  the  alternating  action  of 
two  magnetic  fields — displaced  from 
one  another  in  phase— on  a  closed  revolving  conductor  (Fig.  297).  If 
the  line  current  I  flows  through  one  coil  and  a  current  i  proportional 


BrmLreCod 


Current  Cod 
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to  the  pressure  through  the  other,  then  the  torque  exerted  on  the 

revolving  conductor  will  be  proportional  to  Ii  sin  <f>,  where  </>  is  the 

phase  displacement  between  the  two  currents. 

Since  now  the  power  of  an  alternating-current  is  proportional  to  the 

cosine  of  the  angle  of  phase  displacement  between  the  pressure  and 

current,  it  follows  that  we  must  displace 
the  current  in  the  pressure  coil  by  90°  in 
order  to  use  this  instrument  directly  for 
measuring  energy.  There  are  several 
methods  whereby  an  instrument  capable 
of  reading  sine  functions  can  be  trans - 


v^A 


t 


WWT»^ 


X      X 


Chtktnmfod ' — ' '       formed    into    one    for   reading    cosine 

^       f     298  functions.      The   simplest  arrangement 

would  consist  in  making  the  pressure 
circuit  as  inductive  as  possible,  so  that  the  ohmic  resistance  becomes 
negligible  in  comparison  with  the  reactance  (Fig.  298).  Since  this  is 
not  sufficiently  accurate  in  practice,  other  arrangements  are  used, 
which,  however,  we  cannot  enter  into  here. 

107.  Calibration  of  Alternating-Current  Instruments.  In  the  de- 
scription of  the  instruments  it  has  been  pointed  out  which  of  them  can 
be  calibrated  by  means  of  continuous  current.  With  these,  either  a 
comparison  can  be  made  with  standard  instruments,  or  potentiometer 
methods  can  be  used  for  determining  pressures,  currents  being 
then  calculated  from  the  terminal  pressure  and  standard  resistances. 
Instruments  which  cannot  be  calibrated  with  continuous  currents, 
however,  must  be  compared  with  instruments  that  can  be  used  on 
either  alternating  or  continuous-current  circuits.  In  calibrating 
ammeters,  the  pressure  is  usually  transformed  down,  so  that  it  is  not 
necessary  to  dissipate  such  large  amounts  of  power  in  resistances. 
This  principle  is  also  useful  in  calibrating  the  current  coils  of  watt- 
meters. To  obtain  any  desired  phase  displacement  between  current 
and  pressure  phase  changers  are  used. 

For  these,  a  three-phase  induction  motor,  whose  rotor  can  be  fixed  in 
any  position,  can  be  used.  By  means  of  this  arrangement  we  can  test 
if  a  wattmeter  reads  correctly  on  all  power  factors. 

For  calibrating  electricity  meters,  a  comparison  with  calibrated 
instruments  can  be  made ;  or  better,  a  constant  current  at  a  constant 
pressure  may  be  passed  through  the  instrument  for  a  definite  time 
and  the  reading  compared  with  the  calculated  amount  of  energy. 

Since,  however,  the  wheels  in  the  instrument  always  have  some  play, 
the  accuracy  of  the  measurement  may  be  largely  affected.  It  is 
preferable  to  observe  only  the  movement  of  a  part  of  the  meter  which 
is  directly  actuated  by  the  current  (period  of  oscillation  of  pendulum, 
number  of  revolutions  in  a  motor  meter,  etc.),  and  from  this  determine 
the  constants  of  the  instrument  by  means  of  the  ratio  of  conversion, 
which  is  either  known  or  can  be  easily  found. 
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108.  Magnetisation  by  Continuous  Current.  109.  Magnetisation  by  Alternating 
Current.  110.  Magnetising  Current  with  Sinusoidal  Pressure.  HI.  Eddy- 
Current  Losses  in  Iron.  112.  Effect  of  Eddy-Currents  on  the  Flux  Density 
and  Distribution  in  Iron.  113.  Effect  of  frequency  and  other  Influences 
on  the  Iron  Losses.  114.  Flux  Distribution  in  Armature  Cores.  115. 
Iron  Losses  due  to  Rotary  Magnetisation.  116.  Testing  and  Pre- 
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108.  Magnetisation  by  Continuous  Current.  If  an  iron  ring  made 
of  laminations  or  wire  (Fig.  299),  which  has  been  completely  de- 
magnetised, is  magnetised  quite  gradu- 
ally by  a  continuous  current  by 
uniformly  increasing  the  magnetising 
ampere-turns  from  zero,  the  magnetic 
induction  in  the  ring  will  increase 
with  the  magnetising  force.  Ewing 
and  Lord  Bayleigh  found  that  with  a 
very  feeble  magnetising  force  //,  the 
induction  continues  to  rise  for  some 
time — even  for  some  minutes — after 
H  has  reached  its  maximum  value. 
A  large  number  of  experiments  has 
demonstrated  that  this  so-called  "  mag 
netic  creeping"  is  smaller,  the  thinner 
the  laminations  or  wire,  the  harder  the 
iron  or  the  greater  //  is.  Recently 
Klemeneic  has  proved  that  this  pheno- 
menon, which  he  calls  "  magnetic 
after-effect,"  is  also  present  with  very 

fine  wire  (0'3  mm).  It  appears,  however,  that  this  magnetic  after- 
effect only  commences  after  a  certain  time  (some  hundredths  of  a 
second),  so  that  with  rapid  changes  of  H  it  has  not  to  be  con- 
sidered. 

A.C.  y 


Fio.  299.—  Toroid. 
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Ewing  explains  this  phenomenon  as  being  due  to  the  retentive 
powers  of  the  magnetic  molecules,  when  they  are  arranged  so  as  to 
form  groups.  The  splitting  up  of  these  groups  takes  time ;  it  begins 
with  the  molecules  on  the  surface  of  the  wire,  which  are  less  closely 
held  together  and  therefore  more  movable,  and  moves  gradually 
inwards.  With  fine  wires  there  are  relatively  more  movable  surface 
molecules  ;  consequently,  in  this  case  the  combinations  of  molecules  are 
disturbed  much  more  quickly. 

By  plotting  the  magnetic  induction  £  as  a  function  of  the  magnetic 
force  //,  we  get  the  static  magnetisation  curve  of  the  material — which  is 
found  most  accurately  by  means  of  a  ballistic  galvanometer. 

the  ampere-turns  per  cm-length  v 


ffftf 


n  for  Iran  Stampings. 


For  practical  purposes,  it  is  more  convenient  to  plot  £  as  a  function 
of  ow  instead  of  H.  Such  a  magnetisation  curve  for  iron  stampings  is 
shewn  in  Fig  300  by  curve  I ;  curve  II  shews  the  permeability 


as  a  function  of  B. 

It  the  magnetisation  of  the  iron  is  taken  through  a  cycle  by  uni- 
formly varying  the  magnetising  force  between  the  two  values  -  ff„, 
and  +HwtI,  H  can  again  be  determined  ballistically  and  plotted  as  a 
function  of  H  or  aw. 
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ing  (or  toroid),  the  Hopkinson's  yoke  (Fig.  301) 
at-oar  S  is  here  clamped  at  both  ends  to  a  soft 


Instead  of  a 
can  be  used.     The  test-b 
iron   yoke   J  having    low  mag- 
netic reluctance,  thus  forming  a 
closed  magnetic  circuit. 

Since  the  induction  does  not 
depend  alone  on  the  effective 
magnetising  force  3  at  the 
moment  considered,  but  is  also 
dependent  on  the  magnetic  in- 
duction at  the  previous  moment 
— the  latter  property  being  due 
to  the  retentivity  of  the  iron  — 
the  cyclic  magnetisation  curve  for  i> 

hysteresis  loop  H¥  (Fig.  . "" 

static  magnetisation. 

Since  the  induction  in  iron  is — as  shewn — a  many-valued  function 
of  the  magnetising  force,  a  magnetisation  curve— such  as  is  represented 


Fid.  SOI.— Hopklnson'i  Yoke, 

i  is  a  closed  curve,  the  so  called 
The  curve  in  this  case  is  obtained  by 


Flo.  SOt— Hysteresis  Loop. 

in  Fig.  300 — can  only  give  one  value  of  induction  for  one  magnetising 
force,  which  depends  on  the  means  by  which  it  is  measured. 

Usually  such  curves  are  taken  on  the  ballistic  galvanometer  by 
measuring  the  throw  on  the  galvanometer  when  the  current  is  reversed. 
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After  a  few  reversals,  this  throw  remains  constant  whilst  the  induction 
changes  from  a  positive  value  to  the  same  negative  value.  The 
measurements  are  taken  for  various  field  strengths  by  starting  with  the 
lowest  magnetising  current  and  increasing  the  latter  step  by  step,  and 
determining  the  throw  on  the  galvanometer  for  each  step  after  a  certain 
number  of  reversals.  Previous  to  taking  the  measurements,  the  iron 
should  be  demagnetised  as  completely  as  possible.  It  is  important  to 
start  with  the  small  inductions  and  gradually  increase  to  the  higher, 
for  a  higher  magnetisation  wipes  out  the  after-effect  of  a  smaller 
magnetisation  more  easily  than  vice  versa. 

The  magnetisation  curve  taken  in  this  way  (the  so-called  rising 
magnetisation  curve)  represents — as  is  seen — the  locus  for  the  peaks  of 
the  static  hysteresis  loops  of  the  iron. 

The  area  of  the  hysteresis  loop  represents  a  loss  of  energy,  for, 
according  to  the  definition  of  the  potential  energy  for  electric  current 
(see  p.  15),  the  work  done  in  a  unit  of  time  is 

^d<f>ergs, 

where  iw  denotes  the  ampere-turns  interlinked  with  the  flux  #.  If  the 
ring  (Fig.  299)  has  a  constant  section  Q  and  a  mean  length  /,  then 

TO  10  ^  TO  ' 

where  V=  Q .  Z  =  volume  of  the  iron  ring  in  cm8. 
The  work  done  during  one  period  is  accordingly 

v\BZdB*VJV» 

and  the  hysteresis  loss  in  ergs  per  second  for  one  cm* 

fr>=\jodB=ll,Hdli> <166> 

and  is  thus  proportional  to  the  area  of  the  hysteresis  loop  U  . 

Formula  166  is  deduced  on  the  assumption  that  the  magnetisation 
of  the  iron  sample  is  uniform,  and  that  the  magnetic  force  is  due 
solely  to  the  electric  current.  It  is  easy  to  shew  that  this  formula 
holds  quite  generally, — for  instance,  in  the  case  when  various 
inductions  are  present  in  the  several  parts  of  the  iron  and  magnetising 
forces  other  than  those  due  to  electric  currents  act  on  the  iron.  In 
this  case,  however,  the  loss  in  each  part  of  the  iron  must  be  determined 
by  itself.  Further,  it  must  be  noted  that  the  energy  loss  due  to 
hysteresis  may  not  only  be  supplied  by  electric  currents,  but  also  by 
external  mechanical  forces,  as  in  generators. 

If  a  test  piece  is  magnetised  cyclically  between  equal  positive  and 
negative  values  of  the  maximum  induction,  it  is  found  that  the  shape 
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and  area  of  the  hysteresis  loop  varies  with  the  maximum  induction. 
The  nature  of  this  change  is  shewn  in  Fig.  303,  which  represents  a 
hysteresis  curve  (due  to  Ewing)  for  annealed  piano  wire.  Here  the 
induction  is  always  varied  from  one  value  to  a  somewhat  greater  value 
of  the  opposite  sign. 
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Fig.  80S,— Hysteresis  Loops,  Piano  Wire  (Ewing). 

If  we  plot  the  areas  of  the  hysteresis  loops  divided  by  4ir,  taken  at 
different  maximum  inductions,  as  a  function  of  these  latter,  we  get  a 
curve  which  represents  the  work  in  ergs  per  cycle  and  per  cm8  due 
to  the  hysteresis  of  the  iron  in  terms  of  the  maximum  induction. 
Fig.  304  shews  such  a  curve  as  given  by  Ewing  for  soft  iron  plates. 
It  is  seen  that  the  loss  increases  more  rapidly  than  the  induction. 
Steinmetz  has  given  the  following  empirical  equation  for  the  curve : 


A  =  ^11flergs (167) 

rj  is  called  the  hysteresis  constant.      For  soft,  annealed  dynamo 
plates  -q  varies  from  0*001  to  0003. 
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If  c  is  the  frequency  at  which  the  iron  is  magnetised,  ue.  the  number 
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Fig.  804.— Hysteretic  Energy  per  Cycle  as  Function  of  the  Induction. 

of  complete  cycles  the  magnetisation  passes  through  per  second,  the 
effective  loss  due  to  hysteresis  will  be 

Wh  =  rjcB1*  ergs  per  sec. 

=  rlcBliilO-7  watts. 

The  loss  per  dm3  is     fFh  =  rjcB1"1 10~A  watts (167a) 
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Fig.  305. — Hysteretic  Loss  for  One  Cycle  per  Second  for  Different  Kinds  of  Iron. 

In  Fig.  305  curves  are  given  which  represent  the  hysteresis  loss  per 
dm8  for  one  cycle  per  second  in  watts,  i.e. 

JTt-lB1*  10-*, 

as  function  of  B.     The  curves   are  calculated    for   rj  =  0*0012  and 
4-  0-0016. 
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When  we  multiply  and  divide  by  1000,,8  =  63100  in  formula  (167a), 
we  get  the  following  expression  for  the  hysteresis  loss  per  dm8,  which 
is  more  convenient  tor  calculation ; 

»W«i,)  ^dlof  ™tte 

.iSor-** (i68> 

where  <rh=G31r). 

The  above  expression  has  been  developed  on  the  assumption  that 
the  hysteresis  loss  per  cycle  is  independent  of  the  rate  at  which  the 
latter  is  completed.  More  recent  experiments,  however,  shew  that 
this  is  not  quite  true. 

In  comparing  the  magnetic  conditions  accompanying  static  magnetisa- 
tion with  that  due  to  alternating-current,  the  first  difference  we  may 
mention  is  the  eddy  currents  set  up  in  the  iron  in  the  latter  case. 
When  the  magnitude  of  the  induction  is  rapidly  varied,  e.M.f.'s  are 
induced  in  the  iron  which  give  rise  to  currents  whose  directions  are 
such  as  to  tend  to  hinder  the  pulsations  of  the  flux.  This  has  the 
effect  of  reducing  the  flux  for  a  given  magnetising  current,  or  for  a 

fiven  flux  a  larger  alternating-current  is  required  than  when  the  same 
ux  is  produced  by  continuous  current.  In  addition  to  this,  the  eddy 
currents  produce  a  loss  in  the  iron  which  is  proportional  to  the  square 
of  these  currents. 

109.  Magnetisation  by  Alternating  Current.    Let  the  pressure 

* 

^  =  N/2i>sino)/ 

be  applied  at  the  terminals  of  the  winding  on  the  iron  ring  shewn  in 
Fig.  299, — then  a  current  will  flow  through  the  winding.  This  current 
is  called  the  magnetising  current,  and  excites  a  magnetic  flux  4?  in  the 
iron  which  induces  an  E.M.F.  e  in  the  winding, 

.  d(v&) 

where  c=  -    \.    • 

at 

If  r  denotes  the  ohmic  resistance  of  the  winding,  then  we  have 

p  +  e  =  ir. 

If  we  choose  the  relations  so  that  i  and  r  are  both  small,  we  can 
write  with  close  approximation, 


!?=-«=    --,.--  =\/2P  sin  «/, 


whence  vft  =  -  */2  —  cos  o>/  =  >/2  —  sin  (  <d/  -  - ). 

o>  W        \        2/ 

.'.  $  =  V2  —  sinful--)' 
aw       \        2/ 
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From  this  we  see  that  when  the  applied  pressure  p  varies  in  a  sine 
wave,  the  flux  <£>  also  obeys  a  sine  law.  The  flux,  moreover,  is  seen  to 
lag  90°  in  phase  behind  the  applied  pressure.     The  maximum  value  of 

the  flux  is  =/oZ_  =  ^=    Z_ 

"^     V"cow;      2ttcw     I'Ucw' 

where  the  pressure  P  is  measured  in  absolute  units.      When   the 
effective  terminal  pressure  P  is  measured  in  volts, 

P  108 
*nu*  =  ±iUcw  maxwells,    (169) 

P  =  4'44^  ^lO"8  volts (170) 

The  induced  E.M.F.  E  is  numerically  equal  to  the  terminal  pressure 
P  and  directly  opposed  to  it  in  direction ;  thus  E  lags  90°  behind  the 
flux  <£>. 

We  will  now  consider  the  case  when  the  applied  pressure  is  not 
sinusoidal,  but  is  merely  some  periodic  function  of  the  time — the  only 
assumption  we  now  make  is  that  momentary  values  taken  180°  apart 
are  numerically  equal  and  of  opposite  sign.  The  pressure  curve  will 
then  only  possess  odd  harmonics.  In  this  case  the  flux  curve  also  will 
have  no  even  harmonics,  that  is  to  say,  instantaneous  values  taken  half 
a  period  apart  are  likewise  equal  and  opposite.     Since,  in  general, 


or  pdt  =  w  d&, 

or,  again,  <t>  =  -^L<ft, 


the  curve  for  the  flux  <£»  as  a  function  of  the  time  is  the  integral  curve 
of  the  pressure  curve  with  regard  to  time.  If  we  integrate  pdt  over  a 
semi-period  and  choose  the  limits  so  that  the  integral  becomes  a 
maximum,  then  we  denote 

r 


2   f +'     At 
-f\       P"t  = 


mean 


as  the  mean  value  of  the  periodic  pressure — and  this  passes  through 

T 
a  positive  half -wave  in  the  time  from  /  to  /  +  ^,  where  T  denotes  the 

time  of  a  complete  period.     Denoting  the  magnitude  of  the  flux  at 

T 
time  /  by  <£mln  and  at  time  t  +  -^  by  #1Iiax,  then 

T  1 

^max        ^min        oi         ■*■  mean 

is  the  largest  increase  the  flux  can  pass  through  in  a  semi-period. 
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Further,  since  from  the  above 

&      _  _* 

then  $mill  is  an  absolute  minimum  and  S^  an  absolute  maximum  of 
the  flux.     Then,  we  get  m  , 


*     =— -  P 


1 


where  the  pressure  is  measured  in  absolute  units.     Since  T=  -  we  get 

^^  =  4^*^10-8  volts,  ....(171) 

which  is  quite  independent  of  the  waveshape.     On  page  217  the  form 
factor  of  an  alternating-current  curve  was  defined  as  the  ratio 

-  __  effective  value  _    P 
Jt       mean  value    ~~  Pu^ 

For  any  wave-shape,  therefore,  we  have  the  following  expression : 

P  =  4/eCM;*mM10-8  volts (172) 

For    a    sine- wave    /e=l#ll,    and    by    substituting    this    we    get 
formula  (170). 

110.  Magnetising  Current  with  Sinusoidal  E.M.F.  We  again  con- 
sider the  magnetisation  of  the  iron  ring  shewn  in  Fig.  299,  and  assume 
a  sinusoidal  pressure  is  applied  at  the  terminals  of  its  winding.  We 
shall  take  the  pressure  drop  in  the  winding  to  be  so  small  that  it  is 
allowable  to  assume  the  induced  E.M.F.  at  any 
instant  is  equal  and  opposite  to  the  impressed 
voltage.  Then,  as  already  shewn,  the  flux 
must  also  follow  a  sine  law.  Now,  to  produce 
this  flux  $  we  need  a  magnetising  current 
which  alternates  periodically  with  the  induc- 
tion in  the  core. 

At  any  point  of  the  sinusoidal  flux  curve 
or  induction  curve  we  can  find  the  respective 
momentary  value  of  the  magnetising  current 
from  the  hysteresis  loop.  We  have  shewn  above 
that  the  area  of  this  loop  gives  a  measure  for 
the  energy  which  is  necessary  to  magnetise  the 
iron  through  one  cycle.  This  energy,  which 
has  to  be  supplied  from  outside  by  the  primary 
no-load  current,  is  converted  into  heat. 

The  curve  of  magnetising  current,  which  we 
get  from  the  hysteresis  loop  by  calculating  for 
a  sinusoidal  flux,  is  not  sinusoidal  and  is 
unsymmetrical  with  respect  to  its  maximum 
ordinate.  In  Fig.  306  a  hysteresis  loop  is 
represented,  whilst  Fig.  307  shews  e  the  curve  of  induced  E.M.F.,  <£>  the 
corresponding  flux  curve  and  i0  the  curve  of  the  magnetising  current, 
which  latter  is  obtained  from  Fig.  306. 


Fio.  306. 
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The  curve  of  the  magnetising  current  i0  can  be  split  up  into  a  first 
harmonic  ix  and  a  curve  id  which  contains  the  higher  harmonics.  Let 
the  effective  values  of  these  two  curves  be  Ix  and  Id  respectively. 


Fig.  807. — Determination  of  Magnetising  Current  with  Sine-wave  Pressure  by 

means  of  Hysteresis  Loop. 

We  draw  the  curve  of  applied  pressure  /?=  -e  and  analyse  the  sinu- 
soidal curve  i{  into  a  component  ij  w  in  phase  with  p,  and  a  component 
ilWL  which  lags  90°  behind  the  applied  pressure.  Since  the  current 
curve  id  is  wattless  with  respect  to  the  sinusoidal  applied  pressure,  the 
component  ilw  will  represent  the  total  watt  component  of  the  mag- 
netising current,  and  the  hysteresis  loss  is 

W-P.Ilw, 

where  J,  w  is  the  effective  value  of  the  current  t\  w. 
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The  wattless  component  of  the  magnetising  current  is  made  up  of 
the  wattless  component  of  the  first  harmonic  IiWL,  and  of  the  effective 
value  of  the  higher  harmonics  Id.  These  components  can  therefore  be 
substituted  by  an  equivalent  sinusoidal  current  whose  effective  value  is 

The  total  magnetising  current  can  now  be  replaced  by  an  equivalent 
sinusoidal  current  whose  effective  value  is  /.     Written  symbolically, 

I=Iw+jIWL, 

where  Iw=llw. 


Thus  I=>JPw+Il=JIiw+PlWL  +  IZ.   (173) 

Graphically,  the  magnetising  current  can  be  represented  as  shewn  in 
Fig.  308.  Here  P  the  applied  pressure  is  set  off  along  the  ordinate 
axis,  while  the  flux  4>  is  set  off  to  the  left 
along  the  abscissa  axis.    The  component 

0A=Iw=Ix  w  £» 

is  set  off  in  the  direction  of  the  pressure  |    \^ 

and  the  wattless  component  j        \r 

in   the    direction    of    the    flux.      The  J  /.      £\ 

sinusoidal  current  /,  which  is  equiva-  $** K] ™ — *-p. 

lent    to    the    magnetising    current,    is  \  Ir*         .*''' 

given  in  magnitude  and  direction  by  \j     ,*'"'li 

the  vector  0C. 

K.i  *  Pio.  808.— Diagram  of  Magnetising 

we  measure  the  consumed  power  current 

W,  the  effective  pressure  P  and  the 

effective  magnetising  current  /,  the  vector  of  the  equivalent  current 

can  be  at  once  determined,  for 

W=  PI  cos  (90  -  a)  =  PI  sin  a  =  PIW, 

W 


sma  = 


PV 
I  -* 


WL 


=V"-®* 


The  angle  a,  by  which  the  equivalent  sinusoidal  current  of  the 

magnetising  current  leads  the  flux,   is  called  the  hysteretic  angle  of 
advance. 

The  ratio  n=y 
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is  the  admittance  of  the  magnetising  winding.     Similarly,  the  wattless 
component  of  the  magnetising  current  is 

IWL  =  I C08  a  =  bP, 

and  the  watt  component  of  the  same 

Jr=/sina  =  ^P, 

where  b  denotes  the  effective  susceptance  and  g  the  effective  conductance. 
The  hysteresis  loss  is  then 

W=g?\ 

If  we  calculate  the  effective  resistance  and  reactance  corresponding 
to  g,  b  and  y  from  formulae  37  and  38,  p.  55, 

y2     f  +  b2' 


y     g2  +  b*' 

then  r  represents  an  effective  resistance  which  is  independent  of  the 
ohmic  resistance  of  the  winding.  This  effective  resistance  equals  the 
ohmic  resistance  which  the  magnetising  winding  would  have  if 
the  hysteresis  loss  W  were  consumed  in  the  winding  by  the  mag- 
netising current  7, 

i.e.  W=I*r 

W 

and  the  effective  reactance  is 


x 


=VtfP- 


If  we  assume — as  above — that  the  ohmic  resistance  of  the  winding 
is  negligible,  then  P>  I  and  W  represent  the  measured  values. 

In  the  above  we  have  neglected  the  effect  of  the  eddy  eurrente. 
These  can  easily  be  taken  into  account  experimentally;  for  with  a 
sine- wave  pressure  the  flux  and  along  with  it  the  eddy  currents  vary 
after  a  sine-wave.  The  eddy  currents  increase  both  the  magnetising 
currents  and  the  losses,  and  cause  an  increase  both  in  the  wattless 
component  and  in  the  watt  component  of  the  sinusoidal  part  of  the 
magnetising  current.  Consequently,  nothing  is  altered  in  the  calcu- 
lations and  considerations  as  given  above,  when  these  eddies  are  taken 
into  account,  and  the  same  diagrams  can  be  used  for  the  experimental 
values  obtained  with  alternating-currents.  The  analytical  treatment 
of  eddy  currents  will  be  found  in  sections  111  and  112. 

In  Fig.  309  the  curve  B  represents  the  induction  in  dynamo  plates 
of  average  quality  in  terms  of  the  momentary  values  of  the  ampere- 
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turns  per  cm  length  of  the  magnetic  path.  Curve  AT  gives  the 
maximum  induction  in  terms  of  the  effective  value  of  the  ampere-turns 
per  cm  for  sinusoidal  magnetisation,  curve  AT,  shews  the  effective 
value  of  the  first  harmonics,  ATd  the  effective  value  of  all  the  higher 
harmonics. 
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Fia.  809.— Ma^notisatiou  Curves  for  Armature  Stampings  as  Function  of  AT  per  cm. 

111.  The  Eddy-Current  Losses  in  Iron.  When  iron  is  magnetised 
by  means  of  alternating  currents,  eddy  currents  are  always  set  up  in 
the  iron.  Suppose  a  surface  to  be  taken  through  the  iron  perpendicular 
to  the  direction  of  the  induction,  and  let  a  closed  curve  be  drawn  in 
this  surface,  then  along  this  curve  an  e.m.f.  is  induced  equal  to  the 
rate  of  change  of  the  enclosed  flux.  The  currents  thereby  set  up  flow 
in  a  direction  such  that  they  oppose  any  change  in  the  main  flux,  and 
dissipate  themselves  in  heat  corresponding  to  the  energy  they  take 
from  the  magnetising  current.  If  the  reversals  in  the  magnetisation 
in  the  iron  are  caused  by  the  movement  of  the  latter  in  the  field,  the 
loss  will  be  supplied  by  the  mechanical  force  causing  the  movement. 
In  some  cases,  the  losses  are  partly  supplied  from  electrical  and  partly 
from  mechanical  sources  of  power. 

The  most  effective  means  of  reducing  eddy  currents  consists  in 
laminating  the  iron.  The  laminations  must  run  parallel  to  the  lines  of 
induction. 

In  what  follows,  the  eddy-current  losses  will  be  calculated  in  each 
case,  on  the  assumption  that  the  induction  is  uniformly  distributed 
over  the  whole  section. 
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Let  the  iron  be  made  up  of  wires,  and  the  induction,  whose  maximum 
value  is  B,  be  uniformly  distributed  over  the  section  of  the  wire.  In 
a  ring  of  radius  x,  the  induced  e.m.f.  will  be  then  (see  Fig.  310) : 

EM=4f,cB*tf  10-'  volts, 
where  /,  denotes  the  form  factor  of  the  e.m.f.  wave. 

For  a  length  of  wire  1  cm,  the  resistance  of  the  ring  of  thickness 

pWdx' 
where  p  denotes  the  resistance  per  cm8  of  the  iron  expressed  in  ohms. 


Flo.  $10. -Pitta  of  Eddy  Cumnta  In 

The  heating  loss  in  the  ring  is  then 
Mds  1  = 

From  this  we  get  the  heating  loss  per  cm  length, 

S-eV?W  10""  watts; 
a  P 

thus  per  cm8,  wm  =  -  -  &fi&&  10_M  watts. 

For  the  volume  V,  measured  in  dm8  and  d  in  mm,  we  have 

-'-(irSom>)V>"*» <"*) 

For  soft  iron,         p  =  5.10"*  to  10_s  ohms, 
=  01  to  0-5. 
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Next,  let  us  assume  the  iron  to  be  made  up  of  thin  plates.  Fig.  311 
shews  a  section  through  a  plate  perpendicular  to  the  lines  of  induction. 

In  a  sheet  of  current  1  cm  long,  at  distance  x  from  the  centre  line 
of  the  plate,  an  E.M.F.  is  induced : 

Ex  =  4ft.c.B.x. 10-*  volts. 
The  resistance  for  1  cm  depth  of  plates  (measured  perpendicularly 
to  the  plane  of  the  paper)-  is  4-  ohms.     The  loss  in  a  sheet  of  current 
1  cm  long,  1  cm  deep  and  of  thickness  dx  cm  is 

El  —  =  —  c*ftBh?dx  10-M  watts. 

r  r 

For  the  whole  thickness  of  the  plate  the  loss  is 

A 


2Ftil-  =  ^-f?BiA*.  10-lfl  watts. 


The  loss  per  cm8  is  therefore,  when  A  is  measured  in  cm, 

^  =  |-/f^AM0-16  watts.  

For  a  volume  Vm  in  dm8  and  for  A  in  mm,  we  have 

4  10-* 


.(175) 


W„= 


3    P 


(A4-iol)v-watt8 


=  <r„^ 


TUo '  io£>) V- watts* <176> 

4  10*B  . 
where  <rw  =  ^ is  the  eddy-current  coefficient  of  the  plate. 

If  we  substitute  p  =  5  .  10"*5  to  10"5  ohms  in  the  above,  we  get 

<rw  =  0-267  to  1-33. 

112.  Effect  of  Eddy  Currents  on  the  Flux  Density  and  Distribution 
in  Iron.  In  a  piece  of  iron 
of  circular  or  rectangular 
section  (Figs.  310  and  311) 
let  $m  denote  the  pulsating 
flux  which  the  magnetising 
current  im  would  produce  \^t 
alone  when  no  eddy  cur- 
rents were  present.  This 
induces  an  E.M.F.  ew  in  the 
shaded  circuit,  which — for 
a  sinusoidal  flux  variation — 
can  be  represented  by  a  vec- 
tor lagging  90°  behind  the 

flux  Vector,  as  in  Fig.  312.  Pl0<  312.-Reaction  of  Eddy  Carrenta. 
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The  E.M.F.  ew  produces  an  eddy  current  *'„,  which  in  its  turn  produces 
a  flux  represented  by  <£„  in  Fig.  312.  The  eddy-current  circuit 
thus  possesses  inductance  corresponding  to  the  flux  $„,  and  *„  lags 
behind  e„. 

The  resultant  flux  of  <£>m  and  <£>„  is  4>,  and  we  see  that  the  effect  of 
all  the  eddy  currents  is  first  to  cause  the  resultant  flux  <£>  to  lag  behind 
the  magnetising  current  im  in  phase,  and  secondly  the  flux  is  reduced 
from  4>m  to  <£>. 

Both  the  weakening  and  the  lag  of  the  induction  is  greatest  in  the 
middle  of  the  iron,  and  decreases  towards  the  surface,  where  it  is  zero. 
Oberbeck  and  J.  J.  Thomson  have  made  calculations  to  determine  the 
weakening  of  the  induction  in  iron  cores  due  to  eddy  currents  (not  as 
above,  due  to  a  single  eddy).  These  calculations  shewed  that  the 
weakening  in  very  thin  wires  and  plates  can  be  entirely  neglected, 
whilst  with  thicker  plates  the  weakening  rapidly  increases  with  the 
thickness.  This  is  best  seen  from  a  short  calculation.  In  a  circuit  of 
radius  x  (Fig.  310)  a  maximum  E.M.F.  2ir<&x\ 0"8  volts  is  induced,  and 
in  a  circuit  of  radius  x  +  dx  the  maximum  E.M.F.  induced  will  be 

2irc($x  +  2irxBxdx)  10"8  volts. 
Hence  in  the  outer  circuit  the  E.M.F.  per  cm  length  is  larger  by  the 
amount  dff.-2«B.<fel0-«  volte. 

In  order  to  get  the  induction  Bx  from  this,  we  must  find  a  further 
relation  between  Ex  and  Bx.  This  is  obtained  from  the  fundamental 
principle  of  eleetromaguetism,  which  states  that  the  induction  Bx 
increases  from  the  radius  x  to  the  radius  x  +  dx  by  the  amount  corre- 
sponding to  the  M.M.F.  of  the  current  in  the  circular  ring.  The 
maximum  value  of  this  current  is 

Ix  =  ^dx, 
P 

where  p  is  the  specific  resistance  of  the  iron.  The  increase  in  induction 
corresponding  to  this  current  is 

dBx=  0-4  Ixti  =  0-4tt  £  Exdxt 

r 

where  /x  denotes  the  permeability  of  the  iron.  Passing  to  symbolic 
values  and  taking  the  phases  of  the  different  quantities  into  account, 
we  get  the  two  equations  : 

dEM=j2ircBmdxlO-* 
and  dBt=  -Qiir^Exdx. 

Substituting  Ex  from  the  second  equation  into  the  first,  we  get 

dx2         J  p  •  * 
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This  is  a  homogeneous  linear  differential  equation  of  the  second 
degree,  whose  solution  is 


B=AC     '  p  +  £>£    ^  P 

A  and  B  are  two  constants  which  have  the  same  value  in  this  case, 
since  Bz  has  the  same  value,  but  of  opposite  sign,  at  diametrically 
opposite  points  at  the  same  distance  x.  Putting  further  Bx=Bm  for 
x  =  r,  i.e.  at  the  surface  of  the  cylinder,  we  get 

*  •  * 

Z>    •  a(  \/-JO"8w«e*10-8r         -/y-j0-8ir*c^l0-8r) 

whence  by  division 

C  p  +  €    ^     '  P| 


^  =  ■8, 


C 


l*  p  +  €    ^     '  p 

Since  €>/-v*  _  €a-/)*  _  €*(C08  #  _  j  sin  a*) 

and  we  write  for  brevity  * .  J^.  =  x,    (177) 

the  induction  2?_  can  be  written 

•      * 

• *  -  #«"  ^  -j)Ar  +  €-(W7Ar 


or 


z>        z>       (€** +  €-*■*)  COS  \x-j(&*-  £-A*)sin  Xa; 


By  comparing  this  expression  with  the  formula  on  p.  133  for  the 
distribution  of-  the  pressure  along  a  long  line,  we  see  at  once  that  the 
induction  from  the  surface  to  the  interior  of  the  cylinder  follows  a 
sine  law. 

The  length  of  a  complete  wave  is  found  from 

>       0  2tt       10* 

>10p 

Over  such  a  wave-length  the  phase  of  the  induction  passes  through 
360\ 

Since  Ix  =  n- .  *-  =  s  dx, 

the  eddy  currents  are  propagated  in  the  iron  according  to  the  same 
exponential  law  as  the  induction. 

A.C.  7, 
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For  an  iron  plate  (Fig.  311)  the  same  differential  equation  for  Bx  is 
obtained,  and  consequently  the  same  flux  distribution  over  the  section 

as  in  a  cylinder.     In  this  case  x  and  r  =  ^  do  not  represent  radii,  but 

the  distances  of  the  respective  points  or  surface  from  the  centre  of  the 
plate. 

Fig.  313  shews  the  magnitudes  of  the  flux  distribution  over  a  plate 
for  different  thicknesses  of  plates  at  c=  100.     An  idea  of  the  alteration 
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in  the  phase  of  the  induction  throughout  the  plate  is  obtained  by 
remembering  that  the  wave-length  for  c— 100,  /*  =  2000  and  />=  10~6  is 


104 


104 


v 


To} 


v/0-ixT00x20b0x"l05 


=  0-224  cm  =  2-24  mm. 


Thus  at  the  centre  of  a  2  mm  plate  the  induction  is  displaced 

a -rt-r  =  160o  in  phase  from  that  at  the  surface.     The  induction  2L-.  at 

the  surface  only  corresponds  to  the  effect  of  the  external  magnetising 
forces,  which  we  suppose  in  this  case  to  act  uniformly  over  the  whole 
length  of  the  cylinder  or  width  of  the  plate.  If  we  ascertain  the 
greatest  mean  value  Binmn  of  the  flux  density  which  can  exist  at  any 
instant,  this  must  be  less  than  the  mean  value  of  the  amplitudes  of  the 
induction  at  the  different  sections,  as  found  from  Fig.  313.  In  Fig.  314, 
the  ratio  of  the  maximum  mean  value  BmPUi  to  the  maximum  induction 
BmtX  is  plotted  as  function  of  the  plate  thickness  for  c  =  100.  From 
the  figure  it  is  clearly  seen  that  with  a  plate  1  mm  thick  only  about 
55  %  is  utilised,  and  with  J  mm  plate  about  95  % .     The  1  ram  plate 
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therefore  would  only  increase  the  flux  in  the  ratio  of  55  to  47*5  with 
the  same  maximum  induction.  This  agrees  with  J.  J.  Thomson's 
statement  that  a  thick  plate  does  not  conduct  an  alternating  flux  of 
100  cycles  any  better  than  two  thin  plates  each  of  £  mm  thickness, 
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i.e.  the  total  permeance  of  a  thick  plate  at  this  frequency  only  equals 
that  of  the  two  outside  layers  of  \  mm  each.  For  this  layer  a  simple 
formula  can  be  obtained,  which  gives  fairly  accurate  results  for  plates 
of  high  permeability.  When  A.  is  very  large,  €_Ax  can  be  neglected 
compared  with  e**     Then  we  get 
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whence  it  follows  that  the  thickness  of  the  equivalent  plate,  instead  of 


A  .       .    ,       1       10*    l5p 
-£-,  is  only  8  =  — —  =  -     A  /  — 


v   ,       n    ~,       cm. 

For  c  =  100,  yx  =  2000  and  /o  =  10"6  we  get  8  =  0253  mm,  which  agrees 
with  Thomson's  investigations.  It  is  also  clear  that  the  induction 
rapidly  decreases  towards  the  interior  since  €**  =  €-*»  =  0*0019,  where 
as  is  a  wave-length,  i.e.  the  amplitude  of  a  magnetic  wave  is  reduced  to 
a  two-thousandth  of  its  value  for  every  wave-length  completed  towards 
the  interior  of  the  iron. 

For  the  eddy-current  loss  it  follows  that  at  a  given  mean  value 
-#m«ui>  the  induction  is  increased  on  account  of  the  unsymmetrical 
distribution  of  the  flux.  In  electromagnetic  machines,  however,  such 
thin  plates  are  used  that  the  induction  is  almost  uniformly  distributed 
over  the  whole  core,  whence  it  is  admissible  to  calculate  the  eddy  losses 
by  means  of  formulae  174  and  176. 

113.  Effect  of  the  Frequency  and  Other  Influences  on  the  Iron 
Losses.  If  the  induced  effective  e.m.f.  E  in  an  electromagnetic 
apparatus  is  constant,  then 

cB  =  -n — 7T  =  constant. 
Now,  from  equation  (179),  the  eddy-current  loss  is  proportional  to 

<^-(£SD' (178) 

From  this  it  follows  that  Vie  eddy-current  loss  is  proportional  to  the  square 
of  the  effective  induced  E.M.F.  independently  of  the  frequency  and  ivare-shajHt 
of  the  latter. 

This  only  holds,  however,  up  to  a  certain  value  of  the  frequency, 
when  the  induction  becomes  unsymmetrically  distributed  over  the 
section. 

The  hysteresis  loss  is,  from  equation  (167),  proportional  to 


cB«J*Br 


>U 


From  this  we  see:  The  hysteresis  loss  is  inversely  proportional  to  the 
OS**1  power  of  the  frequency. 

The  greater  the  frequency  the  smaller  the  hysteresis  loss  (for  the 
same  pressure),  and  up  to  a  certain  limit  this  holds  for  the  total  iron 
losses.  As  the  frequency  increases  a  point  is  reached  beyond  which,  on 
account  of  the  unsymmetrical  distribution,  the  eddy  losses  increase 
faster  than  the  loss  due  to  hysteresis  decreases. 

Further,  it  is  held  that,  in  addition  to  eddy  currents,  there  are  yet 
other  differences  between  static  and  alternating  magnetisation.  Max 
Wien  has  attempted  to  shew  experimentally,  in  Wiedemanns  Annalen^ 
Bd.  66,  that  the  so-called  magnetic  inertia  or  viscosity  at  rapid  reversals 
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causes  a  decrease  in  the  permeability  and  an  increase  in  the  hysteresis 
loss  per  cycle  at  a  constant  maximum  induction.  Thus,  a  similar  effect 
is  ascribed  to  magnetic  inertia  as  to  eddy  currents.  To  prove  this, 
Max  Wien  took  care  to  make  the  eddy  losses  quite  negligible  in  every 
respect,  whilst  the  experiments  were  undertaken  throughout  with 
sinusoidal  e.M.f.'b  and  very  different  frequencies.  From  Figs/315  and 
316,  based  on  Max  Wien's  experiments,  it  is  easily  seen  that  the  flux 
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Fio.  815. — Shortening  of  the  Hysteresis  Loop  due  to  Increasing  Frequency. 

at  rapid  reversals  cannot  quite  follow  the  magnetising  force,  conse- 
quently the  hysteresis  loops  under  these  conditions  appear  different 
from  those  taken  with  slow  changes. 

At  the  close  of  his  paper,  Max  Wien  writes  as  follows  on  the 
relation  between  magnetic  after-effect  and  inertia:  "Whilst  inertia 
becomes  noticeable  with  flux  variations  completed  within  y^^th  of  a 
second,  the  magnetic  after-effect  does  not  begin  before  a  lapse  of 
several  tenths  of  a  second  (Klemencic-Martens).     This  after-effect  is 

freatest  for  weak  fields,  where  the  differences  of  the  permeability  and 
ysteresis  loss  at  the  various  frequencies  are  scarcely  noticeable. 
These  differences  attain  their  greatest  value  at  maximum  permeability, 
at  which  point  the  magnetic  after-effect  vanishes.  On  the  other  hand, 
there  are  several  analogies  between  the  two  phenomena. — chiefly  the 
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dependence  on  the  diameter  of  the  wire  magnetised  and  the  decrease 
with  the  hardness  of  the  iron." 

Like  magnetic  inertia,  other  magnetic  phenomena  can  also  be  ex- 
plained by  Swing's  molecular  theory. 


fibralion  decreases  hysteresis  toss.  This  is  especially  so  with  soft 
iron  and  weak  fields. 

The  conviction  is  now  fairly  general  that  the  hysteresis  loss  depends 
much  more  on  the  physical  nature  of  the  iron  than  on  the  ckemital 
Pressure  increases  the  hysteresis  loss  and  decreases  the  permeability, 
even  when  the  force  is  removed. 

Morihy  found  that  a  pressure  of  270  kg  per  cm3  caused  an  increase 
of  20  %  in  the  hysteresis  loss ;  on  removing  the  pressure,  the  loss  sank 
to  its  original  value. 

In  one  and  the  same  plate,  the  hysteresis  loss  varies  from  point  to 
point,  and  this  variation  may  amount  to  '28%.  Near  the  edge  and 
perpendicular  to  the  direction  in  which  the  plate  has  been  rolled,  the 
loss  is  greatest,  and  in  the  inside  portion  parallel  to  this  direction  the 
loss  is  least. 

Layers  of  oxidation  on  the  plate,  which  have  a  low  permeability,  lead 
to  an  increase  in  the  hysteresis  losses.  Iron  plates  are  annealed  to 
reduce  hysteresis  loss.  The  latter,  plotted  as  a  function  of  the 
annealing  temperature,  gives  a  curve  shewing  that  minimum  loss 
occurs  at  950'  C.  When  wo  come  above  this  annealing  temperature 
the  loss  curve  rises  rapidly.  At  higher  temperatures  the  plates  may 
stick  together  and  be  destroyed. 
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Up  to  about  200°  C,  the  hysteresis  loss  is  almost  independent  of 
the  temperature,  whilst  between  200°  and  700°  C.  the  loss  decreases 
from  10  to  20%. 

With  continuous  heating,  however,  the  hysteresis  loss  increases — this 
process  is  known  as  ageing.  The  higher  the  annealing  temperature, 
the  more  pronounced  does  this  property  shew  itself. 

The  curves  in  Fig.  317  were  taken  by  A.  H.  Ford  on  four  different 
transformers  of  1  to  2  K.w.  The  transformers  were  fully  loaded  during 
the  whole  of  the  experiments.  Ford  maintains  that  ageing  can  be 
reduced  by  rapidly  cooling  the  red-hot  plates. 
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Mauermann  *  investigated  a  number  of  plates  with  respect  to  ageing, 
some  of  which  were  annealed  at  700-750°  C.  and  the  remainder  at 
950-1000°  C.  Those  plates  which  were  annealed  at  950-1000°  C. 
shewed  a  noticeable  increase  in  hysteresis  loss  after  one  week's  heating 
at  56°  C,  whilst  the  plates  annealed  at  the  lower  temperature  shewed 
little  change.  After  being  heated  at  77°  C.  for  a  fortnight,  the  latter 
plates  still  shewed  little  change,  whilst  the  increase  for  the  plates 
annealed  at  the  higher  temperature  remained  about  the  same. 

Consequently,  on  account  of  ageing,  it  would  seem  that  the  annealing 
temperature  should  not  be  too  high. 

The  investigations  of  a  committee  on  Hysteresis  appointed  by  the 
Verband  devtseher  Elektrotechniker  gave  the  following  results  (E.T.Z. 
1904,  p.  501): 

1.  After  lying  in  the  temperature  of  the  laboratory  for  some  months, 
some  transformers  shewed  a  higher  loss  coefficient  t  than  on  entering  ; 


•E.T.Z.  1901,  p.  861. 


t  Total  iron  loss  in  1  kg  at  c  =  50  and  B  =  10000. 
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on  the  contrary,  the  loss  coefficient  of  the  testing-transformer,  kept  at 
the  temperature  of  the  room,  shewed  no  change  during  the  2£  months' 
continuous  experiments,  so  that  it  appears  the  loss  coefficient  got  worse 
at  the  beginning  when  the  iron  was  brought  into  the  laboratory 
temperature  and  then  remained  constant. 

2.  Only  one  plate  shewed  no  signs  of  ageing — all  the  others  shewed 
a  tendency  to  this,  which  was  more  marked  with  the  0*35  mm  plates 
than  with  the  0*5  mm  ;  in  general,  the  ageing  is  very  small  (3  to  8  %), 
with  the  exception  of  one  plate,  which  was  found  to  be  non-homogeneous 
on  delivery.     In  this  case  the  loss  increased  25  % . 

3.  Marked  ageing,  on  the  other  hand,  was  observed  in  the  alloyed 
plates,  and  was  found  to  be  larger  in  those  with  2  %  Al.  (33  %)  than 
in  those  containing  1  %  Al.  (15  %). 

4.  An  increase  in  the  loss  due  to  hysteresis  was  always  the  cause 
of  the  loss  coefficient  becoming  worse  (rj  getting  worse  by  47  %), 
whilst  the  eddy-current  loss  in  general  remained  constant  and  in  the 
alloyed  plates  rather  decreased  (12  to  17%).  The  figures  obtained 
from  static  methods — in  so  far  as  could  be  expected  from  the  un- 
certainty of  the  separation— agreed  in  general  with  those  obtained  by 
wattmeters. 

From  recent  experiments  by  Dr.  E.  Kolben,  on  the  influence  of 
silicon  on  the  ageing  of  iron,  it  appears  that  this  phenomenon  of  ageing 
disappears  rapidly  as  the  amount  of  silicon  increases,  until  with  iron 
containing  3*5  %  of  silicon  it  vanishes  almost  entirely. 

The  wave-shape  of  the  pressure^  like  the  frequency,  has  no  effect  on  the 
eddy-current  loss  at  low  and  moderate  frequencies.  At  high  frequencies, 
however,  the  eddy  losses  are  larger  when  the  pressure  curve  deviates 
from  a  sine  wave,  because  the  higher  harmonics  cause  larger  eddy 
losses  than  the  fundamental.     From  formula  (182)  it  is  seen  that  the 

hysteresis  loss  varies  inversely  as 


K 


the  1  '6th  power  of  the  form  factor. 
Since  peaked  pressure  curves  have 
the  largest  form  factors,  the 
hysteresis  loss  is  smaller  for  such 
than  for  flat-shaped  curves.  This 
follows  also  from  the  fact  that  the 
maximum  induction  B  is  propor- 
tional to  the  area  of  the  pressure 
curve,  whilst  this  area  is  inversely 
proportional  to  the  form  factor  for 
the  same  effective  value.  Conse- 
quently, the  maximum  induction  is 
inversely  proportional  to  the  form 
factor  and  the  hysteresis  loss  to 
the  16th  power  of  the  form  factor. 
To  give  an  idea  of  the  influence 
of  the  wave-shape  on  the  hysteresis  losses,  the  latter  have  been  calcu- 
lated for  various  form  factors  as  a  percentage  of  the  hysteresis  losses 
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for  a  sinusoidal  pressure,  assuming  the  applied  E.M.F.  constant  in 
every  case.     The  results  are  plotted  as  a  curve  in  Fig.  318. 

It  seldom  occurs  that  a  pressure  curve  has  a  form  factor  greater 
than  1*3  to  1*35;  with  such  a  wave-shape  the  hysteresis  loss  will  be 
reduced  some  25%.  Such  highly  peaked  curves,  however,  are  a 
disadvantage  in  other  ways — especially  on  account  of  the  heavy  strain 
placed  on  the  insulation.  In  addition  to  this  the  eddy  losses  are 
increased  with  peaked  curves,  so  that  they  are  not  so  efficient  with 
regard  to  the  iron  losses  as  indicated  by  Fig.  318. 

114.  Flux  Distribution  in  Armature  Cores.  In  most  electrical 
machines  the  iron  is  not  continually  magnetised  and  demagnetised 
in  diametrically  opposite  directions, 
but  the  induction  often  remains  more 
or  less  constant,  whilst  its  direction 
rotates.  Such  a  magnetisation  occurs 
in  the  armature  of  the  four-pole 
dynamo  in  Fig.  319.  A  rotating 
induction  of  this  kind  can  always 
be  split  up  into  two  components 
perpendicular  to  one  another. 

To  determine  these  components,  we 
start  with  the  assumption  that  the 
induction  at  the  surface  of  the  arma- 
ture is  sinusoi  dally  distributed, — a 
field  thus  distributed  is  called  a  sine- 
wave*  field.  To  calculate  the  flux 
distribution  inside  the  armature,  we  Pw.  319.— Flux  Distribution  in  Four-pole 
can   suppose  that  magnetic  charges  Armature. 

exist  on  the  surface  of  the  armature,  the  density  of  which  I  -t~ 

varies  after  a  sine  wave.  These  magnetic  masses  exert  magnetising 
forces  H  in  the1  interior  of  the  core,  in  accordance  with  the  law  of 
magnetic  potential — these  forces  cause  the  magnetic  induction  B. 

R.  Rudenberg*  has  calculated  the  components  of  this  induction  from 
differential  equations  of  the  magnetic  potential,  on  the  assumptions 
that  the  permeability  /jl  of  the  plate  is  .constant  at  all  points  and 
in  all  directions,  and  that  the  distribution  of  induction  is  not  affected 
by  eddy  currents. 

In  polar  co-ordinates,  the  radial  component  is 

br  =  -  (Arp  -  Br-p)co8])tf>, 
and  the  tangential  component 

b+  =  -  -  (Arp  +  Br-p)s\n p<f>, 

*  E.T.Z.  1905  and  R.  Rudenberg,  Enerf/ie  der  Wirbeistr&me.  Sammlung  ehctr. 
Vortragt  (Stuttgart),  1906. 
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where  p  is  the  number  of  pole-pairs  in  the  machine  and  A  and  B  two 
constants.  These  are  obtained  from  the  limiting  conditions  for  the 
inside  and  outside  radius 

(1)  r^Ti,         br~0; 

(2)  r  =  ra,        br^Btcoap<f>, 
assuming  a  sine- wave  flux  distribution  Bt  in  the  gap. 


Hence  follows 


A  =  Bt 


A-p 


a 


-© 


1 


and 


B  =  Bt 


a* 

A+p 


or- 


1 


If  we  change  rt  and  ra  these  formulae  hold  for  machines  with  rotating 
poles.  In  Fig.  320  the  flux  distribution  in  the  machine  in  Fig.  319  is 
shewn,  as  calculated  by  Rtidenberg  from  the  above  formulae. 


Fio.  320.—  Flux  Distribution  in  Four-pole  Armature. 

From  the  fomiulae  it  is  seen  that  the  induction  at  every  point  of  a 
revolving  armature  is  made  up  of  two  components,  one  of  which  varies 
with  cos p<f>  and  the  other  with  sin  p<f>.  If  the  2/>-polar  armature 
revolves  at  n  revolutions  per  minute,  e.m.f.'s  will  be  induced  in  the 
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armature  conductors  at  a  frequency  np  per  minute  or  c  =  l^  cycles  per 
second.     Further  60 

where  /  is  the  time  in  seconds  taken  by  the  armature  to  rotate  through 
the  angle  <f> ;  hence 

j><t>  =  -"  Jr- 1  =  2ird  =  w/. 

The  two  components  can  therefore  be  expressed  thus : 

br  =  Br  cos  <trf, 
b+  =  B+  sin  (ot, 

and  the  resultant  induction  can  be  represented  by  a  vector  OB  revolving 
about  0,  as  in  Fig.  321. 

The  angular  velocity  of  this  rota- 
tion is  variable,  and  its  average  is  o>. 
The  extremity  B  of  the  rotating 
vector  moves  over  an  ellipse  (elliptic 
induction,  elliptic  rotary  field).  Near 
the  external  surface  of  the  armature, 
J5r  =  J5,  and 

'a    ~  'i 

hence,  for  r,  =  0,  or  when  p  is  very 
large,  at  the  surface  where  r  =  ra9 
we  have 


Fir..  321. — Representation    of   Kndiol   and 
Tangential  Components  of  Induction. 


At  the  internal  surface  of  the  armature,  where  r  =  rif  then  Br  —  0 

JJ     _    1>    " '    n      '  i 

n+  ~  n*    »*P  _  **P  ' 
'a         '  i 

Whilst  the  radial  component  always  decreases  from  the  outside  to 
the  inside  surface  of  the  core,  this  is  only  the  case  for  the  tangential 
component  when  the  number  of  poles  is  greater  than  two.  The 
ellipses,  after  which  the  induction  varies,  become  flatter  the  deeper  we 
go  into  the  core.  At  the  interior  surface  it  becomes  a  line,  because 
the  induction  here  varies  in  diametrically  opposite  directions,  as  in  a 
transformer  core.  The  ellipse  only  becomes  a  circle  in  the  theoretical 
case  when  the  inside  diameter  is  zero,  and  only  the  induction  at  the 
outside  layer  of  such  an  armature  follows  a  uniform  rotation  like  a 
circular  vector  (perfect  rotary  field).  Assuming  that  the  molecular 
theory  of  magnetism  corresponds  to  the  physical  phenomena  in  iron, 
we  see  that  the  molecules  have   the  tendency  to  rotate  when   the 
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armature  rotates,  the  mean  velocity  corresponding  to  the  frequency  of 
the  e.m.f.'s  induced  in  the  armature  winding. 

If  the  field  in  the  gap  is  not  a  sine  wave,  the  flux  curve  can  be 
analysed  by  Fourier's  Series  into  its  fundamental  and  higher  harmonics, 
and  the  calculations  repeated  for  each  field.  By  superposing  the 
inductions  due  to  the  several  fields,  we  get  the  resultant  flux  distribu- 
tion in  the  armature.  Naturally,  the  fields  with  the  largest  numbers 
of  poles  penetrate  the  least  distance  into  the  core. 

If  p  is  very  large  or  equal  to  oo ,  the  equations  assume  the  following 
forms  when  rectangular  co-ordinates  are  introduced.  The  tangential 
component  becomes 


T 

=  -  \A€    -  Be       /cos  -  x, 


and  the  radial  v 

T 

when  t  is  the  pole-pitch  and'  A  and  B  two  constants  which  are  found 
from  the  two  limiting  conditions 


(1)  y  =  h,         6,-0; 

IT 

(2)  y  =  0,         bif  =  Blco8-x. 

We  then  get 

*-     *     . 

2V-h       , 
€    T      -1 

h  is  the  core-depth.     Thus,  in  the  first  formulae,  h**rm*=rt  and  t  =  — *. 

The  last  formulae  give  an  insight  into  the  flux  distribution  in  the 
laminated  pole-shoes  of  a  continuous  or  alternating-current  machine 
with  open  or  semi-enclosed  slots  in  the  armature.  On  the  mean 
induction  Bl9  a  magnetic  wave,  with  its  maximum  value  B„  opposite 
the  teeth  and  its  minimum  value  -  Bn  opposite  the  slots,  is  superposed 
(Fig.  322). 

At  a  depth  y  =  7]  =  t,  the  magnetic  waves  have  practically  vanished, 
since  they  are  here  reduced  to 

€~r*  =  €~w  =  0-0435, 

i.e.  4i  %  of  their  original  value. 

The  two  assumptions  on  which  we  have  based  all  our  calculations, 
viz.  that  the  permeability  is  constant  throughout,  aiid  that  the  eddy 
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currents  do  not  affect  the  flux  distribution,  are  not  always  quite  true. 
Since,  however,  the  permeability  increases  towards  the  interior,  the 


Fio.  SK.— Flui  Puliation! 


induction  inside  will  be  somewhat  larger  than  that  given  by  the 
formulae.  The  eddy  currents  have  just  the  opposite  tendency,  and 
strive  to  keep  the  flux  to- 
wards the  exterior.  Figs. 
323  and  324  shew  the  dis- 
tribution of  the  flux  in 
a  smooth-cored  and  in  a 
toothed  armature.  These 
pictures  of  the  lines  of  force 
are  reproduced  from  photo- 
graphs taken  by  Jr.  M. 
Thornton*  carried  out  by 
the  method  due  to  Hele- 
Shaw,  Hay  and  Powell.    The 

method  is  based  on  the  fact  n°-  «■—"«»  ""^ft™  ,n  *  s™*^-"™" 
that  the  fundamental  equa- 
tions for  the  magnetic  lines 
of  force  agree  with  the 
fundamental  equations  for 
the  flow  in  two  dimensions 
of  an  ideal — i.e.  Motionless 
and  incompressible — fluid. 
A  perfectly  frictionless 
fluid  does  not  exist,  but 
it  is  sufficient  to  take  an 


*  Electrician  1905/06,  p.  959.         p,,,.  au.-, 
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ordinary  liquid  flowing  in  a  very  thin  layer  between  two  parallel 
surfaces.  By  forcing  a  coloured  liquid  in  streaks  between  two  parallel 
glass  plates,  Hele-Shaw  and  others  succeeded  in  producing  stream  lines 
which  agreed  with  the  lines  of  force  in  a  magnetic  field.  The  coloration 
of  the  liquid  was  obtained  by  forcing  an  aniline  dye  into  the  liquid 
from  a  tube  containing  a  large  number  of  fine  holes  at  small  equal 
distances  from  one  another — thus  forming  sharply-defined  stream  lines 
of  extraordinary  regularity. 

Further,  it  can  be  proved  that  the  velocity  of  the  fluid  under  like 
conditions  varies  with  the  cube  of  the  thickness  of  the  layer.  This 
fact  gives  a  suitable  means  for  producing  a  mechanical  analogy  for  the 
various  permeances  of  the  several  parts  of  the  current  path.  The  parts 
of  the  one  plate  which  is  to  represent  the  air-gap  are  covered  with  a 
layer  of  wax,  and  the  other  plate  is  brought  so  near  to  this  that  only 


Fio.  325. 

a  minimum  gap  is  loft  between  them ;  if,  for  instance,  this  gap  was  a 
tenth  of  that  at  the  part  not  covered  with  wax,  the  "  permeability  " 
would  be  reduced  to  a  thousandth.  The  liquid  used  was  glycerine, 
which  was  led  in  at  one  pole  and  out  at  the  other.  As  shewn  by  the 
photographs,  the  paths  of  the  "lines  of  force"  correspond  exactly  with 
those  obtained  from  complicated  calculations. 

In  the  calculation  and  construction  of  diagrams  of  the  lines  of  force 
it  is  best  to  make  several  pictures  of  the  lines  of  force  by  estimation, 
split  these  up  into  tubes  of  force  and  calculate  the  permeance  of  the 
tubes.  Since  the  path  of  the  lines  of  force  is  always  such  that  the  total 
flux  is  a  maximum,  the  diagram  giving  the  greatest  permeance  can  be 
taken  as  the  best.  It  is  often  well  to  draw  in  the  equi-potential  lines 
of  the  flux,  and  from  these  obtain  the  position  of  the  lines  of  force. 
This  is  only  advisable,  however,  in  cases  where  the  equi-potential  lines 
can  at  once  be  drawn  more  easily  and  accurately  than  the  lines  of  force. 
If  we  have  now  the  figure  of  the  lines  of  force— as,  for  instance,  between 
the  pole  surface  and  armature  surface  in  Fig.  325 — and  have  found 
that  this  possesses  the  largest  permeance,  we  then  pass  on  to  calculate 
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exactly  the  flux  between  the  pole  and  armature  surface.    The  permeance 
A,  of  a  tube  of  force  is  l 


A -5- 

—  0-8  8: 


where  bs  is  the  mean  width  and  8X  the  mean  length  of  the  tube  of  force. 
The  breadth  of  the  tube  perpendicular  to  the  plane  of  the  paper  is 
assumed  to  be  1  cm.  If  the  magnetic  potential  difference  between  the 
pole  and  armature  surface  is  AW*,  the  flux  in  the  tube  in  question 
will  be  7 


<b   —        « 

*    0-8  8, 


AW* 


.(180) 


and  the  flux  density  at  the  armature  surface 

„*..  KAW, 
*~  ax" 0-8«A'  

since  the  tubes  always  enter  the  iron  at  right  angles.  If  the  flux 
density  has  to  be  found  at  a  point  in  the  gap,  then  <£,  must  be  divided 
by  the  part  of  the  equi-potential  surface  at  the  place  in  question,  which 
is  cut  by  the  tube  of  force.  In  this  way,  the  flux  in  all  the  tubes  and 
the  flux  density  at  any  point  can  be  found  with  fair  accuracy. 

115.  Iron  Losses  due  to  Rotary  Magnetisation,  (a)  The  eddy 
cuirent  losses  in  the  iron  with  rotary  magnetisation  are  obtained  by 
simply  adding  the  losses  produced  by  the  two  components  of  the 
induction. 

If  the  iron  is  magnetised  by  a  pure  rotary  field,  then  Br  =  B^=^B, 
and  we  get  just  double  the  eddy  losses  obtained  with  a  linear 
alternating  magnetisation  to  the  same  value  B. 


Fig.  326.— Distribution  of  Eddy-currents  due  to  Rotating  Magnetisation. 

Starting  from  the  formula  in  Section  114  for  the  flux  distribution, 
It.  liudenberg  has  analytically  investigated  the  eddy  currents  in 
revolving  armatures  and  obtained  the  interesting  result  that  the  stream 
lines  of  the  eddy  currents  are  identical  with  the  lines  of  force  of  the 
magnetic  field  except  at  the  boundary  surfaces  where  the  currents 
are   reversed.      The  current  distribution  is  illustrated  by  Fig.  326. 
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For  the  eddy-current  losses,  Riidenberg  obtained  the  same  formula 
as  above : 


;r-='-(A4foi)V-watte- 


Here  BmtM  =  T 


-r  J5,  is  the  mean  tangential  induction  in  the  neutral 

zone  where  br  =  0.  Only  the  eddy-current  coefficient  for  rotary 
magnetisation  is  larger  than  for  linear  magnetisation,  and,  as  seen  from 
the  following  formulae,  depends  largely  on  the  armature  dimensions. 
For  a  rotating  armature,  we  have 


h\*> 


.    ,1  +  (1"    ) 

tt*  vh,  \        p  T/ 

0\.  =  -rr  - 


6    t         A     tchX* 

P 


-0-;*) 

For  p=oo9  i.e.  for  a  flat  armature  surface, 

h 


.(181) 


7T- 
TC*  T 


<T..=  -r- 


6    ,       ,   irk 

tanh  — 

T 

and  for  hollow  armature  cores  such  as  stators, 


(182) 


-«     h{l+pr)    +1 


O"..  s»  — -  7T  - 


..(183) 


In  Fig.  327  the  values  of  <rw  for  different  numbers  of  poles  are 

h  ir2         h 

plotted  as  functions  of  -•     All  these  curves  start  from  -^  for  -  =  0, 

corresponding  to  alternating-current  magnetisation.  Bi-polar  rotating 
armatures  have  the  lowest  .eddy-current  coefficient  and  bi-polar  stator 
cores  the  largest.  These  formulae  are  deduced  under  the  assumption 
of  uniformly  distributed  induction  over  the  width  of  each  plate  and  for 
constant  permeability  /*.  These  assumptions  are  only  partly  correct, 
so  that  the  eddy  losses  are  always  somewhat  larger  than  those  given 
by  the  formulae.  These  losses  are  further  increased  by  the  filing,  etc., 
done  in  building  the  core,  so  that  the  experimental  values  of  the  eddy- 
current  coefficient  usually  lie  between  5  and  10,  and  in  continuous 
current  machines  may  be  still  higher.  This  is  largely  due  to  the  fact, 
that  in  addition  to  the  eddy  losses  in  the  armature  plates  there  are 
also  the  further  losses  in  the  pole  shoes,  due  to  the  teeth  passing  over. 
A  similar  effect  is  produced  in  an  induction  motor.  These  losses  must 
of  course  be  separated,  as  will  be  shewn  in  the  latter  part  of  this 
section. 
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(b)  With  respect  to  the  hysteresis  loss  due  to  rotary  magnetisation 
(so-called  rotary  hysteresis),  not  many  investigations  have  been  mdde. 
As  shewn,  the  iron  molecules  in  a  revolving  armature  strive  to  rotate 
at  a  frequency  c  corresponding  to  the  mean  angular  velocity  <o,  but  are 
prevented  from  following  the  magnetising  force  by  the  friction  between 
them  and  the  neighbouring  molecules  rotating  in  the  opposite  direction. 
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Fio.  827. — Relation  of  Eddy-current  Coefficient  xr     to  Core  Depth  with  Different 

Numbers  of  Poles. 

Consequently,  losses  occur  here  which  a  piori  are  not  necessarily  equal 
to  the  hysteresis  loss  due  to  alternating  magnetisation,  for  in  this  case 
the  magnetising  force  does  not  alter  in  direction  but  only  in  strength. 
The  most  recent  researches,  however,  shew  that  the  hysteresis  loss 
with  rotary  magnetisation  has  about  the  same  value  as  alternating 
magnetisation  for  low  induction  up  to  about  10,000.  At  higher  in- 
ductions, on  the  other  hand,  the  hysteresis  loss  is  somewhat  smaller  than 
with  alternating  magnetisation.  Various  writers  have  even  asserted 
that  the  rotary  hysteresis  loss  reaches  a  maximum  at  flux  densities  of 
16,000  to  20,000,  and  then  at  higher  values  falls  off  very  rapidly  to  a 
very  low  value.  It  has  been  attempted  to  explain  this  phenomenon  by 
means  of  Ewing's  molecular  theory,  but  neither  the  explanation  nor 
the  experiments  seem  to  be  free  from  objection.  The  hysteresis 
losses  obtained  with  alternating  magnetisation  in  formula  (168)  are 
therefore  generally  used  directly  for  rotary  magnetisation  also,  and 

calculated  for  the  mean  tangential  induction  BmeAn  =  -r  Bt. 


A.C. 


2a 
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(c)  Losses  in  Poh  Shoes,  With  a  slotted  armature  the  Induction  over 
the  surface  of  the  pole  shoe  is  not  constant,  but  varies  along  a  wave 
corresponding  to  the  teeth  and  slots.  When  the  armature  revolves, 
the  maxima  and  minima  of  this  wave  move  over  the  pole  shoe,  so  that 
at  any  point  in  the  latter  the  induction  pulsates  at  a  frequency  corre- 
sponding to  the  number  of  teeth  Z  moving  across  the  pole  per  second. 
As  a  consequence  of  this,  eddy  currents  are  induced  in  the  shoes  having 

the  frequency  cn  =  -^  and  penetrate  to  a  depth  h,  where  the  induction 

is  constant.  The  direction  of  these  currents  is  such  as  to  damp  the 
oscillations  of  the  flux,  that  is,  they  exert  a  screening  effect  and  are 
therefore  chiefly  confined  to  the  surface  of  the  shoe ;  below  the  surface, 
they  are  rapidly  damped  out. 

If  the  pole  shoes  are  laminated,  the  eddy-current  loss  due  to  the 
teeth  can  be  calculated  from  formula  (l76)for  p  —  co.  It  must  be 
remembered,  however,  that  the  gap  density  Bt  must  be  replaced  by  the 
amplitude  Bn  of  the  flux  pulsations  at  the  surface  of  the  shoe  and  the 
pole  pitch  t  by  the  half  slot-pitch.     The  depth  of  the  laminations  is 

taken  as  ^,  for  if  they  were  deeper,  this  would  have  but  little  effect 

on  the  calculation,  since  the  magnetic  waves— as  shewn — are  practically 
damped  out  at  this  depth.     Thus,  in  a  pole  shoe  of  length  I  cm,  width 

b  cm  and  depth  ^-  cm,  the  eddy-current  loss  will  be 


since 
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and  the  frequency  cn  = 


h 


where  v  is  the  peripheral  speed  of  the  armature  in  metres  per  second. 
Inserting  these  values : 

IV  -t (Av  _A_ V      m*       watts 
,Vw~  6  \T   1000,1  2000>rs<J  Watt8 

=  m(*  io  imf ,b  ™tis' (,84> 

where  I,  b  and  /,  are  in  cm  and  A  in  mm. 
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The  hysteresis  losses  are  approximately 

,Vh  -  **  106  Wiooov  2000  watte 

In  this  formula,  as  in  the  earlier,  the  flux  distribution  is  taken  as 
constant  over  the  whole  plate.  For  most  pole  shoes,  however,  this 
does  not  hold,  partly  because  the  plates  are  often  1  mm  or  more  thick 
and  partly  because  the  frequency  cn  lies  between  500  and  1500.  The 
thickness  8  of  the  equivalent  layer  of  a  plate  in  a  pole  shoe,  where 
c=  1000,  p=  10"5  and  /*  =  2000,  is 


*    \6-8cju 


cm  =  0*08  mm, 


Scji     40i 

thus  being  much  less  than  half  the  thickness  of  the  plate.  In  such 
cases  the  values  obtained  from  the  formulae  are  too  low.  It  is  seen, 
however,  that  it  is  extremely  important  not  to  use  too  thick  plates  for 
pole  shoes.  It  is  therefore  of  interest  to  calculate  the  eddy  losses  in  a 
solid  pole  shoe  and  compare  these  with  the  losses  in  laminated  shoes. 
For  this  calculation  we  shall  use  the  method  given  by  Rudenberg  in 
the  E.T.Z.  1905,  p.  182. 

The  magnetic  wave  entering  the  shoe  will  again  be  represented  by 

6,  -  £„  cos -T- z. 

h 

In  each  element  at  the  surface  of  the  pole  shoe  and  parallel  to  the 
axis,  the  E.M.F.  induced  per  cm  length  is 

e„  =  vbnl0~*  volts, 

where  v  is  the  peripheral  speed  of  the  armature  in  m/sec.  This  E.M.F. 
produces  an  eddy  current  near  the  surface 

*„  =  — =  v-M0-flamp. 
P        P 

In  section  112  it  was  shewn  that  the  eddy  currents  are  propagated 
in  solid  iron  in  accordance  with  the  exponential  function  c-Av,  where 


„  2tt     fe^ 

io4ViOp' 


10  p 

a  constant  depending  on  the  iron,  and  y  the  distance  of  the  point  in 
question  from  the  surface. 

Hence  the  general  expression  for  the  eddy  currents  can  be  written 

P  h 

We  take  now  the  expression  %wp  dv,  which  represents  the  loss  due  to 
eddy  currents  in  the  element  of  volume  dv,  and  integrate  over  the 
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surface  of  the  pole  shoe  txl.  It  is  convenient  to  extend  the  integration 
with  respect  to  y  to  oo ,  but  the  magnetic  waves  do  not  extend  even 
a  wave  length  into  the  iron ;  we  then  get  the  total  eddy-current  loss  in 
a  slot  pitch : 


w. 


=  I   dx\   dy\  dzfwp 

Jo        Jo        Jo 


=  f '  dx  f  dy  f '  dz  -.  %. « -  W  coss  —  ar. 

Jo        Jo        Jo       I 


hence  «,„  =  __!_. 


Integrating  over  the  whole  polar  arc  b,  instead  of  over  a  slot  pitch  tu 
we  get  the  total  eddy-current  loss 

W  -  ~ffn  -  watts 

U  watte, 


.      ...  100* 

and  with  cw  =  — r—  > 
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io88W-i£ 


^=8Ui4)WV>wa^ <i85> 

where  6,  /  and  /a  are  in  cm  and  v  in  m/sec. 

As  seen,  this  expression  differs  considerably  from  that  for  laminated 
shoes.     Thcv  are  in  the  ratio 

» 

**  (  v  T  a*  /—  6'6A2  Fiv 

to  one  another. 

For  A  =  0-5  mm,  tx  =  2  cm,  v  =  20  m/sec,  /x  =  2000  and  />  =  10~5,  this 

ratio  becomes  

6-6x052    /  20x2000       A11C 

2        V2xl0^xl0  =  0,116' 

In  this  case,  therefore,  the  losses  in  the  laminated  pole  shoes  are  little 
more  than  one  tenth  of  those  in  the  solid  pole  shoes.  To  obtain  this 
result,  however,  the  plates  of  the  laminated  shoes  must  not  be  more  than 

2S  =  0'16  mm,  for  cn=  — — =  1000  cycles  per  second. 

1 
Since  these  thin  platos  are  not  practicable,  the  eddy  losses  in  the 

actual  laminations  will  have  a  value  between  the  above. 
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116.  Testing  and  Pre-determination  of  Losses  in  Iron  Stampings. 

For  investigating  iron,  the  apparatus  should  be  arranged  so  that  the 
magnetic  circuit  is  entirely  composed  of  the  sample  to  be  tested. 

In  the  standards  of  the  Verbaml  Deutsclier  Elektrotechniker  the  arrange- 
ment shewn  in  Fig.  328  is  proposed  for  the  testing  .of  iron  plates. 


Pio.  328. — Apparatus*  for  Testing  Iron  8tampingH. 

The  magnetic  circuit  is  made  up  of  four  cores  each  500  mm  long, 
30  mm  wide  and  at  least  2£  kg  in  weight.  The  several  plates  are 
insulated  from  one  another  by  tissue  paper.  The  cores  are  held  in 
position  by  wooden  clamps  and  at  the  junctions  separated  by  a  0*15  mm 
strip  of  presspahn.  Special  care  is  to  be  taken  that  the  cores  are  strictly 
in  line,  correct  position  being  detected  by  minimum  noise  and  minimum 
magnetising  current.  The  exciting  coils  are  wound  on  presspahn  spools, 
on  each  of  which  there  are  150  turns  of  wire  of  14  mm2  section. 

The  stampings — according  to  these  instructions — shall  be  taken  from 
a  sample  of  four  lots  weighing  at  least  10  kg.     From  the  total  losses 
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measured  by  the  wattmeter,  the  loss  in  the  winding  is  to  be  deducted 
in  order  to  obtain  the  iron  loss  Wt,  From  formulae  (168)  and  (176), 
the  total  iron  losses  are  : 

^-^+^--[^ife(lW5)W+*-(Ai6b®]r--"-<188> 

The  coefficients  <rh  and  crw  can  be  found  by  experiment,  by  testing 
the  sample  at  a  constant  induction  B  with  alternating-currents  and 
variable  frequency  c.  For  this  purpose  we  haye  only  to  maintain  the 
excitation  of  the  generator  constant  and  vary  its  speed;  for  then  the 
E.M.F.  varies  in  proportion  to  the  frequency  and  the  flux  remains  constant. 
The  losses  measured  by  the  wattmeter  are  then  divided  by  the  volume 
of  iron  to  obtain  the  loss  per  dm3.  These  values  divided  by  their 
respective  frequencies  c  are  plotted  as  functions  of  the  induction  B, 
and  must — according  to  the  above  equation — give  a  straight  line. 

The  intercept  of  this  straight  line   on   the  ordinate  axis  equals 

a*    /   B  \l* 
iN\  ( Tnnn )   *  wn^s*  ^e  ne^gnt  ot  a  point  on  the  straight  line  above 

this  point  of  intersection  with  the  ordinate  axis  is 


Co; 


•  (A.  M.\* 
"V100  1000/  ' 


In  Fig.  329  the  above-mentioned  lines  have  been  determined  for 
0*5  mm  dynamo  plates  at  the  inductions  J5  =  6000,  10,000  and  15,000, 

and  the  values  of  <rh  and  <r„  cal- 
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culated  from  the  same  are  given. 
This  method  of  separating  the 
hysteresis  and  eddy  losses  is 
based  on  the  assumption  that 
the  hysteresis  loss  per  cycle  is 
independent  of  the  frequency. 
This  is  not,  as  we  have  seen, 
strictly  correct,  for  the  same 
increases  somewhat  as  the 
frequency  increases.  Conse- 
quently, by  this  method  of 
separation  the  eddy-current 
loss  will  appear  somewhat 
greater,  and  tne  hysteresis  loss 
_  somewhat  smaller  than  is  actu- 

HCyeUs    ally  the  case.     But  in  any  case 

Fio.  829.— Separation  of  Iron  Losses  by  Frequency    the   method    enables   US    to  8ee 

what  part  of  the  losses  is 
proportional  to  the  frequency  and  what  part  to  the  square,  which 
is  of  importance  for  pre-determining  the  losses  and  obtaining 
the  coefficients  <rh  and  <rw  experimentally.  Further,  we  have  seen 
that  the  eddy  currents— especially  at  high  frequencies — cause  a  non- 
uniform distribution  of  the  induction  over  the  section  of  the  plates. 
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In  consequence  of  this,  the  hysteresis  loss  will  be  further  increased 
with  increasing  frequency,  which  appears  as  an  increase  of  the  eddy- 
current  coefficient  <rw  in  the  above  separation.  This  coefficient,  therefore, 
will  generally  be  found  considerably  greater  when  determined  by  this 
means,  than  when  it  is  deduced  from  the  thickness  and  permeance  of 
the  plates.  If  the  paper  between  the  plates  does  not  insulate  properly, 
or  if  a  direct  path  for  currents  from  plate  to  plate  is  made  during 
erection  or  construction,  as  is  often  unavoidable  in  practice,  the  eddy- 
current  coefficient  may  be  still  further  considerably  increased. 

The  total  loss  in  watts  in  a  kilogram  of  iron  at  an  induction  of 
10,000  and  frequency  of  50  is  called  the  specific  loss  of  the  iron. 
Assuming  a  specific  gravity  of  7*77,  the  iron  tested  in  Fig.  329  has  a 
specific  loss  of  41. 

According  to  Ewing,  the  best  result  obtained  by  him  was  from  iron 
having  the  following  composition : 

Carbon  0*02  %.  Phosphorus  002  %. 

Silicon  0-032%.  Sulphur        0-003%. 

Traces  of  manganese.  Iron  99*925  %. 

This  iron  ages  considerably,  however.  By  adding  3  %  of  silicon  or 
aluminium  it  has  recently  be  found  possible  to  produce  an  iron,  in 
which  the  hysteresis  loss  is  leSs  than  that  of  the  best  Swedish  iron. 
This  iron  is  also  considerably  less  affected  by  ageing.  The  permeability 
of  such  an  alloyed  iron  is,  however,  lower  than  that  of  ordinary  iron, 
and  likewise  its  mechanical  strength. 

Since  such  allay  plates  have  4  to  5  times  the  electrical  resistance  of 
ordinary  plates  and  therefore  smaller  eddy  losses,  they  are  particularly 
suitable  for  transformers  and  other  electromagnetic  apparatus  with  large 
iron  losses  and  poor  cooling. 

For  the  specific  loss  the  Bismarck  hiitte — whose  plates  are  largely 
used  in  Germany  at  the  present  day — guarantees : 

Ordinary  plates        -        -  3*6  watts  per  kg. 

0-6  to  0-7  %  Silicon  Alloy        -      32 

30  to  3-5%  „  -       1-8  „ 

The  composition  of  alloy  plates  is  usually  as  follows : 

Carbon         0-03  %,  Phosphorus  001  %, 

Silicon         3-4%,  Sulphur        0-04%, 

Manganese  0-3  %,  Iron  96*2  %, 

and  they  have  a  specific  resistance  of  0*5  ohm. 

117.  Calculation  of  the  Magnetising  Ampere-turns  with  Continuous 
and  Alternating-Current.  To  calculate  the  ampere-turns  in  a  magnetic 
circuit  excited  by  direct  current,  we  divide  the  magnetic  circuit  into 
parts  made  of  the  same  material  and  having  approximately  a  constant 
induction.     Starting,  for  example,  with  the  value  4>x  of  the  flux  in  the 

first  part,  we  find  the  induction  Bx  =  ^,  where  Qx  is  the  mean  section 
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of  this  part.     Similarly,  the  induction  at  another  part  Bx^j~=  &s  — 1, 

where  <rx  denotes  the  leakage  coefficient  of  the  part  x  with  respect  to 
part  1.  We  now  need  the  magnetisation  curves  of  the  respective  materials. 
These  curves  give  the  inductions  B  for  the  different  materials  as  functions 
of  the  ampere-turns  aw  per  cm  length  of  the  magnetic  path.  Such  curves 
are  determined  by  the  above-mentioned  ballistic  measurements,  or 
by  means  of  some  form  of  permeameter,  and  take  no  account, 
therefore,  of  the  effect  of  hysteresis.  The  error  hereby  introduced  is 
usually  not  considerable.  In  Fig.  330  the  magnetisation  curves  for  the 
commonly-used  magnetic  materials  of  average  quality  are  given. 

The  permeability  of  good  cast  steel  is  independent  of  the  amount  of 
carbon  present  up  to  0*25  %  of  the  latter.  Above  this  value  the  steel 
becomes  harder  both  mechanically  and  magnetically  and  its  permeability 
rapidly  decreases. 

Let  at19  at2i  etc.,  denote  the  values  of  the  ampere-turns  per  cm 
length,  as  given  by  these  curves,  for  the  inductions  2>\,  1?2,  etc.,  in  the 
several  parts ;  then  for  the  whole  magnetic  circuit  we  haye  the  total 
ampere-turns  ATk  =  at1L1  +  at2L2+ ... , 

where  £,,  L2,  etc.,  denote  the  lengths  of  the  several  parts. 

If  we  carry  out  this  process  for  a  number  of  values  of  the  flux  $j, 
we  get  a  curve  shewing  3>,  as  a  function  of  ATk  (cp.  magnetisation 
curve  or  no-load  characteristic  of  machines). 

.  The  calculation  of  the  magnetic  circuit  with  an  alternating  flux,  as 
in  the  case  of  transformers  or  induction  motors,  is  quite  similar. 

Here  we  have  usually  the  maximum  value  of  the  sinusoidal  alternating 
flux  either  given  or  assumed,  whilst  the  effective  value  of  the  magnetising 
ampere-turns  or  current  is  to  be  calculated.  Further,  this  effective 
value  has  to  be  split  up  into  an  energy  or  watt  component  and  a  wattless 
component.  If  the  magnetic  circuit  is  made  up  of  several  parte,  the 
problem  cannot  be  solved  accurately,  unless  we  have  the  hysteresis 
loops  for  the  several  inductions  in  the  various  parts.  From  these  the 
hysteresis  loop  for  the  whole  magnetic  path  could  be  calculated  point 
by  point  and  the  curve  of  magnetising  current  found,  similarly  to  that 
shewn  in  Fig.  307. 

Since  this  method  is  much  too  roundabout  for  practical  purposes,  it 
is  better  to  use  the  following  approximate  method. 

On  a  test-ring  of  the  particular  material,  as  shewn  in  Fig.  299,  with 
various  applied  pressures  P,  the  effective  current  I  and  consumed 
watts  W  are  measured.     If  the  pressure  is  sinusoidal, 


P.  10s 

,unx"4-44c^ 


and  the  maximum  induction 


2f=  PA°H 
444  cw(S 
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where  Q  equals  the  section  of  the  material.     The  effective  value  of  the 
magnetising  ampere-turns  per  cm  length  of  the  ring  is 

.     Iw 

where  Lm  is  the  mean  length  of  the  ring. 

Further,  the  watt  component  of  the  magnetising  current  is 

i -Z 

and  the  watt-component  of  the  corresponding  ampere-turns  per  cm 
tengfoi*  a      Iww     Ww 


atw= 


Lm~PLm 


The  wattless  component  of  the  magnetising  current  and  of  the 
corresponding  ampere-turns  per  cm  length  of  the  magnetic  path  are 

■LWL  —  V J-  J-Wy 

In  Fig.  331  the  values  of  at w&nd  atw^  are  plotted  for  different  values 
of  B  at  50  cycles  per  sec.  The  curves  are  taken  for  iron  plates  of 
various  qualities  and  thicknesses,  curves  I  and  II  being  for  dynamo 
plates  0*5  mm  and  035  mm  thick,  and  curve  III  for  alloy  plates 
0-33  mm  thick. 

To  calculate  a  magnetic  circuit  for  alternating-current,  the  procedure 
is  similar  to  that  for  a  circuit  excited  by  continuous  current.  After 
the  circuit  has  been  divided  into  parts  of  the  same  material  and  with 
approximately  constant  inductions  J5,,  2?2,  etc.,  then,  by  means  of  the 
curves,  we  can  get  the  watt  ampere-turns  ATkW  for  the  whole  circuit 

ATkw=atwlL1  +  atW2L2+  ... ,   (18?) 

and  likewise  the  wattless  ampere-turns 

ATkWL  =  atWLlLx  +atWL2L2+ (188) 

The  resultant  ampere-turns  are  then 

ATk  =  J(Al\^F+(ATkWLr (189) 

By  this  method,  we  not  only  take  into  account  the  effect  of  magnetic 
hysteresis,  but  also  the  influence  of  the  eddy-current  losses  on  the 
magnetising  current. 

The  calculation  of  the  watt  ampere-turns  is  quite  accurate,  since 
these  are  simisoidal  and  give  the  total  watts  lost  in  the  circuit 

=  ArkWi'Uc  ^^  1 0"8  watts. 
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The  calculation  of  the  wattless  ampere-turns  in  the  whole  circuit  by 
summing  up  the  wattless  ampere-turns  in  the  several  parts  is  not  quite 
exact,  since  these  components  contain  higher  harmonics  which  have 
different  relations  to  the  fundamental  in  the  several  parts.  This 
method,  therefore,  gives  a  somewhat  too  high  value  for  the  wattless 
ampere-turns,  especially  when  strongly  saturated  iron  is  in  series  with 
feebly  saturated  or  with  air. 


J4*» 


The  error  can  be  reduced  somewhat  by  splitting  up  the  ampere-turns 
atWL  into  a  fundamental  atlWL  and  a  component  atd  comprising  the 
higher  harmonics.     The  latter  is  found  from  the  equation 

atd  =  s/(at  fri)2"rTa/1  WL)\ 

In  Fig.  332  the  curves  for  af,  WL  and  atd  are  calculated  for  laminations 
of  the  material  used  for  curve  I,  Fig.  331. 

Similarly,  as  in  the  above,  we  can  now  calculate  from  the  curves  for 
the  whole  magnetic  circuit 

A  1 1  *  WL  =  a'l  WLx  L\  +  (Wi  WL+^2  +  •  •  •  t 

ATdk=*  atdlLx  +  atd2Li  + ... , 
AT* 


kWL~*~  a%k 


whence  ATkWL  =  Jat[ 

and         ATk=>]Artw+ATtWL  =  jATlw  +  AT]kWL  +  A'l 


*2 
dk 


(190) 


At  the  present  time,  plates  with  low  losses  are  usually  used  for 
static  transformers,  which  make  it  possible  to  work  at  high  densities. 
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In  these  special  plates,  however,  saturation  is  usually  reached  com- 
paratively early,  so  that  the  magnetising  current  quickly  becomes 
distorted.  On  this  account,  in  the  diagram  of  such  transformers,  the 
magnetising  current  cannot  be  considered  sinusoidal,  and  therefore 
cannot  be  added  geometrically  to  the  sinusoidal  load  current  in  the 
ordinary  way  ;  but,  as  shewn  above,  the  sinusoidal  part  of  the  wattless 


component  of  the  magnetising  current  must  first  be  added  directly  to 
the  wattless  component  of  the  load  current  and  then  the  components 
of  the  higher  harmonics  at  90°  to  these  geometrically  added,  in  order 
to  obtain  the  total  wattless  component  of  the  primary  current  supplied 
to  the  transformer.  By  means  of  this  accurate  procedure  the  wattless 
component  of  the  primary  current  will  appear  smaller  than  the  sum  of 
the  wattless  components  of  the  magnetising  current  and  the  secondary 
load  current,  which  is  usually  the  one  calculated.  The  error  introduced, 
however,  by  the  latter  simple  method  is  generally  negligible. 


118.  The  Magnetic  Field  in  a  Polyphase  Motor.     For  the  sake  of 

simplicity  we  will  consider  the  actual  case  of  a  symmetrical  two-pole 
three-phase  induction  motor.  The  stator  coils  of  the  three  phases  are 
displaced  from  one  another  by  120°  in  space.  To  the  three  phases  the 
following  symmetrical  pressures  are  applied  : 

Pi  =  ^,»ax  sin  (w/  +  iW, 
^i  =  ^«sinH  +  ^-120°)f 
^„  =  /^smH  +  ^-240°). 
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These  pressures  produce  the  following  fluxes,  which  are  interlinked 
with  the  windings  of  the  three  phases : 

*i=  -3W*cos(u>/  +  ^), 
*n=-*„*xCOs(W  +  ^-120°), 
and  $m  =  -  4>nuuc  cos  (<*>£  +  \f/  -  240°). 

These  fluxes  are  displaced  by  120°  in  space,  whilst  in  time  they 
succeed  one  another  after  one-third  of  a  complete  period. 

The  resultant  flux  in  a  direction  x,  which  encloses  the  angle  /  with  the 
perpendicular  to  the  coils  of  the  first  phase,  can  therefore  be  written  : 

&z  =  "  &w*x  COS  (tot  +  \f>  -  x). 

Suppose  the  direction  z  rotates  with  the  angular  velocity  a>,  then  we 
«»  write  z  =  z0  +  w*, 

and  we  get  <*>,=  -  *mHX cos  (f  -  rr0), (191) 

i.e.  the  flux  along  an  axis  revolving  ivith  the  angular  velocity  of  the  current  is 
constant.     Such  a  field  is  called  a  rotary  field. 

If  we  take  the  initial  position  x0  =  \f',  i.e.  so  that  the  flux  at  the 
instant  /  =  0  is  a  maximum  in  the  direction  x0,  then  this  direction  x 
corresponds  with  the  maximum  flux  at  every  instant. 

Hence,  in  a  polyphase  motor  we  have  a  constant  flux  rotating  with  a 
constant  angular  velocity  o>,  the  direction  of  flux  coinciding  with  the 
perpendicular  to  the  coils  of  each  phase  at  the  instant  when  the 
pressure  of  the  respective  phase  is  zero.  The  flux  distributes  itself  in 
the  gap  in  practically  a  sine  wave  over  the  armature  periphery. 

To  calculate  the  magnetising  current  in  each  phase,  the  effect  of  all 
three  phases  in  producing  the  common  rotary  field  must  now  be  taken 
into  account.  Consider,  for  example,  the  instant  when  the  flux  is  a 
maximum  in  the  first  phase,  then  the  resultant  magnetising  ampere- 
turns  along  the  perpendicular  to  the  coils  in  this  phase  are  also  a 
maximum  and  equal 

A  Tm%%  =  iYw  cos  0°  +  in  w  cos  1 20°  +  iul  tv  cos  240°, 

and  this  ATJtMX  has  to  produce  the  maximum  flux  density  Bt  in  the 
gap  along  the  perpendicular  to  the  first  phase,  w  equals  the  number  of 
turns  per  pole  and  phase.  Since  the  magnetising  currents  are  practi- 
cally wattless,  iv  is  a  maximum,  since  the  phase  pressure  is  zero  at  this 
moment.     Hence,  we  have . 

A rm„  =  w    7m„  cos  0°  sin  *  +  7IIlK  cos  1 20°  sin  (J  +  ^  ir\ 

+  Im%x  cos  240°  sin  Q  +  3  *") 

=  I«»x  w  (cos20°  +  cos2 1 20°  +  cos2  240°) 
=  2.T      w 
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that  is  to  say,  the  magnetising  current  per  phase  required  to  produce 
the  rotary  field  in  a  three-phase  motor  is  only  £  of  the  current  required 
to  produce  an  equal  alternating  field  by  means  of  a  single  phase. 
For  an  n-phase  motor  we  should  have 


AT^  ^/^^(cosgO^cos^  +  cos^H- ...  +  co8*2(n~  1)y) 


o  *  max  "'• 


(192) 


Hence  in  an  n-phase  motor,  the  magnetising  current  in  each  phase  required 

to  produce  the  rotary  field  is  only  -  of  the  magnetising  current  required  to 

n 

produce  a  corresponding  alternating  field. 

In  a  two-phase  motor,  where  n  —  2, 

■d  *  in«  =  *  m»x  W. 

In  this  motor  the  total  flux  is  produced  by  one  phase  when  the  flux 
is  a  maximum  along  the  perpendicular  to  this  phase.     Suppose  the  two 

phases  of  the  two-phase  motor  produce 
alternating  fields  6,  and  bn  of  the  same 
maximum  density  2?„  which  are  dis- 
placed by  90°  both  in  space  and  time, 
then,  as  shewn  in  Fig.  333,  these  combine 
to  produce  a  rotary  field  of  constant 
intensity  Bt.  From  the  above  it  is  clear 
that  to  produce  a  rotary  field,  twice  as 
many  ampere-turns  are  needed  as  to 
produce  an  alternating  flux.  Whence  it 
follows  further,  that  a  single-phase 
induction  motor  at  no-load  (i.e.  running 
light)  takes  twice  the  magnetising 
current  that  it  takes  at  rest,  since  at 
rest  an  alternating  field  is  produced,  and  when  running  a  rotary 
field. 

If  the  three-phase  motor  is  wound  for  2p  poles,  the  rotary  field  will 

again  move  over  a  double  pole-pitch  in  a  period, — thus  through  -th  of 

a  revolution.     Hence  the  rotary  field  in  a  2^-pole  motor  moves  p  times 

more  slowly  than  in  a  bi-polar,  i.e.  at  the  speed  -.     With  the  same 

magnetic  reluctance  per  unit-tube  of  flux,  the  2p-pole  motor  requires 
p  times  the  magnetising  current  that  the  bi-polar  takes,  since  there 
are  p  times  as  many  fields  to  produce. 


Fiq.  sss. 


CHAPTER   XIX. 
THE  FUNDAMENTAL  PRINCIPLES  OF  ELECTROSTATICS. 

119.  The  Electric  Field.     120.  Capacity.     121.  Specific  Inductive  Capacity. 
122.  The  Energy  in  the  Electric  Field.     123.  Electrio  Displacement. 

119.  The  Electric  Field,  (a)  By  the  term  "  electric  field  "  is  under- 
stood a  space  where  electric  forces  can  be  observed.  The  electric  field 
has  several  properties  in  common  with  the  magnetic  field,  though  in 
several  points,  on  the  other  hand,  there  is  a  marked  difference.  For 
example,  the  total  quantity  of  magnetism  in  a  magnet  is  always  zero. 
With  bodies  in  electric  fields  this  is  not  always  so ;  a  body,  for  example, 
may  contain  only  positive  electricity,  in  which  case  it  is  said  to  be 
positively  electrified  or  charged.  Electrically-charged  bodies  produce 
in  their  neighbourhood  an  electric  field,  which  becomes  weaker  the 
further  we  go  from  the  charged  body.  The  repelling  force  exerted  on 
one  another  by  two  small  bodies  carrying  the  charges  qx  and  q2  in  air 
or  in  vacuo  can  be  calculated  from  Coulomb's  Law : 

ff=?J, (193) 

where  r  is  the  distance  in  cm  between  the  bodies.  If  the  charges  are 
expressed  in  electrostatic  units,  the  force  K  will  be  given  in  dynes. 
In  the  electrostatic  system  of  units,  therefore,  the  electric  quantity  or 

charge  has  the  same  dimensions  (L  M  T~l)  as  the  magnetic  quantity 
in  the  electromagnetic  system  of  units.  If  we  have  an  electric  charge 
+ 1  in  an  electric  field,  it  will  be  acted  on  by  the  mechanical  force  /. 
This  force  /  is   termed   the  electric  field-strength,  and   has  the   same 

dimension  (L^M^T*1)  as  the  magnetic  field-strength  in  the  electro- 
magnetic system  of  units. 

As  in  a  magnetic  field  there  are  magnetic  lines  and  tubes  of  force, 
similarly  in  an  electric  field  there  are  electric  lines  and  tubes  of  force. 
An  electric  line  of  force  is  defined  as  a  line  such  that  its  tangent 
at  any  point  coincides  in  direction  with  the  field-strength.  The 
number  of  unit  tubes  of  force  passing  through  a  surface  of    1  cm2 
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perpendicular  to  the  direction  of  the  force  is  taken  as  numerically  equal 
to  the  field-strength  at  the  respective  point. 

(b)  Every  point  in  a  constant  electric  field  possesses  a  potential.  At 
any  point  in  the  field  the  potential  is 

P  =  *l 094) 

where  q  denotes  the  electric  charge  of  a  point  at  the  distance  r  from 
the  point  considered.  The  summation  has  to  be  extended  over  all  the 
electric  charges  in  the  field. 

If  we  calculate  the  work  A  done  when  the  electric  charge  +  1  at 
distance  7\  from  the  charge  q1  is  removed  to  infinity,  we  have 

'-E*-J>-(-?);-!i-'' 

The  work  A  is  thus  equal  to  the  potential  of  the  charge  qr  at  a 
distance  i\.  Since  this  work  is  independent  of  the  path  s  over  which 
the  unit  cnarge  is  conveyed,  the  potential  will  be 


p =£/>•= f -/.*• 


By  differentiating,  we  get  the  field-strength  in  the  direction  .* 

/.--£ <195> 

equal  to  the  fall  of  potential  in  this  direction.     From  this,  the  potential 
difference  between  two  points  A  and  B  is 


<\-p«=\'f. 


ds. 


A  surface  perpendicular  at  all  points  to  the  direction  of  the  field- 
strength,  and  hence  the  locus  of  all  points  having  the  same  potential, 
is  called  an  eqni-potential  surface.  The  earth's  potential  is  usually 
taken  as  zero,  and  in  this  case  the  potential  of  a  point  can  be  calculated 
as  the  work  done  in  moving  positive  unit  charge  from  earth  to  the 
point  considered. 

(c)  Gauss  and  Green's  Theorem.  The  total  flux  <f>  leaving  a  closed 
surface  F  is  equal  to  4tt  times  the  sum  of  the  electric  charges  q  inside 
the  sphere.  This  theorem  can  be  directly  deduced  from  Coulomb's 
Law.     Symbolically  c 

<£  =  J  fndF-te?q,    (196) 

where  fn  is  the  normal  component  of  the  electric  field-strength,  directed 
outwards,  on  the  elemental  surface  (IF,  and  the  integral  is  taken  over 
the  whole  closed  surface  F. 

Inside  a  solid  conductor,  maintaining  equiWtrium,  the  electric  field-strength 
f  is  everywhere  zero.  Thus  if  the  closed  surface  is  placed  inside  a  con- 
ductor where  /—  0  everywhere,  then  2</  =  0;  i.e.  no  electricity  can  exi*t 
inmde  a  charged  conductor.    The  electricity  inside  the  conductor  mutually 
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repels  itself  to  the  surface,  where  the  total  electrical  charge  of  the 
conductor  is  therefore  located.      The  quantity  of  electricity  per  unit  of 
surface  is  called  the  surface  density  <r  of  the  electric  charge. 
On  the  element  of  surface  dF  the  charge  is 

dq  =  o-dF. 

If  a  closed  surface — as  shewn  in  Fig.  334 — is  placed  very  near  to 
the  elemental  surface  dF,  then  as  the  electric  field-strength  inside  the 
conductor  is  zero,  and  from  Gauss's  Theorem  we  have 


j- 


fJF  =fdF  =  4ir2q  « 4iro-  dF 

or  /=47rcr (197) 

Hence  the  electric  field-strength  at  a  point  near  the  surface  of  a 
charged  conductor  is  4n-  times  the  surface  density.  From  this  it  follows 
that  the  surface  of  a  conductor  forms  an  equi-potential 
surface,  and  that  the  electric  lines  of  force  leave  the 
surface  perpendicularly  when  it  is  positively  charged, 
and  enter  perpendicularly  when  it  is  negatively  charged. 
The  positive  and  negative  charges  form  the  termini  of 
the  tubes  of  electric  force. 

(d)  The  electric  field-strength  at  a  point  in  the 
surface  of  a  conductor  is  not  equal  to  the  field-strength 
at  a  point  just  outside. 

Just  outside  the  surface,  both  the  electric  charge  r  Fra.  884. 
<r  dF  and  all  the  other  electric  charges  on  the  conductor 
exert  their  effect;  hence  we  can  put/a=/x  +/2,  where  the  field-strength 
f2  is  due  to  the  charge  <rdF.  At  a  point  on  the  surface,  the  charge 
o-dF  exerts  no  force  /2,  so  that  the  resultant  field-strength  here  is 
/o  =/x .  At  a  point  just  inside  the  conductor  the  charge  <r  dF  exerts 
the  force  -/2,  directed  inwards,  since  the  point  is  on  the  opposite  side 
of  the  surface  element.  Since  the  electric  field-strength  inside  a  con- 
ductor is  zero,  then  /,  =/a  -/2  =  0,  i.e.  fY  =/2  =  \fa.  Consequently,  the 
electric  field-strength  at  a  point  on  the  surface  is 

In  a  field  of  this  intensity  there  acts  on  every  unit  of  surface  having 
the  surface  density  <r,  the  mechanical  force 

ir=/o<7=w=|=£, (198) 

which  is  always  directed  outwards,  and  is  known  as  the  electrostatic 
tension.  Its  presence  can  be  observed  by  electrifying  a  soap  bubble, 
which  grows  larger  and  finally  bursts. 

If  the  conductor  is  a  solid  body  and  the  electrostatic  tension  becomes 
too  high,  the  conductor  will  discharge  itself  into  the  air.  At  ordinary 
atmospheric  pressure  and  temperature,  such  a  discharge  occurs  when 
K—  400  to  500  dynes.  This  tension  corresponds  to  a  mercury  column 
of  0*3  mm. 

a.c.  2  b 
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The  distribution  of  the  surface  density  <r  over  the  surface  is  usually 
non-uniform.  .  On  a  conductor  removed  from  all  other  conductors,  it 
only  depends  on  the  shape  of  the  surface ;  the  density  at  any  point  is 
inversely  proportional  to  the  radius  of  curvature  at  this  point.  The 
greatest  density,  therefore,  is  at  points  and  edges  of  the  conductor,  so 
that  the  discharge  occurs  first  in  these  places. 

(e)  Electric  conductors  are  not  only  charged  with  electricity  by 
direct  contact,  but  also  by  electrostatic  induction.  If  a  conductor  is 
brought  into  an  electric  field,  then  negative  charges  will  collect  on  the 
part  of  its  surface  where  the  lines  of  force  enter  the  conductor  and 
positive  charges  where  the  lines  of  force  leave.  The  algebraic  sum  of  the 
charges  of  electricity  thus  produced  is  always  zero. 

To  protect  a  body  against  static  induction  it  can  be  enclosed  in  a 
conducting  cover.  No  lines  of  force  enter  the  hollow  space,  thus  the 
conducting  cover  acts  as  an  electric  screen  against  all  external  electric 
forces.  Tnis  property  is  employed  in  electrostatic  measuring  instru- 
ments.    In  the  interior  of  a  hollow  conductor,  no  electricity  can  exist. 

120.  Capacity.  By  the  capacity  C  of  a  conductor  is  understood 
the  ratio  of  its  charge  Q  to  its  potential  P ;  hence 

Q=CP (199) 

Since  the  potential  P  =  2±,  capacity  has  the  dimension  of  a  length 

in  the  electrostatic  system  of  units. 

(a)  If  the  electric  charge  Q  is  concentrated  at  a  point,  then  the 
electric  field-strength  at  a  distance  p  is 

and  the  potential  P  at  the  point  in  question  is  found  from 

dp"    h 
and  is  P=  -  |/dp  =  -  1  ^  <fy>  =  -  + const. 

Since  P  =  0  when  p  =  oo ,  the  constant  disappears,  and  the  potential  is 

P 
Since  P  =  constant  for  surfaces  at  the  same  potential,  p  is  constant 
for  such  surfaces.  Hence  the  equi-potential  surfaces  are  spheres  about 
the  charged  point  as  centre.  Considering  the  space  enclosed  by  one  of 
these  spheres  when  the  enclosing  cover  is  metal,  then  the  whole  charge 
Q  passes  to  the  surface  without  the  electric  field  being  affected  in  any 
way.  For,  from  Gauss's  Theorem,  the  total  flux  <f>  through  the  several 
equi-potential  surfaces  is  not  altered ;  this  is 
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and  the  surface  density  on  a  spherical  surface  is  therefore 

4tt      4tt/>2      16ir3p2 

The  potential  at  the  surface  of  a 
sphere  of  radius  r  and  charge  Q  is 
thus 

P=® (200) 

T 

Hence,  it  follows  that  in  air  the 
capacity  of  a  sphere  equals  its  radius. 
Inside  the  sphere  the  potential  is  every- 
where zero,  irrespective  of  whether 
the  sphere  is  hollow  or  solid. 

Consider  a  straight  line  of  infinite 
length  (Fig.  335)  with  the  charge  Q 
per  unit  length.  The  field-strength 
due  to  it  at  a  point  distant  p  from 
the  straight  line  is  fio.  ss& 

,     r=+tQdl  r=+iQxda     fa=+I()cosa, 


?£.    (201) 


a-     2 


The  potential  at  this  point  is 

P  =  -  f  fdp  =  -  &  dp  =  const.  -  20  log,  p. 

The  equi-potential  surfaces  also  satisfy  the  equation  p  =  const,  here, 
i.e.  they  are  cylinders  about  the  straight  line  as  axis.  Suppose  again 
an  equi-potential  surface  to  be  metallic,  then  the  charge  Q  will  pass  to 
this  metal  cylinder,  without  affecting  the  electric  field.  The  electric 
flux  for  the  length  I  of  the  cylinder  is  in  this  case 

</>  =  AttQI  =  4irp{  I  =  2wplf 


and  the  surface 

density 

is 

<r 

4n- 

47T/3 

~2irp~ 

4> 
s  8v*pl 

The  potential  and  capacity  of  an  infinitely  long  cylinder  cannot  be 
expressed  in  finite  terms,  since  there  are  no  limiting  conditions  for  the 
constants.     Later,  however,  we  shall  return  to  special  cases. 

Lastly,  we  can  consider  an  infinitely  large  plane  with  the  surface 
density  <r;  the  field-strength  at  a  point  near  the  plane  is  /=27r<r, 
since  half  of  the  4ir<r  lines  per  unit  surface  go  out  perpendicularly 
on  the  one  side,  and  the  other  half  on  the  other  side.  On  the  surface 
itself  /0  =  0. 
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ZXr 


(b)  To  calculate  the  capacity  of  a  line,  it  is  best  to  proceed  as 
follows.  We  start  from  the  assumption  that  the  conductor  has  a 
certain  charge  Q9  and  calculate  its  potential  by  finding  the  work 
necessary  to  bring  +  1  charge  from  infinity  or  earth  to  the  conductor. 
The  path  along  which  this  is  done  is,  as  mentioned,  immaterial. 

As  an  example,  we  shall  calculate  in  this  way 
the  capacity  C  of  a  cylinder  of  diameter  2r 
(Fig.  336)  and  length  I  surrounded  by  a  co-axial 
earthed  hollow  cylinder  of  inside  diameter  2R. 
The  hollow  cylinder  has  zero  potential,  and  the 
potential   of  the  internal   cylinder  is  the   work 

-fdp,  which  is  required  to  convey  unit  charge 

from  the  outside  cylinder  to  the  inside.     For  a 
very  long  cylinder  we  had 


j: 


Fig.  836. 


t  2# 


where  Q  =  charge  per  unit  length ;  hence 


pP-r_2qdpm  _2<2(l0g,r-log,tf)  = 


20  log.  £ 


.(202) 


and  the  capacity  C  of  the  two  cylinders  is 

nJQ-      l  _ 

21og,- 

In  a  similar  manner  we  find  the  capacity  of  a  sphere  of  radius  r 
concentrically  surrounded  by  a  hollow  sphere  of  inside  radius  E.    Here 


'-0-<~iH 
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VOX; 
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O  7?r 

Hence  the  capacity  C=-p=  ^  This  may  be  very  different 

from  the  capacity  of  a  sphere  removed  far  away  from  other 
bodies.  The  charge  on  the  inner  surface  of  the  hollow 
sphere  equals  the  charge  Q  on  the  surface  of  the  inner 
sphere. 

If  a  surface  F  having  the  charge  Q  placed  opposite  to  an 
earthed  surface  at  a  distance  r,  the  field-strength  between 
the  two  plates  is  everywhere  constant  (Fig.  337),  when  the 
surfaces  are  large  compared  with  the  distance  r.  The 
direction  of  the  field  is  normal  to  the  plates,  and  its  strength  is 


/ 


* 


> 


n 


Piu.  337. 


/=4tto-=    *    . 


(203) 
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At  the  surface  of  the  charged  plate  the  field-strength  /0  is  only  one 
half,  since  here  only  the  charge  of  the  earthed  plate  can  produce  a 
component  of  force ;  thus  0lrQ 

/o  =  '2ira  =  ~jT' 

The  potential  of  the  charged  plate  is 

•P=o 


J  p  =  r 


and  the  capacity  of  the  pair  of  plates 

*-?-&■' <204> 

Such  systems  of  two  conductors  having  large  surfaces  a  small  distance 
apart  are  called  condense)-*,  the  two  conductors  being  termed  the  plates 
of  the  condenser.  Condensers  are  used  for  collecting  large  electric 
charges  by  means  of  moderate  potential  differences. 

In  all  practical  condensers,  the  plates  are  so  near  together,  that  they 
always  receive  the  same  charge,  which  depends  only  on  the  potential 
difference  applied  to  the  plates,  and  is  wholly  independent  of  external 
influences  such  as  the  presence  of  strong  electric  fields  or  other 
condensers.  Usually  the  plates  are  made  of  tin-foil,  whilst  the  dielectric 
consists  of  paraffin-wax  paper  or  thin  mica  sheets.  Recently,  high- 
pressure  condensers  with  glass  tubes  and  metal  plates— similar  to 
Leyden  jars — have  been  placed  on  the  market. 

The  capacity  C  of  a  condenser  is  numerically  equal  to  the  charge  Q  which 
collects  on  one  plate  when  it  is  raised  to  unit  potential,  the  other  plate  being 
earthed,  or  in  other  words,  when  the  potential  difference  between  the 
plates  is  unity.  If  several  condensers  are  placed  in  parallel,  each 
assumes  a  charge  proportional  to  its  capacity  and  to  the  common 
potential  difference,  and  the  total  charge  of  all  the  condensers  equals 
the  sum  of  the  charges  of  the  several  condensers.  Thus  the  capacity  of 
condensers  in  parallel  equals  Die  sum  of  the  capacities  of  the  several  cond'ensei's, 
when  these  are  independent  of  one  another.  If  several  condensers  are 
placed  in  series,  they  will  all  assume  the  same  charge  Q,  and  the 
potential  difference  P  between  the  first  and  last  will  be  divided 
between  the  several  condensers  in  inverse  proportion  to  their  capacity. 

Thu8>  0     0      0  0 

±   —  rltXjt,i3T...-  ,1    '/t    *  fi  T  •  •  •  —  >"f* 

1  *  D 

whence  it  follows  that  the  reciprocal  value  of  the  capacity  of  several 
condensers  in  series  equals  the  sum  of  the  reciprocal  values  of  the 
capacities  of  the  several  condensers. 

(c)  We  have  seen  that  when  other  bodies,  e.g.  the  earth,  are  in  the 
neighbourhood  of  a  conductor,  the  capacity  of  the  latter  alters.  Every 
body  at  zero  potential  which  is  brought  into  the  electric  field  of  the 
conductor  in  question  raises  the  charge  of  the  latter,  and  thereby 
increases  its  capacity. 
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Maxwell  defined  the  capacity  of  a  conductor  as  the  ratio  of  its  charge 
to  its  potential,  the  potential  of  all  neighbouring  bodies  being  zero,  as 
when  they  are  earthed.  If  there  are  several  conductors  K^  K2,  etc., 
with  charges  Ql9  Q2,  etc.,  in  the  electric  field,  the  potential  at  any 
point  equals  the  sum  of  the  potentials  assumed  by  the  same  point  when 
each  conductor  receives  its  charge  separately  whilst  the  others  remain 
uncharged.     We  have  thus  a  superposition  of  the  electric  effects. 

If  the  first  conductor  Kx  has  the  charge  Qx,  whilst  the  others  remain 
uncharged  and  insulated,  the  potentials  of  the  conductors  Klt  K2, ... 
will  be  respectively 

PnQu    P12Q1,    PisQu     etc., 

where  plu  />12,  etc.,  are  constant  magnitudes  depending  only  on  the 
position  and  dimensions  of  the  conductors.  These  constants  are  known 
as  potential  coefficients.  If  conductor  K2  is  charged  with  the  quantity  Q.29 
whilst  the  others  remain  insulated  and  uncharged,  the  conductors  will 
have  the  potentials 

P21Q2,    VwQ*,    V™Q*>     etc- 

Hence  when  the  conductors  have  simultaneously  the  charges  Ql9  Q+, 
etc.  their  potentials  will  be 

^2=2>i2&+^22<?2+iW?3+...f  (-'05) 


■7 


From  these  equations,  we  get 

Vl  ss=  ^1 1-*  1  "f"  ^21  ■*  2  "J"  ^31*3  "t"  •  •  • 
V2  ==  ^12-*  1  t"  ^22-*  2    '    ^32*  3  "1     •  • 


.(206) 


.  The  magnitudes  c  are  functions  of  the  magnitudes  p,  and  like  the 
latter  are  determined  by  the  position  and  dimensions  of  the  conductore. 
The  magnitudes  c  are  called  capacity  coefficients^  when  the  two  suffixes 
are  the  same,  or  simply,  the  respective  capacities.  Thus  cn  is  the 
capacity  coefficient  or  the  capacity  of  the  conductor  Klf  c22  the  similar 
coefficient  for  conductor  K2,  and  so  on.  The  magnitudes  c,  where  the 
two  suffixes  are  different,  are  called  the  mutual  capacity  coefficients  of  the 
respective  conductors.  In  this  case  cmn*=cnm.  Thus  cl2  is  the  mutual 
capacity  coefficient  of  conductor  K}  .relatively  to  conductor  K2>  and 
so  on. 

From  the  last  series  of  equations,  it  follows:  The  capacity  or  the 
capacity  coefficient  of  a  conductor  is  apial  to  the  quantity  of  electricity  possessed 
by  the  conductor  when  its  potential  equah  unity}  the  potential  of  all  other 
conductors  being  zero. 

The  mutual  capacity  coefficient  of  a  conductor  K,  relatively  to  a  conductor  A"., 
equals  the  quantity  of  electricity  which  collects  on  K2  when  all  other  conductors 
except  Kx  Jiave  zero  potential  whilst  tlie  conductor  Kx  is  bi'ougivt  to  unit 
potential. 
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If  the  conductor  Kx  is  charged  positively  whilst  the  remaining 
conductors  in  the  field  are  earthed,  the  lines  of  force  from  conductor  A, 
pass  into  these  conductors  and  away  to  earth.  Obviously,  lines  of  force 
cannot  come  from  the  other  conductors,  since  no  point  at  a  lower 
potential  exists  in  the  field.  Consequently,  there  can  be  no  positive 
charge  on  any  of  the  other  conductors.  The  sum  of  the  negative 
charges  on  the  earthed  conductors,  therefore,  can  never  become  numeri- 
cally greater  than  the  positive  charge  on  the  conductor  Kx.  From  this 
it  is  seen  that  the  mutual  capacity  coefficients  must  always  be  negative  (or  zero), 
and  that  the  sum  of  the  mutual  capacity  coefficients  is  numerically  smaller 
than  (or  at  the  most  equal  to)  the  capacity  coefficient. 

(d)  To  determine  the  capacity  coefficients  experimentally,  the  method 
given  by  Professor  Schleiermacher*  can  be  used  with  advantage. 
All  conductors  except  the  Xth  are  earthed,  and  the  capacity  of 
the  Xth  is  then  measured;  from  the  above  definition  this  equals  the 
coefficient  cxx.  Similarly,  we  proceed  with  all  other  conductors, 
whereby  c  ,  equal  to  the  capacity  of  the  yth  conductor,  is  obtained. 
If  now  all  the  conductors  with  the  exception  of  the  x*  and  yth  are 
earthed,  whilst  these  two  are  joined  in  parallel,  we  shall  not  get  the 
capacity  cMS  +  c„,  as  would  be  the  case  with  parallel-connected  inde- 
pendent condensers,  but  a  capacity  clx+9)  since  both  conductors  mutually 
affect  one  another.  If  we  form  the  system  of  equations  (185)  for  the 
two  conductors  x  and  y  under  the  assumption  that  all  the  remaining 
conductors  are  earthed  whilst  they  have  the  same  potential  P,  then 

W*  ~  Cxx*    +  Cvx* > 

Q,  =  c„P+cs,P, 

and  C«+CF--P^«+,). 

By  eliminating  Qx  and  Q9  from  these  three  equations,  we  get 

*..-*,.-  -C"  +  \f^ (207) 

If  c<*+*> "  c»* +  cyy>  SLS  *n  independent  condensers,  then  c„  =  0,  which 
indicates  that  the  two  conductors  x  and  y  induce  no  charge  on  each 
other. 

It  follows  further  that  the  three  capacity  coefficients  of  two  con- 
ductors can  be  determined  experimentally  by  three  capacity  measure- 
ments. For  three  conductors  six  capacity  measurements  are  necessary 
and  for  n  conductors  (l  +  2  +  3  +  ...+w)  measurements  in  order  to  find 
all  the  coefficients. 

If  one  of  two  conductors  acts  as  a  screen  to  the  other,  as  in  two 
concentric  spherical  shells,  then  the  lines  of  force  go  partly  between 
the  two  opposing  spherical  surfaces  and  partly  between  the  external 
spherical  surface  and  the  outside  space.  The  latter  lines  are  only 
present,  however,  when  the  outer  conductor  is  charged.  Hence  the 
outer  conductor  possesses  a  capacity  equal  to  the  capacity   of  the 

#  E.  T.Z.  1905,  p.  1043. 
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inner  sphere  increased  by  the  capacity  it  would  have  if  the  internal 
conductor  were  not  present.     With  two  spherical  shells  with  radii  rx 

and  u  and  Rx  and  B2  respectively  (Fig.  338),  the 

capacity  of  the  inner  shell  is 

r2Rr 


and  of  the  outer  shell, 

Fio.  838.  ^1-^2 


From  this  the  mutual  capacity  coefficient  is 

C-io  —  Ci  i  — 


,2~     ^'~E^Tt' 

and  ^(i+2) =s  ^^12  ~i~  ^i  i  H~  ^22  ~  ^22  *~  ^1 1 ==  -**2* 

If  the  outer  shell  is  charged,  a  charge  will  collect  both  on  its  inner 
and  on  its  outer  surfaces,  when  the  inner  shell  is  earthed.  On  the 
surface  of  the  inner  sphere  there  will  then  exist  the  same  charge  as  on 
the  inner  surface  of  the  larger  shell. 

(e)  The  formulae  (206)  for  calculating  the  capacity  are  inconvenient 
in  many  practical  cases.  Thus  in  transmission  lines,  for  example,  in 
which  there  may  be  several  conductors  supported  by  the  same  poles, 
each  conductor  can  possess  a  different  potential.  In  this  case  it  is 
complicated  to  calculate  the  charge  on  a  conductor  from  formulae  (206). 

Hence  we  define  in  general  the  effective  capacity  of  a  conductor  as  tlte 
ratio  between  its  charge  and  Us  potential 

Since  the  effective  potential  of  a  conductor  depends  on  the  potentials 
of  the  other  conductors,  both  the  capacities  and  potentials  of  the  other 
conductors  must  always  be  given.  The  capacity  of  a  conductor  can 
then  in  general  be  found  in  the  same  way  as  above,  by  calculating  the 
work  done  in  moving  unit  positive  charge  from  earth  to  the  surface  of 
the  conductor. 

In  calculating  this  work,  not  only  the  charges  on  the  conductor,  but 
also  all  electric  charges  in  the  field  must  be  taken  into  account. 

By  way  of  example,  the  relation  existing  between  the  effective 
capacity  and  the  capacity  coefficients  will  now  be  shown  in  the  calcu- 
lation of  the  charging  current  of  a  double-line  of  a  single-phase 
alternating-current  system  with  earthed  neutral.  The  potentials  of 
the  two  lines  with  respect  to  earth  are  pY  and  p2,  where 

P\  =  -ft-oi^sinwf. 
The  charges  are 

?i  =  c\\  Pi  +  r2 1 P2  =  (ci  1  -  c2 1) .)  7>u*x  sin  W, 

ft  =  C22^2  +  Cl*P\  =  "  (C22  -  C\2>  2  J'—8"1  W'» 
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and  the  charging  currents  , 

h  -  ^  =  (Cl  1  ~  C2 1)  ^  P»»*  COS  i0t  =  ?  6\  i^  COS  W, 
H^Jt-  -(C22-C12)^m*xCOSO>/=   -^P^COSorf, 

where  ^i  =  c,  j-^2  and  C,  =  c22-c]2,  the  effective  capacities  of  each  of 
the  two  conductors. 

If  the  neutral  point  of  the  system  is  not  earthed,  the  same  current 
ix  =  -  j2  =  i  will  flow  in  the  conductors  and 

h  =  (<a  i  -  ^21)  w/\  mM  COS  W*  =  (tiCi  P1  mmx  C08  ftrf, 

«2  =   -  (^22  -  ^1 2)  W^2  m»x  COS  W  =   -  <tiC2  l\  u^x  COS  <!>/, 

whence  w(Plmax  +  P2l^cos«o^=  A- -J-^iJ  6f  +^  j, 

,   ./l    1 

or  o>j 


>PIuax  cos  tot^iL^  +  jj):*^, 


where  C  is  the  effective  capacity  of  the  double-line.     Since 

\      1       1 1  1 

1      /»    *  ~n~      -         -     "■"  1" 


0      C/j     02     Cjj     f12     c22     c12 
it  follows  6'=  <cn-"ria)fa«"gi»). 

ril  +  C22       ^C12 

In  calculating  the  effective  capacities,  however,  it  is  not  necessary  to 
first  determine  all  the  capacity  coefficients,  but  the  effective  capacity  is 
calculated  for  the  actual  conditions,  as  will  be  shewn  in  Chap.  XXI. 

121.  Specific  Inductive  Capacity.  Until  now  we  have  assumed 
that  the  conductors  are  surrounded  by  air.  If  some  other  insulator 
(solid  or  fluid)  other  than  atmospheric  air  is  brought  between  the 
plates  of  a  condenser,  it  is  invariably  found  that  the  capacity  of 
the  latter  is  increased.  Eveu  in  air  the  capacity  is  somewhat — although 
very  little — greater  than  in  a  vacuum. 

(a)  The  ratio  of  the  capacity  of  a  condenser,  in  which  the  space 
between  the  plates  is  filled  with  an  insulator,  to  the  capacity  of  the 
same  condenser  when  this  space  is  occupied  by  air  (or  is  a  vacuum)  is 
defined  as  the  ajyecific  inductive  capacity  of  the  respective  insulator. 
Since  the  insulator  in  this  relation  is  often  called  the  dielectric,  the 
above  ratio  is  frequently  referred  to  as  the  dielectric  constant  of  the 
particular  dielectric. 

In  what  follows,  we  shall  denote  this  constant  by  c 

With  ordinary  gases,  c  differs  only  very  little  from  unity,  and  can 
therefore  be  taken  as  unity  for  all  practical  purposes. 
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All  solid  and  liquid  dielectrics  have  dielectric  constants  greater  than 
unity. 

In  the  following  Table,  the  dielectric  constants  for  solid  and  liquid 
dielectrics  in  common  use  are  given.  The  values  vary  within 
fairly  wide  limits — owing  to  the  fact  that  the  materials  were  of 
different  composition  and  were  investigated  under  different  physical 
conditions : 


Ether 

- 

- 

- 

- 

3-4—4-7 

Ethyl-alcohol     - 

- 

- 

• 

- 

24-3—27-4 

Amyl-alcohol     - 
Aniline 

- 

- 

- 

- 

15 
71 

Benzine     - 

- 

- 

- 

- 

1-9 

Benzol 

- 

- 

- 

- 

2-2—2-4 

Methyl-alcohol  - 
Olive  oil    - 

- 

- 

- 

» 

32-7 
3—316 

Ozokerit  oil 

- 

- 

- 

- 

216 

Paraffin  oil 

- 

- 

- 

- 

1-9 

Petroleum 

- 

- 

- 

- 

2 

Rape  seed  oil     - 
Castor  oil 

- 

- 

- 

- 

1-47 
4  53 

Carbon  disulphide 
Turpentine 
Water  (distilled) 
Xylol 

- 

- 

- 

- 

1-7—2-7 

2-2 
76—82 

2-4 

Ebonite     - 

« 

. 

.. 

_ 

21—31 

Ice    - 

3  0 

p,      / heavy,  easily  fusible 
\  light,  difficult  to  fuse 

- 

- 

2  0—5  0 
5-0— 10-0 

Mica 

- 

- 

- 

- 

5-0—7-0 

Rubber 

- 

- 

- 

- 

2-35 

Vulcanised  rubber 

- 

- 

- 

- 

2-5—3-5 

Gutta  percha     - 
Impregnated  paper 
Colophoiiium     - 
Manilla  paper    - 
Marble 

or  jute 

- 

- 

3-0-5-0  (usually  4-2) 
4-3 

2-5                                         ! 
1-8 
60 

Paper  impregnated 
Paraffin     - 

with 

turpentine 

- 

2-4 
2  3 

Porcelain  - 

- 

- 

- 

- 

5-3 

Shellac      - 

- 

- 

- 

- 

2-75 

Sulphur     - 
Silk 

- 

- 

- 

- 

40                                         j 
1-6 

As   the   temperature  increases,   the    dielectric   constant   decreases. 
Thus  if  c0  denote  the  dielectric  constant  at  t°0,  then  at  t°  we  have 

€  =  c  +a(tl-t°). 
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For  the  following  substances  the  values  of  a  are 

Mica       (between  11°  and  110°)         0-0003. 
Ebonite  (       „       11°    „      63°)         0*0004. 
Glass      (       „        17°    „      60°)  0-0012  to  0002. 
Benzol  and  Toluol  0*0035. 

In  the  case  of  some  media,  the  dielectric  constant  depends  on  the 
strength  of  the  electric  field. 

(b)  If  €  is  the  specific  inductive  capacity  of  the  dielectric,  the 
potential  difference  of  a  condenser  is,   for  the  same   charge,   only 

1 

-  times  that  of  the  potential  difference  in  air. 

Since  (from  Eq.  195)  _  f* 

it  follows  that  the  strength  of  the  electric  field  /  in  a  dielectric,  for 
a  given  charge,  is  only  -  times  as  large  as  in  air.  Two  electric  charges 
qy  and  q2y  when  situated  in' a  dielectric,  repel  one  another  with  a  force 

K=-2±P (208) 

€   r2 

•  If  we  represent  the  field-strength  in  the  dielectric  by  lines  of  force, 
the  number  of  lines  leaving  positive  unit  of  electricity  is  — 

Between  two  parallel  conducting  plates  with  the  surface  charge  <r, 
and  separated  by  a  dielectric,  the  field-strength  is 

/=  — =jP, (209) 

where  P  denotes  the  potential  difference  between  the  plates. 
The  force  acting  on  unit  surface  of  either  of  the  plates  is 

-^-"-r-KV* (210) 

If  the  surface  densities  <r  are  given,  the  attraction  between  the  plates 
is  therefore  inversely  proportional  to  the  dielectric  constant.  On  the 
other  hand,  for  a  given  potential  difference,  the  attraction  between 
the  plates  is  directly  proportional  to  the  dielectric  constant. 

The  capacity  for  F  cm2  of  the  effective  surface  of  a  system  of  plates 
in  a  plate  condenser  is  p 

c-£? <211) 

where  €  =  dielectric  constant  of  the  dielectric, — that  is  c  times  greater 
than  in  air. 

(c)  Gauss's  equation  (182)  for  a  closed  surface  surrounded  by  a 
dielectric  will  be  f 

c    fndF=4ir?q (196a) 
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We  shall  now  consider  the  boundary  surface,  F,  between  two  dielec- 
trics I  and  II  (Fig.  339)  having  the  dielectric  constants  *x  and  €2. 

The  positive  direction  of  the  field-strength  /  is  assumed  to  be  from 

dielectric  I  to  dielectric  II. 

It  can  be  deduced  from  the  principle  of  the 
conservation  of  energy,  just  as  in  the  case  of  a 
magnetic  field,  that  the  tangential  component  /, 
of  the  electric  field-strength  is  continuous  in 
passing  through  the  surface  F.  Let/lc  and /2< 
denote  these  tangential  components  at  two  points 
very  near  to  one  another,  but  on  opposite  sides 
of  the  boundary  surface ;  then 

Jlt=J2f 

Now  consider  the  normal  components  flH  and/Sfl  of  the  electric  field- 
strength  at  two  such  points.  Imagine  an  extremely  short  cylinder 
placed  perpendicularly  to  the  surface  F  with  the  points  at  the  centres 
of  its  end  surfaces  (see  Fig.  339).  These  end  surfaces  are  parallel  to 
the  element  tlF  of  the  surface  considered  and  both  have  the  same 
area  as  <LF.     Let  <r  be  the  surface  density  on  the  element,  then 

€Mf%ndF-€lfludF-iwvdF; 


Fia.  83U. 


If  the  surface  is  uncharged  (a-  =  0),  then 


/. 


.(212) 


2n 


0**-- 


Thus,  in  passing  from  one  dielectric  to  the  other,  the  normal  com- 
ponents of  the  electric  field-strength  vary  inversely  as  the  dielectric 
constants  of  the  two  dielectrics.  Thus 
we  have  an  analogous  law  for  electric 
lines  of  force  to  that  for  magnetic. 
Similarly,  termini  of  the  electric  lines 
of  force  occur  at  the  boundary  surface, 
which  appear  to  give  electric  charges 
to  the  surface. 

Fig.  340  represents  the  transition  of 
electric  lines  of  force  from  one  medium 
I  to  another  medium  II  having  double 
the  dielectric  constant.  One  half  of 
the  lines  terminate  at  the  surface,  the 
other  half  puss  out  at  an  angle  which 
is  inclined  to  the  normal, •such  that  its 
tangent  is  twice  that  in  medium  I. 

the  same  number  of  lines  of  force  per  unit  of  surface  in  both  media. 
A  vertical  plane  c — d  in  medium  I  will  cut  twice  as  many  lines  per 
cm2  as  a  vertical  plane  e  —f  in  II. 


Ficj.  340. 


A  horizontal  plane  a — b  cuts 
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At  the  boundary  Burface  of  the  two  insulators  there  will  be  an 
apparent  electric  surface  charge,  whose  density  a-t  will  be  given  by  the 
following  equations : 


e2     ±irJl°         €l     4ir" 


whence  <rt  =  -1— - ■  -r-/i„  =  -1—  7-/2*. 


Let  an  insulator  be  brought  into  an  insulating  medium  of  smaller 
dielectric  constant,  then  where  the  electric  lines  of  force  enter,  there  is 
an  apparent  negative,  and  where  they  leave,  an  apparent  positive 
surface  charge.  Such  an  apparent  electric  charge  is  called  the  influence 
electricity  of  the  insulator.  It  corresponds  to  the  magnetic  surface 
charge  of  paramagnetic  substances,  and  vanishes  as  soon  as  the  insulator 
is  removed  from  the  electric  field.  It  disappears  also  when  the  in- 
sulator is  divided  into  two  parts  while  in  the  field,  the  one  part 
containing  the  positive  and  the  other  the  negative  apparent  charge, 
and  the  individual  parts  are  removed  out  of  the  field.  The  same 
holds  also  for  the  magnetic  surface-charge. 

On  the  other  hand,  a  conductor  retains  its  charge  in  the  latter 
case. 

(d)  By  the  term  induction  Jim  through  an  element  of  surface  dFt  we 

mean  the  magnitude 

8  dt  =  <fndF,  (213) 

where  fn  denotes  the  electric  field-strength  normal  to  the  elemental 
surface.    The  ratio 

*.-§-«/. («*) 

can  be  defined  as  the  induction  or  polarisation  in  the  direction  normal  to 
the  surface  element  dF  at  the  place  considered.  In  air  or  vacuum  the 
induction  coincides  with/,.  In  dielectrics,  b  is  always  greater  than/. 
From  positive  unit  charge  there  are  always  47r  induction  lines 
leaving  and  into  negative  nnit  always  4ir  lines  entering,  no  matter 
whether  the  charge  is  placed  in  air  or  in  some  other  insulator. 
Induction  lines  only  start  and  finish  at  actual  electric  charges,  and  not 
at  apparent  charges  on  insulators.  In  passing  through  the  boundary 
surface  between  two  insulators,  the  normal  components  of  induction 
remain  continuous,  whilst  the  tangential  components  are  in  proportion 
to  the  dielectric  constants.     Thus  we  have 


(215) 


At  such   a   boundary   surface   no   induction   lines   will   terminate, 
provided  there  is  no  actual  electric  charge  011  the'  same. 
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<e)  Let  two  conducting  plates  A/,  and  Mt  (Fig.  341),  charged  with 
+  Q  and  -  Q,  be  separated  from  one  another  by  insulators  of  different 
dielectric  constants  £,,  u,  t3  and  of  thickness  rv 
r2,  r3.    The  density  of  the  charge  is 


where  F  denotes  the  effective  surface  of  a  plate. 
*    The  induction  between  the  plates  can  be  taken  as 
constant,  i.e.  b  =  ix<r. 

Since  the  electric  field-strength  is  inversely  pro- 
portional to  the  dielectric  constants,  we  have 

/,-f ;    A-zi    A-i <216> 

no.  ui.  ''  2  S 

Let  P  be  the  total  potential  difference  between 
the  two  plates,  and  P,,  P2  and  PB  the  potential  differences  between 
the  several  boundary  surfaces;  then 

The  capacity  of  the  system  per  unit  of  effective  surface  of  a  plate 
is  therefore  i 

(217) 


Putting  —J  =  i,-;       -r-  =  77i       — - 


where  0X,  C2  and  Cs  represent  the  capacity  per  cm*  for  each  of  the 
dielectrics  at  the  given  thicknesses,  then  we  have 
1111 


a   e,   a  a* 


...(117.) 


i.e.  the  capacity  of  a  condenser,  whose  dielectric  consists  of  several 
parte,  equals  the  resultant  capacity  obtained  when  the  capacities  of 
the  several  parts  arc  connected  in  series. 

The  potential  differences  I\,  P2,  P8  between  , £ , 

the    several   boundary   surfaces   equal    the     nf II . II , II ,# 

terminal   pressures  which    act   across    the  c  C  k 

soveral  condensers  C,,  C3  and  Cs  when  P  is 
applied  at  the  terminals.     Hence  the  con- 
denser (Fig.  341)  can  be  replaced  by  the  connection  shewn  in  Fig.  .142. 
Let  0,  be  the  capacity  when  we  have  air  between  the  plates,  then  the 
ratio  between  the  capacities  is 
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Thus  the  capacity  is  increased  by  introducing  the  dielectrics  into 
the  field. 

If  we  make  €2  =  c3=l  and  r2  +  r3  =  rQ,  i.e.  we  place  only  dielectric  *x 
of  thickness  r,  between  the  plates,  the  remainder  of  the  field  being  in 
air,  then  for  tne  same  charge  Q,  the  field-strength  in  the  air  remains 
the  same  as  if  the  whole  space  were  filled  with  air.  The  potential 
difference  between  the  plates  is  reduced  to  the  value 

which  is  iitxrl  1  -  -  V  times  less  than  that  existing  when  the  plates 

are  separated  by  air.  The  introduction  of  the  dielectric  of  thickness  rx 
has  the  same  effect  as  if  the  plates  were  brought  nearer  together  by 
the  amount  /       1  \ 

For  the  same  potential  difference  between  the  plates,  the  electric 
field-strength  in  the  air  is  increased  in  the  ratio 


r 


-'-1  +  1 


The  capacity  of  the  plates  increases  in  the  same  ratio  when  the 
dielectric  is  inserted.      The  electric   field-strength   in    the   inserted 

dielectric  is  —  times  that  in  the  air,  and  is  thus : 
€i 

€i  *i  _ 

1+  — 

ri  €i 

times  the  field-strength  in  the  air  before  the  dielectric  was  introduced. 
When  a  conducting  plate  of  thickness  rx  is  placed  between  the  two 
plate  conductors,  we  have  only  to  insert  €,  =  oo  in  the  above  equations. 
The  two  charged  plates  behave  in  exactly  the  same  way  as  if  they 
were  brought  nearer  together  by  the  amount  rx.  Provided  the  inserted 
plate  is  insulated,  its  position  between  the  charged  plates  is  quite 
immaterial,  as  in  the  case  in  which  a  dielectric  is  inserted. 

122.  The  Energy  in  the  Electric  Field.  Similar  to  the  magnetic 
field  energy  i2t4>,  the  energy  required  for  the  production  of  the 
electric  field  is, 


A  =  &QP=h(Q1Pl  +  Q2P2  +  QzP3+...) 

=  £  V'll-*!  +<22-*2+  •••)  +  (C12*  \P 2  +  C13^1-T 3+  ••■/  . 


...(218) 
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If  the  charged  plates  are  insulated  so  that  their  charges  remain 
constant,  the  work  done  by  a  displacement  of  the  plates  in  the  field  is 
equal  to  the  energy  lost  by  the  system  due  to  the  displacement.  The 
forces  exerted  by  the  field  on  the  plates  tend  to  move  the  latter,  so 
that  the  energy  in  the  field  is  a  minimum. 

If,  on  the  other  hand,  the  potential  of  the  plates  is  kept  constant, 
as  is  the  case,  for  example,  when  the  plates  are  connected  to  galvanic 
batteries,  the  forces  acting  on  the  plates  tend  to  displace  the  latter, 
so  that  the  energy  of  the  field  is  a  maximum.  In  this  case,  the  work 
done  by  the  forces  due  to  the  displacement  in  the  field  equals  the 
increase  of  energy  in  the  system.  Both  the  mechanical  work  done 
and  the  increase  of  energy  in  the  field  is  taken  from  the  batteries  to 
which  the  system  is  connected. 

The  equation  for  the  energy  of  a  system  of  conducting  plates  holds 
good  independently  of  the  dielectric  in  which  the  conductors  may  be 
situated. 

(a)  If  two  parallel  plates  have  a  surface  density  o-  and  a  potential 
difference  P,  then  the  energy  per  cm2  of  the  internal  surface  of 
either  of  the  two  plates  is 

The  constant  electric  field-strength  in  the  space  between  the  plates  is 

j      r 

where  r  is  the  distances  between  the  plates. 

If  the  space  between  the  plates  is  filled  by  a  dielectric  whose  constant 
is  c,  then  f 

<r  =  f (197a) 

and  the  energy  per  unit  of  volume  of  the  dielectric  is  accordingly 

I^^c^. (219) 

2   r         8ir  V       ' 

This  equation  holds  quite  generally  for  a  field  fH  in  any  dielectric. 
For  a  given  electric  field-strength  (or  potential  difference)  the  energy 
in  the  dielectric  is  thus  proportional  to  the  dielectric  constant. 

Since  the  induction 

it  follows  that  the  expression  for  the  energy  is 

V  =  1- (219a) 

8tt     8ttc  y  ' 

For  a  given  induction  (or  charge)  the  energy  in  the  dielectric  is 
inversely  proportional  to  the  dielectric  constant. 
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The  two  surfaces  of  the  plate  condenser  are  attracted  by  a  force 

p 

per  cm2,  and  exert  a  pressure  on  the  dielectric  equal  to  the  energy  per 
unit  volume  stored  up  in  the  same.  We  thus  see  that  the  stored-up 
energy  in  the  electric  field  (like  the  stored-up  energy  in  a  magnetic 
field)  causes  a  mechanical  strain  between  the  respective  bodies.  Prom 
this  follows  that  the  energies  of  the  electric  and  magnetic  fields  do 
not  reside  in  the  magnetic  and  electric  charges — as  indicated  by  the 
formula  from  which  they  are  calculated — but,  as  first  pointed  out  by 
Maxwell,  in  the  media  of  the  fields. 

(b)  From  the  law  of  minimum  field-energy  it  follows  that  a  small 
uncharged  conductor,  exerting  no  perceptible  influence  on  the  field 
distribution  in  the  neighbouring  space,  tends  to  move  in  that  direction 
in  which  the  field-strength  increases. 

An  uncharged  conductor  in  a  uniform  field  does  not  experience  any 
resultant  transverse  force;  nevertheless  it  strives  to  set  itself — just 
like  a  piece  of  iron  in  a  uniform  magnetic  field — so  that  its  longitudinal 
axis  coincides  with  the  direction  of  the  electric  field.  This  is  due  to 
the  fact  that  unit  volume  of  the  body  in  this  position  can  embrace  the 
greatest  number  of  lines  of  force  and  neutralise  the  same. 

The  following  method,  which  is  often  used  to  represent  electric 
lines  of  force  diagrammatically,  is  based  on  this  phenomenon.  It  is 
similar  to  the  representation  of  magnetic  lines  of  force  by  means  of 
iron  filings.  If  an  insulating  liquid  is  mixed  with  an  insoluble  powder 
possessing  a  greater  dielectric  constant  than  the  liquid,  and  the  whole 
is  placed  in  an  electric  field,  the  powder  will  set  itself  in  lines  which 
run  parallel  to  the  electric  lines  of  force. 

A  positively  charged  conductor  in  a  uniform 
field  is  acted  on  by  a  resultant  force  along  the 
positive  direction  of  the  field,  since  in  this 
direction  the  field  is  strong  and  in  the  opposite  Direction,  of  Forced 
direction  weak.  When  a  movement  occurs  in 
this  direction,  the  space  in  which  the  field  is 
strong  is  reduced  and  that  in  which  the  field 
is  weak  is  increased,  so  that  the  total  energy  in 
the  field  decreases  (see  Fig.  343).  Fio.  348. 

(c)  The  insulator  also,  like  the  conductor — 

in  consequence  of  the  principle  of  minimum  energy  in  the  field — tends 
to  embrace  as  many  induction  lines  as  possible  when  it  is  surrounded 
by  a  medium  of  smaller  dielectric  constant. 

If  it  has  a  longitudinal  shape,  it  tends  to  set  itself  with  this  axis 
parallel  to  the  electric  lines  of  force.  If  the  field  is  not  uniform, 
it  tends  to  move  in  the  direction  in  which  the  field-strength 
increases. 

When  an  insulated  sphere  is  brought  into  a  uniform  field  in  a 
medium  having  half  the  induction  capacity  of  the  sphere,  then  we  get 
a.c.  2  c 
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a  distribution  somewhat  as  shewn  in  Fig.  344.  Lines  of  force  and 
induction  lines  are  drawn  full,  whilst  induction  lines  alone  are  shewn 
dotted. 


Fio.  844.— Spherical  Insulator  in  a  Medium        Fio.  845.— Spherical  Conductor  in  Electric 
with  smaller  Dielectric  Constant*  Field. 

In  comparison  with  this,  the  influence  of  a  conducting  sphere  on  a 
uniform  field  is  shewn  in  Fig.  345.  All  lines  of  force  and  induction 
terminate  at  the  influenced  charges  on  the  surface  of  the  sphere. 

123.  Electric  Displacement. 

(a)  By  the  electric  displacement  at  a  point  in  a  medium  we  mean 
a  vector  whose  absolute  value  is 


.         €      .        b 


.(220) 


and.whose  direction  coincides  with  that  of  the  electric  field-strength  /. 

Just  outside  a  charged  surface  of  a  conductor  with  surface  density  o* 
the  displacement  is  •    ^  (221) 

and  is  directed  outwards  in  the  case  of  a  positive  charge  or  inwards 
in  the  case  of  a  negative  charge. 

Inside  a  conductor  j  =  0,  since  here  /=  0. 

In  passing  from  one  dielectric  €x  to  another  c2,  the  normal  com- 
ponents of  the  electric  displacement  remain  constant,  provided  there  is 
no  real  charge  on  the  boundary  surface. 

•  •       _*1  f nl  _*9jn2  /*>22\ 

On  the  other  hand,  the  tangential  components  are  different,  for 


^Jt2  . 


;,,""ir 


and  since 
then 


Jtl—Jt2—fti 
Jt2        c2 


(223) 
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For  electric  displacement,  therefore,  the  same  law  of  discontinuity 
holds  as  for  electric  field-strength  and  electric  induction. 

A  unit  tube  of  electric  displacement  encloses  4ir  unit  tubes  of 
electric  induction,  and  is  directed  from  the  positive  to  the  negative 
unit  charge. 

The  displacement  flux  through  a  closed  surface  F  is,  from  Gauss's  law, 

<f>=^JJF=^fJF=-2q,   (224) 

where  2^  equals  the  quantity  of  electricity  enclosed  by  the  surface. 

(b)  An  electric  difference  of  potential  can  only  produce  a  constant 
electric  flux,  i.e.  a  continuous-current,  in  metallic  conductors,  whilst  it 
places  the  dielectrics  in  a  state  of  strain  which  can  be  regarded  as  an 
elastic  displacement.  Consequently  a  continuous  current  cannot  flow 
in  a  circuit  in  which  a  condenser  is  connected,  when  once  steady 
conditions  are  reached,  that  is,  when  the  charging  current  ceases. 
With  alternating-currents  it  is  different,  because  here  the  condenser 
is  always  being  charged  and  discharged,  whereby  the  dielectric  is 
subjected  to  displacements  pulsating  to  and  fro  with  the  current. 
Hence,  in  an  alternating-current  circuit  with  a  condenser,  the  charging 
current  of  the  condenser  will  flow.  Maxwell  designated  the  currents 
in  the  condenser  as  displacement  currents^  and  asserted  that  sucJi  currents 
obey  the  same  laws  as  ordinary  electric  currentsy  except  that  no  heating 
losses  occur  in  the  dielectric.  This  not  only  holds  for  the  displace- 
ment current  in  the  condenser,  but  also  for  all  the  other  displacement 
currents  in  the  dielectrics  of  the  electric  fields.  The  magnitude  of  the 
displacement  current  i  is  the  quantity  of  electricity  which  conveys 
unit  quantity  to  the  surface  normal  to  its  direction  at  the  instant 
the  polarisation  of  the  dielectric  occurs.     Consequently,  the  displace- 

i.              i.  d<b  ,       ,,      j.          .       electric  flux      •  electric  charge 
ment  current  -f-  has  the  dimension or  -. s_, 

.  at  time  time 

i.e.  (IsftFT~2)  in  the  electrostatic  system  of  units.  If  the  displace- 
ment current  is  to  be  treated  like  an  ordinary  current,  it  must  be 
expressed  in  electromagnetic  units.     In  this  system,  current  has  the 

dimension  (L*M »jP-1).  The  ratio  of  the  current  in  electrostatic  units 
to  that  in  electromagnetic  has  therefore  the  dimension  (LT~l),  that 
is  the  dimension  of  a  velocity.  The  value  of  this  ratio  has  been 
experimentally  determined,  and  is  approximately  3  x  1010  cm/sec. 
This  agrees  with  the  velocity  of  light  v  in  a  vacuum,  which  Maxwell 
explained  on  the  ground  that  electric  charges  must  move  at  very  high 
velocities  in  order  to  exert  the  same  effect  on  magnets  as  ordinary 
currents. 

From  this  ratio  v  between  currents  in  the  two  systems,  it  follows 
that  the  practical  unit  of  current 

1  ampere  =  0*1  C.G.s.  electromagnetic  unit 

=  3. 109  C.G.s.  electrostatic  units (225) 
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The  same  ratio  exists  between  the  units  of  electric  quantity  in  the 
two  systems : 

1  coulomb  =  0*1  c.G.s.  electromagnetic  unit 

=  3  .  109  C.G.S.  electrostatic  units.    (226) 

The  ratio  between  the  units  of  potential  in  the  several  systems  of 
units  can  be  found  by  considering  that  the  expression  for  the  energy 
consists  of  the  two  factors,  electric  quantity  and  potential,  i.e.  the  units 
of  potential  must  bear  to  one  another  the  inverse  ratio  to  that  of  the 
units  of  electric  quantity. 

We  have  thus : 

1  volt=  108  c.G.s.  electromagnetic  units 

=  -5^  C.G.s.  electrostatic  units, (227 ) 

or  1  C.G.s.  electrostatic  unit  =  300  volts. 

For  the  units  of  capacity,  we  have : 

1  farad  =  -,--     ,-      =^ —  =  9  .  10n  electrostatic  units,    ...(228) 
1  volt  *U 

or  1  microfarad  =  9  .  106  C.G.s.  electrostatic  units 

=  9  kilometres,    (229) 

i.e.  a  sphere  of  9  kilometres  radius  has  a  capacity  of  1  microfarad. 

For  the  displacement  flux  in  the  electro-magnetic  system  of  units, 
we  have  the  expression 

♦-J^r-sJ'-"' (224*> 

and  the  displacement  current  is  i  =  -^-. 

(c)  Starting  from  the  hypothesis  that  the  displacement  current  obeys 
the  same  law  as  the  ordinary  current,  Maxwell  developed  the  equations 
for  the  distribution  of  the  electric  and  magnetic  forces,  and  the  pro- 
pagation of  their  variations  in  space.  It  will  only  be  mentioned  here 
that  Maxwell's  equations  can  be  deduced  from  the  fundamental  law 

of  electro-magnetism,  r 

4ttz=     II,  dl, 

where  £7,  is  a  closed  curve  interlinked  with  the  current  i,  and  from 
Maxwell  s  fundamental  law  of  electromagnetic  induction. 
After  inserting  the  electric  field-strength,  this  is 

-3F  — [/•<■ (230) 

where  C2  is  a  closed  curve  embracing  the  flax  <f>.  This  method  of 
deducing  Maxwell's  equations  is  that  given  by  Galileo  Ferraris.*  One 
deduction  from  Maxwell's  equations  is  that  the  electric  and  magnetic 

*  WiH8eti8chaftliche  Orundlagen  der  Elektrotechnik. 
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forces  move  in  vacuo  with  the  velocity  of  light.     The  electric  and 

magnetic  forces  form  an  angle  of  90°  and  are  both  transverse  to  the 

direction  of  propagation ;  they  travel  by  means 

of  oscillations  just  like  heat  and  light  waves. 

As  a  strict  consequence  of  Maxwell's  equations, 

we    have    the    following    hypothesis    due    to 

Poynting :    "  The  direction  in   which  energy 

travels  through   an    electromagnetic    field    is 

always  perpendicular  to  the  directions  of  the 

magnetic  and  electric  field-strengths :  Through 

each  unit  of  area  of  the  plane  normal  to  the 

direction  in  which  the  energy  is  propagated, 

the  quantity  of  energy  passing  per  second  is 

equal  to  the  area  of  the  parallelogram  (Fig.  346) 

whose  sides  are  measured  by  the  electric  and  magnetic  field-strengths, 

divided  by  4r." 

From  Poynting's  hypothesis,  the  energy  in  a  transmission  line  is  not 
propagated  in  the  conductors,  but  in  the  surrounding  dielectrics.  The 
conductor  does  not  represent  a  channel  along  which  the  energy  travels, 
but  a  space  in  which  a  part  of  the  energy  converges  and  in  which  this 
part  is  converted  into  heat. 


Fig.  840. 


CHAPTER  XX. 
ELECTRIC  PROPERTIES  OF  THE  DIELECTRICS. 

124.  Conductivity  and  Absorptivity.  125.  Energy  Losses  in  the  Dielectric. 
126.  Influence  of  the  Specific  Inductive  Capacity  and  Conductivity  of  the 
Dielectric  on  the  Distribution  of  the  Electric  Field-strength.  127. 
Dielectric  Strength. 

In  Chap.  XIX.  mention  was  made  of  the  difference  in  dielectrics  in 
respect  of  their  inductive  capacity.  Other  electrical  properties  are 
also  possessed  by  dielectrics,  and  as  these  properties  are  important  in 
practice,  they  will  therefore  be  shortly  dealt  with  here. 

124.   Conductivity  and  Absorptivity. 

(a)  When  the  two  conductors  of  a  cable  or  the  two  plates  of  a 
condenser  having  either  a  solid  or  fluid  dielectric  are  connected 
through  a  galvanometer  with  the   terminals  of  a  continuous-current 

machine  of  constant  pressure,  it  is  found  that  a 
HI*  large  current  flows  at  the  first  instant,  thus 

charging  the  condenser.     This  charging  current 
__B     does  not  sink  immediately  to  zero,  but  decreases 
comparatively  slowly,  until  after  a  fairly  con- 
siderable time  it  reaches  an  almost  constant  and 
fio.  847.  usually  very  low  value.      The  explanation  of 

this  is  partly  that  the  dielectrics  have  a  certain 
small  electric  caruluclwity,  due  to  which  a  current  of  conduction  is  added 
to  the  charging  current.  The  conduction  of  the  dielectrics  may  be 
purely  metallic  or  accompanied  by  electrolysis.  The  latter  effect  is 
avoided  as  much  as  possible  on  account  of  damage  done  to  the  insulation. 
Regarding  the  conductance  of  the  dielectric  as  constant,  then  an  actual 
condenser  can  be  replaced  by  an  ideal  condenser  with  a  perfectly 
insulating  dielectric  and  a  parallel-connected  ohmic  resistance.  Such  an 
equivalent  scheme  is  shewn  in  Fig.  347,  which  can  be  used  for  calculating 
the  time  of  discharge  of  a  condenser  when  left  to  itself,  i.e.  completely 
insulated.     The  discharge  takes  place  in  accordance  with  the  equation 

q  =  Q*~r0,    (231) 

where  Q  is  the  initial  charge  and  t  is  the  time  of  discharge  in  seconds. 
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The  conductance  of  the  dielectric  generally  increases  with  the 
temperature  and  with  the  electric  tension.  Media,  which  retain  their 
chemical  composition  at  high  temperatures,  such  as  glass,  porcelain, 
etc.,  become  comparatively  good  conductors  when  raised  to  their 
melting  temperature.  An  interesting  application  of  this  phenomenon 
is  the  Nernst  glow  lamp.  The  dielectric  forming  the  glowing  filament 
of  the  lamp  in  this  case  consists  of  magnesia — the  latter  is  warmed  up 
by  a  special  attachment,  whereby  the  conductance  increases  to  such  an 
extent  that  an  appreciable  current  begins  to  flow  through  the  filament 
which  brings  the  same  to  incandescence. 

Dielectrics  have  in  general  a  negative  temperature  coefficient. 

Further,  the  resistance  of  dielectrics  depends  largely  on  the  electric 
conditions  (thus  on  the  strength  of  the  electric  field) — decreasing  as 
these  become  more  stringent. 

The  following  table  gives  the  specific  resistances  for  several  insulat- 
ing materials  at  ordinary  temperatures,  and  for  average  electric 
conditions : 


Material 


Gutta-percha  < 

Wires  insulated  with  Gutta-percha   - 

Pure  Rubber 

Vulcanised  Rubber    -        -        - 
Paper  impregnated  with  Turpentine  - 
Jute  impregnated  with  Turpentine    - 

Shellao 

Paraffin  wax 

Mica 


Specific  Resistance 

Pt  in  megohms 

per  cm/cm1. 


7x10* 

0-45  x  HP 

0-2  x  109 

10*9  x  10» 

l-5xl0» 

3xl(P 

11-9  xl(P 

9x10* 

24x10* 

0084  x  10* 


Degrees 
Centigrade 

0 
24 
24 
24 
15 
15 
15 
28 


The  effect  of  the  temperature  on  the  insulation  resistance  of  a 
transformer  (curve  A)  and  of  dry  cloth  (curve  B)  is  shewn  in  Fig.  348. 
With  the  cloth  the  resistance  increases  at  first  with  the  temperature 
until  the  moisture  has  been  driven  out,  and  then  for  still  higher 
temperatures  it  falls  again  to  a  value  of  only  a  few  megohms. 

(b)  Prof.  Schleiermacher*  has  proposed  the  use  of  the  same  ex- 
pressions for  the  currents  due  to  conduction  as  used  by  Maxwell  for 
the  charging  currents,  when  several  conductors  at  different  potentials 
are  placed  in  the  electric  field.  These  conduction  currents  for  the 
several  conductors  are : 


H  =  ^1 2"  1  "*"  0l22*  2  "*"  ^23  *  8  "*"  •  ■  •  > 


E.T.Z.  1905,  p.  1043. 
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where  the  coefficients  with  like  suffixes  g^ly  </22,  <738 ...  denote  the  ratio 
of  the  conduction  current  to  the  potential  above  earth,  when  all  the 
other  conductors  are  earthed.     The  coefficients  with  unlike  suffixes 


Fig.  848.— Relation  between  Insulation  Resistance  and  Temperature. 
J,  for  Transformer;  £,  for  dry  Cloth. 

correspond  to  the  mutual  capacity  coefficients,  defined  as  follows: 
gK9  denotes  the  current  flowing  from  conductor  y  to  conductor  r,  when 
the  former  has  unit  potential  and  all  other  conductors  have  zero 
potential.  The  experimental  determination  of  these  coefficients  is 
quite  similar  to  that  adopted  for  capacities. 

To  determine  gzx,  all  the  conductors  except  the  art*  are  earthed, 
and  the  ratio  of  the  conduction  current  i  of  the  xih  conductor  to  ite 
potential  P  is  measured. 

% 

In  the  same  way  gv9  is  determined  for  the  y*  conductor  and  <7)x+,, 
for  the  xth  and  y"1  together.     Then  it  follows 


9*9  =  9,z=  - 


.(232) 


(c)  The  slow  falling  off  of  the  charging  current  with  time  is  not 
explained  by  assuming  a  constant  conductance  for  the  dielectric,  but 
must  be  considered  in  connection  with  the  phenomena  which  occur 
when  a  condenser  is  discharged. 
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If  the  two  plates  of  a  charged  condenser  are  connected  through  a 
galvanometer,  at  first  a  large  current  will  flow,  which  gradually  begins 
to  sink,  and  only  after  some  considerable  time  vanishes  altogether. 
If  the  connection  is  broken  after  the  first  rush  of  current  and  made 
again  after  some  time,  another  but  weaker  rush  of  current  will  ensue 
in  the  same  direction  as  the  first.  The  condenser  can  thus  give 
several  such  discharges,  which  gradually  become  feebler  and  feebler. 
This  phenomenon  is  due  to  the  residual  charge  in  the  dielectric.  The 
explanation  of  the  phenomenon  was  first  given  by  Maxwell.  Accord- 
ing to  him,  the  residual  charge  is  due  to  the  heterogeneous  nature 
of  most  dielectrics. 

Fig.  349  shows  a  section  through  the  dielectric  of  a  condenser, 
whose  plates  are  A  and  B.  Assume  the  dielectric  consists  of  the 
layers  D  and  J)\  having  different  properties.  As  shewn  on  p.  398, 
such  a  condenser  can  be  replaced  by  two  condensers  C  and  C'  con- 
nected in  series   (Fig.   350).     If   the  dielectric  D'  is   not  a  perfect 


Z 
B 


B 


C 


B 


Flo.  340. 


I — ^VWVW — » 
Fio.  850. 


insulator,  we  must  suppose  an  ohmic  resistance  r'  to  be  connected  in 
parallel  with  the  condenser  C  Fig.  350  thus  gives  the  equivalent 
scheme  of  the  condenser  in  which  the  dielectric  1)  is  a  perfect 
insulator. 

Whether  the  above  mentioned  action  of  the  several  layers  of 
a  dielectric  is  the  sole  cause  of  the  residual  charge  or  whether 
other  influences,  e.g.  chemical  action  (similar  to  that  in  an  electric 
accumulator)  are  at  work,  is  not  yet  certain.  Certainly  very 
heterogeneous  dielectrics  have  specially  large  residual  charges,  but 
even  quite  homogeneous  liquid  dielectrics  appear  to  shew  traces  of 
the  same. 

Since  transmission  lines  and  all  electrical  apparatus  subject  to  high 
potential  differences  act  as  condensers,  the  formation  of  residual 
charges  (or  the  so-called  absorption  of  the  dielectrics)  must  not  be  left 
out  of  account  when  working  with  high  pressure  currents,  otherwise 
serious  consequences  may  follow.  If  for  example  a  cable  or  transformer 
is  disconnected  from  the  high-pressure  terminals,  the  disconnected 
apparatus  should  be  first  connected  to  earth  before  it  is  touched.  A 
single  earthing,  however,  is  not  always  sufficient,  since  charges  may 
afterwards  collect  and  may  give  dangerous  shocks.  Special  attention 
should  be  given  to  earthing  where  high  direct-current  pressures  are 
concerned,  since  the  liability  to  residual  charge  is  greater  in  this 
case. 
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As  a  practical  case  in  which  all  parts  of  the  dielectric  possess  con- 
ductance, the  equivalent  scheme  shewn  in  Fig.  351  may  be  taken. 
According  to  the  above,  a  residual  charge  should  not  occur  when  the 
ratio  of  the  dielectric  constant  to  the  electric  conductivity  is  the 
same  at  all  points  in  the  dielectric. 


C 


r 
1 — aww- 


r' 

www — » 


B 


Fio.  351. 

126.  Energy  Losses  in  the  Dielectric. 

(a)  The  energy  loss   in   a   dielectric   placed   in  a  constant   field 

is  given  by  the  leakage  current.     If,  however,  the  electrification  is 

alternating,  as  for  instance  in  a  condenser  to  which  an  alternating 

pressure  is  applied,  the  losses  are  in  general  much  greater  than  those 

corresponding   to    the   insulation    resistance.      The   cause   of    these 

additional  losses  has  not  yet  been  thoroughly  investigated.     It  may  be 

due  to  the  absorptivity  of  heterogeneous  dielectrics,  discussed  in  the 

previous  section.*     In  the  dielectric  represented  in  Fig.  350  a  loss  will 

occur  when  an  alternating  pressure  is  applied,  but  not  with  a  continuous 

pressure.     Also  in  the  scheme  in  Fig.  351,  the  loss  is  greater  with 

C     C 
alternating-current  than  with  continuous  when  -  J  —>  *•©•  when  the 

ratio  of  specific  inductive  capacity  to  resistance  of  the  several  parts  of 
the  dielectric  varies.  These  losses  are  often  supposed  to  be  due  to 
what  is  called  dielectric  hysteresis — of  a  similar  nature  to  magnetic 
hysteresis. 

Steinmetz  t  found  for  practical  condensers  made  of  paraffined  paper, 
with  tin-foil  plates  dried  in  a  vacuum-drying  oven  and  steeped  in 
paraffin,  that  the  losses  at  constant  frequency  increase  with  the  square 
of  the  pressure,  which  corresponds  to  a  constant  conductance  g  for  the 
condenser.  Since  the  dielectric  constant,  and  with  it  the  capacity  or 
the  susceptance  b  of  the  condenser,  is — under  normal  conditions — 
independent  of  the  pressure,  the  phase  displacement  of  the  charging 
current  remains  constant,  at  a  given  frequency.  If  the  thickness  of 
the  dielectric  of  a  condenser  be  increased,  the  current  remains  the 
same  for  the  same  electric  field-strength,  whilst  the  pressure  increases 
in  proportion  with  the  thickness.  The  loss  then  increases  in  proportion 
with  the  thickness  of  the  dielectric,  so  that  the  phase  displacement  of 
the  charging  current  remains  constant  for  the  same  frequency.  Thus 
for  a  given  frequency,  every  dielectric  has  a  constant  phase  displacement, 
Steinmetz  found  for  the  above  paper  condensers,  cos  <£  =  0*0038  to 
0*0068,  according  to  the  frequency. 

*  Hess,  VEclairagt  Ekctr.  1895,  vol.  4,  p.  205. 
t  El  World,  1901,  vol.  37,  p.  1065. 
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For  the  power  factor  of  the  charging  current  in  electric  cables,  we 
have  the  following  values : 

0*01  to  0*025  for  paper  and  jute  cables, 
0*02  to  0*04    for  rubber  cables, 
0*03  to  0  07    for  gutta-percha  cables. 

(b)  The  capacity  generally  decreases  somewhat  as  the  frequency 
increases,  which  is  easily  explained  by  the  action  of  the  heterogeneous 
nature  of  the  dielectric  mentioned  in  the  previous  action. 

In  the  scheme  in  Fig.  350,  for  example,  let  the  capacity  for  con- 
tinuous charge  be  C,  then  for  rapid  charge  and  discharge  it  will  be 

yy—jv-     In  a  paraffined  paper  condenser  it  was  found  by  Eisler*  that 

the  capacity  was  2-5  mfs.  for  continuous  charge;  2#15  mfs.  for  c=18 
cycles  ;  and  2*01  mfs.  for  c  =  45  cycles. 

The  decrease  of  the  effective  capacity  of  condensers  with  increasing 
frequency  must  be  specially  noted  in  measurements.  It  follows  also 
that  the  dielectric  constant  of  a  dielectric  will  vary  with  the  frequency 
at  which  the  determination  is  -  made.  To  eliminate  absorption  phe- 
nomena as  far  as  possible,  such  determinations  are  often  made  with 
very  high  frequencies,  as  with  Hertzian  waves. 

At  constant  pressure,  the  losses  in  the  dielectric  increase  with  the 
frequency.  The  energy  absorbed  per  cycle  usually  increases  at  first  as 
the  frequency  is  increased,  attains  a  maximum,  and  at  higher  frequencies 
may  decrease.  Eisler  found  an  increase  of  17  %  in  the  losses  per  cycle 
from  18  to  45  cycles.  In  the  experiment  of  Steinmetz  mentioned  on 
p.  411,  the  loss  per  cycle  increased  up  to  a  frequency  of  about  100,  and 
began  to  fall  at  higher  frequencies. 

Since  the  conductance  g  of  a  condenser  is  always  small  compared 
with  the  susceptance  b,  we  can  write 

Since  C  only  varies  slightly  with  the  frequency,  the  power  factor 
will  vary  in  the  same  way  as  the  losses  per  cycle. 

The  inconstancy  of  the  losses  per  cycle  is  explained  by  many  as  a 
kind  of  viscous  hysteresis;  or  the  same  phenomena  may  be  deduced 
from  the  equivalent  scheme  for  non-homogeneous  dielectrics  (Fig.  351). 

126.  Influence  of  the  Specific  Inductive  Capacity  and  Conductivity 
of  the  Dielectric  on  the  Distribution  of  the  Electric  Field-strength. 

.  (a)  If  layers  of  various  dielectrics  are  placed  between  the  plates  of  a 
condenser,  then— -provided  no  conductance  is  present — the  distribution 
of  the  electric  field-strength  will  vary  inversely  as  the  dielectric  con- 
stants.    Thus  a  uniform  field  can  by  this  means  be  made  non-uniform. 

*ZtiUchr.f.  Eltktr.  1895,  H.  12,  p.  345. 
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Conversely,  a  non-uniform  field  can  be  made  more  or  lees  uniform  by 
the  use  of  various  dielectrics. 

Considering  a  long  conductor  of  radius  r  (Fig.  352),  having  potential 

P  and  surrounded  by  a  co-axial,  conducting  cylinder  of  radius  11  and 

potential  zero ;   then  at  distance  p  from  the 

1  axis,   let   the   dielectric   constant  be   t.     The 

electric  induction  at  this  distance  is,  according 

to  Gauss's  theorem, 


The  electric  field-strength  is  therefore 

fJ-JA    (233) 

■      <p 

i.e.  if  the  dielectric  constant  t  is  constant 
throughout,  the  field-strength  will  vary  in- 
versely as  the  distance  from  the  axis  of  the 
wire,  as  the  figure  shews.    The  variation  of 

the  potential  ^=1    -fdp  is  shewn   by  the 

second  curve  P.  If,  however,  we  wish  to  keep 
the  electric  field-strength  constant,  an  insul- 
ator must  be  used  whose  dielectric  constant  is  inversely  proportional 
to  the  distance  away  from  the  axis  of  the  conductor.  This  can  be 
obtained  by  using  various  insulating  materials  in  several  layers. 

Moreover,  it  follows  from  the  integration  to  the  limit  It,  that  air- 
bubbles  and  other  irregularities  in  the  insulating  material  are  to  be 
avoided,  both  in  compound  and  solid  cables.  With  stranded  cables, 
on  account  of  the  small  radius  of  the  single  wires,  the  maximum 
electric  field-strength  is  25  to  40%  greater  than  with  solid  cables 
or  lead-covered  stranded  cables. 

On  p.  401  we  have  seen  that  particles  of  a  dielectric  having  a  larger 
dielectric  constant  than  the  neighbourhood,  tend  to  move  in  the  direc- 
tion in  which  the  field  increases.  In  a  liquid  or  semi-liquid  dielectric, 
such  particles  would  assist  in  forming  a  uniform  distribution  of  field, 
which  is  of  importance,  as  will  be  shewn  later  in  connection  with  the 
piercing  strength,  and  this  property  can  be  utilised  in  cables. 

(b)  The  distribution  of  the  electric  field-strength  is  only  determined 
by  the  dielectric  constants  when  no  conductor  is  present,  or  when  the 
field  is  alternating  so  rapidly  that  the  conduction  currents  are  negli- 
gible compared  with  the  displacement  currents.  Otherwise  the  specific 
resistances  determine  the  distribution.  In  a  uniform  and  constant  fieU, 
tlw  electric  field-strength  di<tritmte$  itself  according  to  tlie  specific  resistances 
of  the  srceral  layers  of  the  dielectric.  If  a  constant  potential  difference 
be  applied  at  the  terminals  A  and  li  in  Fig.  351,  the  pressures  P  and 
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P*  of  the  condensers  U  and  6"  will  have  the  ratio  of  r  to  r,  and  are 
independent  of  the  magnitudes  of  the  capacities  C  and  6". 

In  a  non-uniform  field  produced  by  a  direct  pressure,  a  constant 
electric  field-strength  can  be  obtained  by  giving  to  each  part  of  the 
dielectric  a  specific  conductivity,  proportional  to  the  induction  in 
the  field  at  the  respective  point.  In  Fig.  352,  for  example,  the  con- 
ductivity of  the  dielectric  at  any  point  is  inversely  proportional  to  the 
distance  of  the  point  from  the  axis  of  .the  conductor.  Use  is  made 
of  this  in  the  insulation  of  cables  by  saturating  the  inner  layers  of  the 
insulation  with  a  liquid  of  higher  conductivity  than  the  outer.* 


IMKMM^^Vx-JatVnv,-  f<sJ»BWl>€^3A«aB»MWaWMenM»f<»''iTMMCacCMKarft»»«i,irw<i^x»w,«t  .'j*BC*n«a^ 
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Fig.  368.— Wall-insulator  for  High-tension  Lines. 

In  some  cases  an  approximately  uniform  distribution  of  field-strength 
throughout  the  dielectric  may  be  obtained  by  an  arrangement  due  to 
the  Siemens-Schuckert-Werke.t  The  insulator  is  composed  of  thin 
layers  separated  from  one  another  by  a  conductor  (tin-foil).  Fig.  353 
shews  a  leading-in  tube  for  high-tension  alternating-current  made  on 
this  principle.  The  tin-foil  is  shewn  by  full  lines  and  the  insulating 
layers  dotted. 

d0  =s  diameter  of  wire, 

/0  =  length  of  the  inner  layer  of  insulation, 
dn  =  diameter  of  the  hole  in  the  wall, 

ln  =  length  of  the  hole  in  the  wall. 

For  a  sheet  of  tin-foil  of  length  /  and  diameter  d,  we  have 

M  =  l0d0  =  ljL. 


•n  "w" 


The  layers  act  therefore,  neglecting  electrical  leakage,  like  a  number 
of  condensers  of  equal  capacity  connected  in  series,  and  each  layer 
takes  up  the  same  pressure. 

Moreover,  with  this  type  of  leading-in  tube,  the  harmful  discharges 
between   wall    and    wire    disappear.      With   the   ordinary   leading-in 


♦O'Gorman,  "Insulation  of  Cables,"  Jonrn.  Inst.  E.E.  1900,  xxx.  p.  608. 
tR.  Nagel,  Elektr.  Bahnen  vnd  Betrielw,  1006,  p.  278. 
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tube,  as  shewn  in  Fig.  354,  large  surface  discbarges  occur,  and  are 
unavoidable  even  with  very  long  insulators.  The  following  con- 
sideration will  make  this  clear.     Each  element  of  the  conductor  with 
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Flo.  854. — Wall-insulator  for  Low-ten Aion  Lines. 

its  insulation  forms  a  small  condenser,  of  which  the  primary  plates  are 
metallically  connected  by  the  conductor  and  the  secondary  plates 
are  connected  in  series  through  the  surface  resistance,  as  shewn  dia- 
grammatically  in  Fig.  355.     If  r  is  the  surface  resistance  per  unit 
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Fin.  855.— Equivalent  Circuit  of  Wall-insulator. 

length  of  the  insulator  and  C  the  capacity,  the  potential  along  the 
whole  surface  is  distributed  according  to  the  same  exponential  law, 

€(l-j)Ax__€-<l-i)Ax 
^*  =  ^€(l-»Al-.<-(l-J)Al»    (234> 

in  accordance  with  which  the  potential  is  distributed  over  a  long 
alternating-current  cable  without  conductance  or  self-induction  when 

one  end  is  earthed.     In  this  equation  A.  =  a/     =  \liircC,  and  the  slope 

dPx  .  . 

of  potential  -v—  is  a  maximum  near  the  end  of  the  insulator,  where 

z  =  l.  The  slope  is  here  almost  independent  of  the  length  of  the 
insulator,  so  that  surface  discharges  always  occur,  even  with  long 
insulators,  when  the  slope  of  potential  is  high,  relatively  to  the 
surface  resistance  r  per  unit  length.  When  the  leading-in  tube  is 
of  the  form  shewn  in  Fig.  353,  on  the  other  hand,  the  pressure  is 
distributed  according  to  a  straight  line  over  the  whole  surface  of 
the  insulator,  and  no  harmful  surface  discharges  can  occur  until  the 
pressure  is  sufficient  to  produce  a  spark  over  the  whole  surface. 
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(c)  To  determine  the  electric  field-strength,  it  is  best  to  use  the 
same  methods  as  for  magnetic  fields ;  viz.  that  of  drawing  a  diagram 
of  the  lines  of  forces  and  thence  calculating  the  field-strength  /„ 
for  each  point,  equal  to  the  electric  flux  d<f>  of  the  tube  of  force 
divided  by   the  section  dF  of  the  same  at  the  point  considered. 

Thus  /«  =  -tt'>  where  t  is  the  dielectric  constant. 

As  starting -points  in  drawing  out  the  lines  of  force,  we  can  apply 
the  law  of  discontinuity  to  the  lines  passing  from  one  medium  to 


Fin.  SMr.  Fin.  S6M. 

Fin.  men  to  d.—  Linus  t>(  Fares  In  Thr«vph*M  Cutilu  (Thornton). 

another  and  the  law  of  maximum  field-energy.  According  to  the 
latter,  the  lines  of  force  between  conductors  of  given  potential  arrange 
themselves,  so  that  the  displacement  flux  between  the  conductors  is  a 
maximum.  Owing  to  the  small  values  of  the  dielectric  constants 
compared  with  the  magnetic  permeability,  it  is  much  more  difficult  to 
draw  electric  lines  of  force  accurately  than  magnetic,  when  insulating 
materials  of  different  dielectric  constants  are  present  in  the  field.  For 
this  reason  Hele-Shaw's  method  of  representing  the  lines  of  force  by 
stream-lines  between  two  flat  plates,  as  described  on  p.  365,  is  very 
useful  in  this  connection.  From  such  figures  it  is  easy  to  determine 
simply  the  electric  flux  in  each  tube  and  thus  obtain  the  field- 
strength  at  each  point.     Figs.  356a  to  rf  shew  the  diagrams  for  two 
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three-phase, cables,  taken  by  W.  M.  Thornton  and  0.  J.  Williams.* 
The  dielectric  constant  of  the  conductor  is  assumed  infinitely  large, 
and  the  space  between  the  plates  where  the  conductors  are  is  there- 
fore made  as  large  as  possible.  At  the  places  where  the  insulation  is, 
the  space  between  the  plates  is  made  directly  proportional  to  the  cube 
root  of  the  dielectric  constant.  The  fluid  is  led  in  and  out  at  the 
places  where  the  conductors  are,  and  the  quantity  of  fluid  for  each 
conductor  is  made  proportional  to  the  pressure  in  that  wire  at  the 
moment  considered.     *igs.  a  and  b  shew  the  field  when  one  wire  has 

zero  potential  and  the  other  two  the  potentials  ±\J'{Pnu.x.  Figs,  c 
and  a  shew  the  field  when  one  wire  has  a  potential  P„ia.xi  and  the 
other  two  the  potential  -iPm„.  The  sheath  of  the  cable  has  zero 
potential  in  tall  the  figures.  As  is  clear  from  the  diagrams,  the  field- 
strength  alters  from  point  to  point,  and  at  every  point  varies  with  the 
time. 

127.  Dielectric  Strength.  If  the  pressure  between  two  insulated 
conductors  (electrodes)  is  gradually  raised,  various  discharge  phenomena 
occur  within  the  dielectric  and  along  its  surface,  and  finally  the 
pressure  is  equalised  by  a  sudden  discharge  through  the  dielectric. 
The  dielectric  is  then  said  to  be  pierced.  If  the  dielectric  is  liquid  or 
gaseous,  all  traces  of  the  passage  of  electricity  immediately  vanish ;  a 
solid  dielectric,  however,  will  remain  pierced  at  the  pLice  where  the 
discharge  occurred.  If  sufficient  electric  energy  is  supplied  to  the 
electrodes,  the  break-down  will  continue  in  the  form  of  an  arc,  even 
with  comparatively  low  pressures. 

The  pressure  between  the  electrodes  at  which  the  break-down 
occurs,  is  called  the  piercing  pressure.  This  latter  depends  on  the 
material,  the  distance  of  the  electrodes  apart,  and  on  the  distribution 
of  the  electric  field  in  the  dielectric  (shape  of  the  electrodes).  The 
length  of  time  during  which  the  pressure  acts  on  the  dielectric  has 
also  a  considerable  effect  on  the  piercing  pressure.  For  a  very  short 
time  the  insulation  can  often  withstand  a  much  higher  pressure  than 
continuously.  The  piercing  pressure  of  a  dielectric  for  a  given  distance 
between  the  electrodes  is  a  maximum  when  the  field  is  uniform,  as 
for  instance,  between  two  parallel  plates  at  a  sufficient  distance  from 
the  edges,  in  which  case  the  maximum  field-strength  is  a  minimum. 
Between  two  points  or  between  a  point  and  a  large  plate,  the  electric 
field  is  very  varied,  so  that  in  this  case  the  piercing  pressure  for  a 
given  distance  is  smaller. 

Between  the  edges  of  two  parallel  plates  the  electric  lines  of  force 
are  curved.  The  electric  field-strength  near  the  surface  of  the  dielectric 
is  consequently  increased  and  on  the  inside  decreased.  Since  the 
maximum  field-strength  in  the  dielectric  is  thus  increased,  the  break- 
down between  two  such  plates  generally  occurs  at  the  edge.  For  this 
reason,  high-pressure  condensers  are  often  made  so  that  the  dielectric 
is  thicker  between  the  edges  of  the  plates  than  elsewhere. 

*  Engineering,  1909,  p.  *297. 
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Iu  the  case  of  alternating  currents,  piercing  depends  chiefly  on  the 
amplitude  of  the  wave  of  pressure. 

The  dielectric  strength  of  an  insulating  material  can  be  small  even 
when  the  specific  resistance  of  the  same  is  high  and  vice  versa.  Dry 
air,  for  example,  is  a  very  good 
insulator,  but  compared  with  most 
solid  and  liquid  insulators  its  di- 
electric strength  is  very  small. 

The  piercing  pressure  usually  in- 
creases somewhat  more  slowly  than 
the  thickness  of  the  insulating 
medium.  With  thin  layers,  how- 
ever, the  converse  may  be  the  case. 

Fig.  357  shews  by  way  of  example 
the  piercing  pressure  for  mica  as  a 
function  of  the  thickness  of  the 
same,  taken  from  experiments  made 
by  Steinmetz.  The  amplitudes  of 
the  pressures  are  given  in  kilovolts  and  the  thicknesses  in  hundredths 
of  a  mm.*  In  this  case  an  alternating-current  at  150  cycles  was  used. 
Since  the  material  shewed  much  heating,  the  pressure  could  only  be 
applied  for  J  minute. 

1     In  the  following  Table,  due  to  Steinmetz  and  Dr.  Baur,  the  piercing 
pressures  for  1  mm  thickness  of  various  insulating  materials  are  given. 
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Fig.  857.— Break-down  Pressure  for  Mica. 


Dielectric. 


Mica  - 
Micanite 

Paraffined  Plates) 
Paraffined  Paper/ 
Dry  Wood  Fibre 
Hard  Porcelain  - 
Oiled  Linen 
Presspahn  - 
Leatheroid 

Vulcanised  Rubber    - 
Red  Vulcanised  Fibre 
Asbestos  Paper  • 
Vulcanised  Asbestos  - 
Transformer  Oil 
Melted  Paraffin  - 
Boiled  Oil  - 
Oil  of  Turpentine 
Insulating  Varnish 
Lubricating  Oil  - 


Piercing  Pressure 
for  1  mm  thickness. 


about 


58000 
35000 

30000 

13000 

13000 

12500 

12000 

10000 

10000 

5000 

4300 

3500 

9000 

8000 

8000 

6500 

5000 

1500 


\w 


A.C. 


*&T.Z.  1893,  p.  251. 
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The  figures  represent  average  values  taken  from  experiments  with  test 

pieces  of  various  thicknesses  and,  on  the  assumption  of  proportionality 

between  thickness  and  piercing  pressure,  are  reduced  to  a  thickness 

of  1  mm.     Since,  however,  no  relation  exists  between  the  thickness  of 

the  insulating  material  and  the  piercing  pressure,  the  values  can  only 

be  taken  for  plates  about  1  mm  thick. 

Insulating  oil  under  high  pressures  gives  a  straight  line  increase  of 

the  piercing  pressure  with  the  distance  between  the  electrodes.     For  a 

mineral  transformer  oil  with  plate  electrodes,  the  alternating  pressures 

P  P 

+  ^  and  -  -^,  at  which  breakdown  occurred,  were  found,  for  sparking 

mi  md 

distances  d  greater  than  5  cm,  to  be 

P=  124000  +  9000d. 

With  very  unsymmetrical  distribution  of  the  electric  field  the 
piercing  pressure  is  much  less.  Between  an  earthed  plate  and  a 
pointed  electrode  at  potential  P,  it  was  found  for  the  same  oil  as  above 

P=  37000 +  7000d. 

If  the  spark  gap  d  is  given  in  cm,  the  effective  pressure  will  be  in 
volts.  These  pressures  can  act  on  the  oil  for  about  5  minutes  without 
causing  a  break-down.  If  the  pressure  is  quickly  raised,  much  higher 
pressures  can  be  reached  before  the  oil  breaks  down — in  such  cases, 
however,  the  results  are  generally  irregular. 

The  breaking-down  strength  is  considerably  "weakened  by  moisture 
in  the  case  of  both  solid  and  liquid  insulating  materials.  Oils  are 
dried  for  this  reason  either  by  heating,  or  by  treating  with  quicklime 
and  such  like.  Hygroscopic  solid  substances  must  be  dried  in  a 
vacuum  oven  and  impregnated  with  varnish  of  some  kind,  so  that 
they  cannot  absorb  moisture  from  the  air. 

The  breaking-down  strength  of  an  insulating  material  is  in  general 
reduced  when  mechanical  stresses  are  simultaneously  applied. 

With  most  solid  and  liquid  insulators,  the  duration  of  application  of 
the  pressure  has  a  considerable  influence  on  the  insulation  resistance  as 
well  as  on  the  dielectric  strength.  The  dielectric  strength  usually 
decreases  considerably  for  the  first  few  minutes,  while  the  insulation 
resistance  increases.  A  well-dried  machine  usually  has  a  very  high 
insulation  resistance  at  the  beginning  when  cold.  At  first  the  in- 
sulation resistance  decreases  very  rapidly,  even  after  the  temperature 
has  become  constant,  and  often  reaches  a  minimum  after  several  days' 
work,  after  which  it  slowly  recovers  during  a  still  longer  time. 
Measurements  of  insulation  on  machines  and  apparatus  should  there- 
fore be  carried  out  after  the  normal  temperature  rise  has  been  reached 
in  the  process  of  its  work. 

The  temperature  has  little  effect  on  the  dielectric  strength,  provided 
that  the  same  is  not  sufficient  to  bring  about  chemical  changes  in  the 
material.  This  is,  however,  often  the  case  even  at  comparatively  low 
temperatures. 
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If  the  dielectric  consists  of  several  layers  of  different  materials 
perpendicular  to  the  lines  of  force,  the  electric  field-strength  dis- 
tributes itself — as  previously  shewn — over  the  several  materials 
according  to  their  respective  specific  resistances  when  the  pressure  is 
constant.  WiXh  constant  pressure  tlierefore,  in  order  to  use  tfie  several 
materials  to  the  best  advantage,  the  dielectric  strengths  of  the  materials  should 
be  p'oportional  to  their  specific  resistances. 

If  the  pressure  is  alternating,  the  electric  field-strength  distributes 
itself  over  the  insulating  substances  inversely  as  their  dielectric  con- 
stants. Hence,  with  alternating  current  apparatus,  in  aider  to  use  the 
insidating  material  to  the  Itest  advantage,  the  dielectric  strengths  of  the  several 
materials  should  be  inversely  as  their  dielectric  constants. 

In  the  construction  of  insulators  for  high  pressures,  attention  must 
be  paid  not  only  to  the  dielectric  strength  of  the  insulating  material, 
but  also  to  the  phenomena  at  the  boundary  surface  of  two  dielectrics. 
For  example,  if  two  conductors  at  a  large  difference  of  pressure  are 
supported  in  air  by  solid  insulators,  it  is  not  sufficient  that  the  distances 
between  the  two  conductors,  in  air  and  through  the  insulator,  corre- 
spond to  the  pressure,  but  it  is  most  important  of  all  to  see  that  the 
distance  apart  measured  along  the  surface  is  sufficient. 

E,  JL 

i — i r~n 

p 

Fio.  358. 

Sparking  may  easily  occur  through  the  collection  of  moisture  and 
dirt  on  the  surface.  Moreover,  if  the  capacities  of  the  two  electrodes 
are  different,  the  electrode  with  the  smaller  capacity  produces  surface 
discharges  in  the  form  of  rays,  which  assist  the  sparking  between  the 
electrodes.  Also,  the  capacity  of  the  two  conductors  under  pressure 
with  regard  to  a  third  insulated  conductor  can  influence  the  piercing 
pressure  between  the  two  former  conductors  to  a  less  extent.  For 
example,  if  two  electrodes  Ex  and  E2  (Fig.  358)  stand  on  an  insulating 
plate  J  under  such  a  pressure  that  sparking  does  not  yet  occur,  and  an 
insulated  conducting  plate  P  is  brought  to  the  other  side  of  the 
dielectric  J,  surface  discharges  occur  between  the  two  electrodes  and 
sparking  takes  places  from  one  to  the  other.  This  phenomenon  is 
similar  to  the  surface  discharges  with  leading-in  tubes.  Sparking 
occurs  with  a  still  smaller  pressure  when  the  plate  P  is  connected  to 
one  of  the  electrodes.  The  surface  discharges  are  then  seen  only  about 
the  electrode  not  connected  to  P,  in  the  form  of  rays.  In  order  to 
obtain  the  largest  possible  distance  over  the  surface  with  the  smallest 
distance  between  the  electrodes  and  still  avoid  sparking,  bell  and 
petticoat  insulators  are  used. 

In  accordance  with  the  standards  of  the  Verband  deutscher  Elektro- 
techniker  the  dielectric  strength  of  electric  machines  and  transformers 
should  be  tested  for  one  minute  when  they  are  warm. 
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The  testing  pressures  should  be  : 


Working  Pressure. 


Under  40  volts 
40  to  5000  volts 
5000  to  7500  volts 
7500  and  upwards 


Tost  Pressure. 


At  least  100  volts. 

2&  times  working  pressure,  but  not  less  than  1000  volts. 

7500  volts  above  working  pressure. 

Twice  working  pressure. 


The  dielectric  strength  must  be  tested  between  windings  and  frame 
and  between  electrically  separated  windings.  In  the  latter  case,  with 
windings  of  different  pressures,  the  highest  must  be  used  as  the 
test-pressure. 


CHAPTER  XXI. 
CONSTANTS  OF  ELECTRIC  CONDUCTORS. 

128.  Resistance  of  Electric  Conductors.  129.  Self-  and  Mutual  Induction  of 
Electric  Conductors.  130.  Self-  and  Stray  Induction  of  Coils  in  Air 
and  Iron.  131.  Increase  of  Resistance,  due  to  Eddy  Currents  in  Solid 
Conductors.  132.  Stray  Fields  and  Electrodynamic  Forces  due  to 
Momentary  Rushes  of  Current.  133.  Capacity  and  Conduction  of  Electric 
Cables.  134.  Capacity  of  Coils  in  Air  and  in  Iron.  135.  Telegraph  and 
Telephone  Lines. 

128.  Resistance  of  Electric  Conductors.  Most  conductors  consist 
of  copper.  With  continuous  currents  and  alternating-currents  of  low 
frequency,  the  current  is  uniformly  distributed  over  the  section  of  the 
conductor.  If  I  denotes  the  single  length  of  the  line  in  km  and  q  its 
section  in  mm2,  and  p  =  0*016  (1 +0:0042TO),  the  specific  resistance  of 
the  copper,  then  the  ohmic  resistance  of  the  whole  line  is 

r  =  ^  1000  ohms. 

The  heating  loss  in  the  line  is 

I*r  =  2lqp  -1 1000  =  lOOOpF*2, 

where  V=  2lq  denotes  the  volume  of  the  line  in  dm8,  and  s  the  current 
density  in  amperes  per  mm2. 

Of  late  years  bare  aluminium  conductors  have  also  been  used  for 
transmission  lines.  An  aluminium  line  with  the  same  ohmic  resistance 
as  copper  will  have  a  diameter  Y  .3  timeg) 

a  section     1*69  times, 
a  weight     0*513  times, 

larger  than  the  copper  line.  The  aluminium  wire,  however,  has  only 
0"65  times  the  tensile  strength  of  the  copper.  According  to  circum- 
stances, sometimes  the  aluminium  is  cheaper  and  sometimes  the  copper. 
In  the  following  table  the  specific  resistances  and  weights  of  the 
materials  most  commonly  used  are  given.  The  specific  resistance  is 
for  1  metre  length  and  1  mm2  section.     If  this  is  required  for  1  cm 
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length  and  1  cm2  section,  as  it  occurs  in  many  formulae,  the  values 
given  in  the  table  must  be  divided  by  104.  The  specific  weight  is 
given  in  gms.  per  cubic  cm. 


Silver 

Copper     

Gold 

Aluminium       .... 

Zinc 

Platinium         .... 

Tin 

Nickel 

Lead 

Pure  Iron         .... 

Wrought  Iron  and  Mild  Steel 

Iron  Wire  Conductor 

Cast  Steel        .... 

Alloyed  Stampings  - 

Cast  Iron  .... 

Brass  (30  %  Zinc)     - 

Manganin         - 

Cori8tantin        - 

Nickclin  I. 

German  Silver 

Rheotin 

Kruppin 

Retort  Carbon 


Specific  Resistance 

at  0"  in  ohms 

per  m/mm2. 


0015 

0016 

0-021 

0027 

0  056 

0-090 
0'10to0-13 
0*10  to  0*12 

019 

0095 

010 

0125 

0-20 

0  54 

1-00 

0  065  to  0-085 

0-41  to  0-45 

0-48 
0  41  to  043 
0-36  to  0  38 

0-47 

0  84 
13  to  100 


Increase  of 

Resistance  per 

l'C.  in  7„. 


.  036 
0-40 
0-35 
040 
0-39 
0-24 
0*45 
04  to  03 
0-37 
0-5 
0  5 
05 
0-4 

0-1 
012  to  0*20 

0-001 

0-003 

0-24 

0-27 

021 

0  07 
008  to 002 


Specific 
Weight. 


105 

8*9 
19  3 

2*75 

7-2 
21-5 

7  3 

8-9 
11*4 

7-8 
7-8 
7-8 
7-8 
7-2 
8*3 
8-4 
8-8 
8-8 
8-7 
8*55 
81 
2-3  to  1-9 


The  specific  resistance  of  ordinary  fresh  water  is  about  104  ohms. 
For  liquids  and  electrolytes  the  lowest  specific  resistances  are  those 
given  in  the  following  table,*  along  with  the  corresponding  solutions. 


Spocific 
Resistance. 

Percentage 
Solution. 

Specific 
Weight. 

HN03 

1  -36 .  104 

29-7 

1185 

HC1    - 

1  -39 .  10* 

18-3 

1092 

H2S04 

1  -45 .  104 

30-4 

1-224 

KOH  - 

1-96.10* 

28-0 

1-274 

NaCl  - 

1  -70 .  10* 

25  0 

— 

MgS04 

21-7. 10* 

170 

1183 

ZnS04 

226.10* 

23-5 

1-286 

CuS04 

22-7. 10* 

181 

1-210 

*  DeuUchtr  Kalendar  fur  Ekktroltchniktr  ron  Uppenborn. 
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The  resistance  of  the  earth,  in  so  far  as  it  affects  electric  railways 
and  earthed  installations,  is  very  variable.  It  not  only  depends  on  the 
nature  of  the  soil  and  on  the  weather,  but  chiefly  on  the  arrangement 
of  the  earthing  plates  or  rails.  The  highest  value  that  has  been, 
observed  for  the  earth's  resistance  in  the  case  of  railways  is  0*2  ohm 
per  km.  It  may,  on  the  other  hand,  be  also  nearly  zero.  To 
obtain  low  contact  resistance,  it  is  advisable  to  have  several  parallel 
plates  placed  at  some  distance  from  one  another  and  sunk  as 
deeply  as  possible,  so  that  they  come  into  contact  with  underground 
water. 

The  contact  resistance  of  a  plate  is  proportional  to  the  specific 
resistance  of  the  soil  surrounding  it,  and  inversely  proportional  to 
the  mean  linear  dimensions  of  the  plate.  Let  r  denote  the  contact 
resistance  in  an  unlimited  medium  having  a  specific  resistance  p. 

Then  for  circular  plates  of  diameter  d,  r  =  £i> 

for  square  plates  with  side  d,  r=  — ^  >> 

for  cylindrical  electrodes  of  diameter  d  and  length  /, 

21 


=  2^l0^(i) 


129.  Self-  and  Mutual  Induction  of  Electric  Conductors. 

(a)  In  the  determination  of  the  self-induction  of  conductors,  we  shall 
first  start  with  the  case  of  a  single-phase  system.  The  two  conductors 
which  serve  as  the  outgoing  and  return  lines  are  assumed  to  be  fixed 
to  poles  and  parallel  to  one  another  over  the  whole  length.  We 
suppose  that  the  two  conductors  are  connected  by  wires  at  both  ends 
instead  of  by  the  actual  apparatus,  so  that  we  have  to  determine  the 
self-induction  of  a  rectangular  loop. 

For  the  time  being  we  assume  that  the  current  is  distributed 
uniformly  over  the  section  of  the  conductors,  and  further  that  no 
ferro-magnetic  bodies  are  present  in  the  magnetic  field  produced  by  the 
current  in  the  conductors.  It  is  therefore  allowable  to  superpose  the 
magnetic  fluxes  produced  by  the  current  flowing  in  each  of  the  wires. 
As  shewn  in  the  introduction,  the  current  flowing  in  each  conductor 
produces  a  magnetic  field,  whose  lines  of  force  are  circles  round  the 
conductor. 

The  field-strength  H  at  a  point  P  at  a  distance  p  from  the  axis  of 
the  wire  is  j//rf/  MMF 


H= 


f  ^i      length  of  line  of  force 

or,  when  the  point  P  lies  outside  the  wire, 

lT      0-4W     0-2i 
lirp         p 
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and,  when  the  point  P  lies  inside  the  wire, 


Ht- 


iirp 


2ip 

(id/ 


From  this  we  get  the  diagram  of  the  field-strength  for  the  plane  AB, 
as  shewn  in  Fig.  359. 


Fiqh.  859  and  300.— Magnetic  Field  of  Two- wire  System. 

If  there  are  two  conductors  serving  as  outgoing  and  return  lines, 
the  current  produces  a  field  for  each  of  the  two  wires.  Superposing 
these  fields,  we  get  the  resultant  field-strength  of  a  double  line,  as 
shewn  in  Fig.  360.  The  shaded  surface  serves  as  a  measure  for  the 
flux  per  cm  length  interlinked  with  the  conductors. 

Since,  however,  the  total  current  is  not  interlinked  with  the  whole 
flux,  we  must  take  this  into  account. 
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The  energy  supplied  to  the  magnetic  field  during  a  time  interval  dt  is 

Here  iwx  (or  wx,  since  in  the  calculation  of  L,  i  is  put  equal  to 
1  ampere)  denotes  the  current  interlinked  with  the  tube  of  force  <£,. 
From  Formula  27,  p.  41,  we  get  the  following  expression  for  the 
coefficient  of  self-induction  L, 

L  =  2  (&\  10-8  =  2  (Wx4>x)  io-8  henrVj 

where  the  summation  is  to  be  taken  over  all  the  tubes  of  force  in  the 
field.  Since,  however,  the  field  is  produced  by  the  superposition  of 
two  equal  fields,  it  is  sufficient  if  we  integrate  the  tubes  of  force  in  one 
field  and  multiply  the  result  thus  obtained  by  2. 

We  calculate  first  the  sum  for  the  space  between  the  wires.  The  flux 
in  this  part  is  interlinked  with  the  whole  current  in  the  conductors ; 
hence  wx  is  here  unity,  and  the  sum  is 

2  K*x.)=  2  *,.  =  2       dlHadP, 

d  d  JP= « 


P=2  P=2 


P~2 


where  d  =  diameter  of  wires 

and  a  =  distance  between  the  axes  of  the  wires. 

By  assuming  the  limit  p  —  a,  a  small  error  is  introduced,  which,  how- 
ever,  is  negligible  for  small  values  of 


a 


Hence  ?  <*,  „)  =  2*  j^  °-f->  =  04*  log.  (*) 

or,  substituting  ordinary  for  natural  logarithms, 

P2(*,a)-0-92/log10g). 


'=2 


For  the  interior  of  each  wire  we  consider  only  that  field  produced  by 
the  current  in  the  wire  itself,  and  since  here 

irp2  p2 


o  =.  -  <*  d 

we  have         2  iwx4>zi)  =  2  I        lH{wxdp  =  2  I        lHi  ~p-9  dp 
p=o  JP=o  JP=o         /ay 

,2,rW^,0.4i|)  0.u 
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Hence  tbe  coefficient  of  self-induction  of  a  double  line  is 


and  its  reactance 


I-^[0Mlog„(f)  +  0-l] (235) 

where  1  is  measured  in  cm.      If   I  is  measured   in   kilometres,  the 
reactance  is  g-wr  /->«\  ~\ 

^  =  ^s[0-92Iog10(=")+0-lJohms (236) 

We  have  seen  that  the  magnetic  field  inside  a  conductor  is  uot 
constant.     It  follows  from  this  that  the  current  lines  in  the  conductor 


Flo.  Ml.— Meet  of  Earth  <jd  tho  Self-induction  of  •  Conductor. 

do  not  all  have  the  same  inductance,  and  that  when  the  alternating- 
current  is  of  high  frequency  the  current  is  not  uniformly  distributed 
over  the  section  of  the  conductor.  We  shall  return  to  this  in  Section 
131. 

(b)  In  a  system  in  which  only  one  overhead  conductor  is  used  and 
the  earth  acts  as  a  return,  the  self-induction  of  the  former  can  be 
ascertained  from  the  following  considerations. 

In  Fig.  ;I61  the  lines  of  force  of  the  magnetic  field  represented  are 
those  produced  by  the  current  flowing  in  the  two  conductors  A  and 
B'.     It  is  clear  that  perpendicular  if,  passing  through  the  middle  point 
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of  the  line  joining  the  centres  of  the  two  circles,  represents  a  line  of 
force.  Tho  flux  above  is  interlinked  with  the  conductor  A  and  that 
l>elow  with  the  conductor  B'.  If  we  now  substitute  for  the  conductor 
if  a  surface-carrying  current  (for  instance,  the  surface  of  the  earth)  B, 
then  this  will  have  no  effect  on  the  diagram  of  the  lines  of  force  and 
equipotential  surfaces  above  B,  so  that  the  self  •induction  of  the  con- 
ductor A  remains  the  same  and  that  of  the  conductor  B  vanishes, 
since  the  radius  of  if  is  infinite.  From  this  it  follows  that  as  regards 
self-induction  the  earth  return  acta  like  a  conductor  which  is  the 
image  of  the  first  conductor  with  respect  to  the  earth's  surface. 

If  a  denotes  the  distance  of  the  conductor  from  the  surface  of  the 

earth,  then  the  summation  2{w,*J  must  be  extended  from  p=^  to 

p=2a,  and  since  we  only  have  one  conductor  the  coefficient  of  self- 
iuduction  will  be  r   r         /ln\  ~\ 

w["Ht)+0-05] <23" 

(c)  We  have  still  to  investigate  the  influence  of  a  current  in  a 
conductor  on  the  neighbouring  conductors  of  other  circuits.  If,  for 
example,  there  are  four  conductors  on  the 

same  pole,  of  which  A  and  B  belong  to       A  B 

one  circuit  and  C  and  D  to  another,  then 
some  of  the  tubes  of  force  of  the  magnetic 
field  produced  by  the  currents  in  A  and 
B  will  be  interlinked  with  the  loop 
formed  by  the  conductors  C  and  D,  and 
will  therefore  induce  e.m.f.'s  in  the  latter 
conductors.  It  is  simplest,  however,  to 
calculate  the  effects  of  the  two  fields  due 
to  the  current  in  A  and  due  to  the  current 
in  B  separately  and  afterwards  to  super- 
pose them. 

The  magnetic  lines  of  force  produced 
by  the  current  in  A  are  concentric  circles,  fio.  tu. 

whence  it  follows  that  the  mutual  induc- 
tion coefficient  of  the  conductor  A  and  the  loop  formed  by  V  and 

In  the  same  way  we  find  the  mutual  induction  coefficient  between 
tho  conductor  B,  and  the  loop  CD  equals 


M..„ -  '25 >,*.)-!„, 0-46 log,, (*>). 

e  equal  but  of  opp< 
•ecu  the  two  circuit* 

M„.„-  1^<H6(log„i-log,.jy)-jk<M6  log,,  (•*)....(*»> 


Since  the  currents  in  A  and  if  are  equal  but  of  opposite  direction, 
the  mutual  induction  coefficient  between  the  two  circuits  is 
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If  the  circuit  CD  consist*  of  one  overhead  wire  with  an  earth  return, 
then  a3  and  b„  are  to  be  taken  as  the  distances  of  the  conductors 
A  and  B  from  a  conductor  situated  symmetrically,  with  respect  to  the 
earth's  surface,  to  the  conductor  C.  Accordingly  ttt  =  bi,  and  we  get 
for  MA„.C,  the  simple  expression 

*.-^r^o*61og,D(i). 

In  general,  the  mutual  induction  between  neighbouring  conductors, 
(as,  for  example,  between  telephone  wires  on  the  same   poles   as  a 
transmission  line)  is  made  as  small 
,  Q        as  possible.     This  is  done  by  cross- 

ing the  wires  A  and  B  or  by  placing 
the  telephone  wires  symmetrically 
with  respect  to  the  conductors  A 
and  B ;  for  in  this  case  we  get 
o,62  =  ijfflg  and  Mit_CB  =  0. 

(d)  In  an  uninterl inked  two- 
phase  system,  which  is  the  system 
usually  employed  for  two-phase 
transmission,  the  best  arrangement 
for  the  wires  is  that  shewn  in 
Fig.  363.  The  '  mutual  induction 
coefficient  between  the  two  phases 
in  this  case  equals 

M„_„-jii<H61og„(lf>)-0, 

since  aj=as  and  6,  =4,.    The  two 

Fi"-  >•*■  phases  are  entirely  independent  of 

one  another  as  regards  inductive 

action  between  the  wires,  and  the  resultant  coefficient  of  self-induction 

for  one  phase  is  , 

I-njl[0-921og„(|)  +  0-,]. 

(e)  If  the  three  conductors  of  a  three-phase  system  are  symmetrically 
arranged,  i.e.  placed  at  the  three  angles  of  an  equilateral  triangle 
(Fig.  364),  then  equal  currents  flowing  in  lines  II  and  III  will  induce 
the  same  k.m.f.  in  phase  I. 

Since  now  two  wires  can  always  be  considered  as  the  return  for  the 
third,  the  coefficient  of  self-induction  of  a  phase  with  the  above 
symmetrical  arrangement  of  the  wires  is  independent  of  the  load  in 
the  several  phases  and  equals 

t  -  jj,  [<W6  log,,  (^) +  0-05] '..(239) 

since  here  for  one  phase  only  the  single  length  has  to  be  considered. 
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If  the  three  wires  are  not  symmetrical,  but  arranged  in  a  straight 
line,  as  shewn  in  Fig.  365,  the  current  in  the  middle  wire  cannot  exert 
any  inductive  effect  on  the  two  outer  wires  and  conversely.  The 
coefficient  of  self-induction  of  the  middle  phase  is,  therefore, 

i.-is[0-«log„(^)  +  0<)6], 

while  with  a  symmetrical  load  in  all  three  phases  the  coefficient  of 
the  two  outside  phases  is 


r<H61og]0(22)  +  (H19l. 


To  make  the  coefficients  of  self-induction  of  all  the  phases  equal 
with  this  arrangement,  each  of  the  three  phases  may  in  turn  occupy 


ti 


In  this  case  the  coefficient 


?[°-«M?) 


.(*)+-] 


a  third  of  the  length  /  as  the  middle  phas 
of  self-induction  of  each  phase  will  be 

-i,[0-461og„(^)+0096] (240) 

(f)  With  concentric  cables  the  conductor  forming  the  core  is  a 
complete  cylinder,  whilst  the  other  is  a  hollow  concentric  cylinder. 

This  arrangement  of  the  two  conductors  as  one  cable  used  to  be 
almost  exclusively  used  and  was  most  convenient  for  manufacture. 
The  capacity  of  the  outside  conductor  of  such  a  cable,  however,  with 
respect  to  the  inner  conductor,  is  so  large  that  iu  recent  years  stranded 
cables,  in  which  the  conductors  lie  aide  by  aide,  have  come  more  into 
use.     If  each  conductor  is  arranged  in  a  cable  by  itself,  an  iron  sheath 
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should  be  avoided,  because  the  latter  would  considerably  increase  the 
self-induction  of  the  conductor.  Since  the  iron  covering  is  only  re- 
quired for  giving  strength  to  the  cable,  stranded  cables  with  several 
conductors  are  largely  used. 

For  stranded  cables  with  two  and  three  conductors  we  get  precisely 
the  same  formulae  as  for  a  double  line  and  a  three-phase  line.  Hence 
with  a  double-line  cable, 

Z=i3[0-921og(|)  +  0-l], (235a) 

and  in  a  three-phase  cable,  for  each  phase 

L-.iJ4[o-461pg10(^)  +  0-06] (239a) 

When  cables  are  provided  with  an  iron  sheath,  the  lines  of  force  outside 
the  conductor  close  through  the  covering,  whereby  the  self-induction 
is  increased.  The  eddy-currents  produced 'in  the  iron  covering  by 
these  lines  of  force  are  however  so  small  that  no  heating  is  pro- 
duced in  the  covering  when  the  load  is  symmetrical,  and  only  very 
little  heating  when  the  load  is  slightly  unbalanced. 


/.-^[©^(l  +  l^S^logM^+O-ST^-O-iesJ...^^) 


130.   Self-  and  Stray  Induction  of  Coils  in  Air  and  in  Iron. 

(a)  Of  all  coils  the  simplest  is  the  circular  coil  formed  by  a  wire  of 
circular  cross-section  (Fig.  366).     Its  coefficient  of  self-induction  is 

10\ 
or,  if  the  value  of  j  is  not  too  large, 

i=ife[o'46,og'4-°'163]- 

This  can  only  be  determined  by  means  of  a  complicated  integration. 


r 


i 


Fio.  366. 


Fiq.  867. 


Another  simple  coil  is  of  a  circular  wire  wound  in  the  form  of  a 
rectangle  of  sides  ttj  and  a2.  Since  the  coefficient  of  self-induction  per 
unit  length  for  two  parallel  round  wires  of  diameter  d  and  distance 
a  apart  (Eq.  235)  is 


i  =  i[0-92log10(|)  +  0-l], 
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and  since,  further,  two  conductors  at  right  angles  can  exert  no  in- 
ductive action  on  each  other,  the  coefficient  of  self-induction  of  the 
rectangle,  shewn  in  Fig.  367,  is 

L  =  W  [°'92a'  '<«"> (2?)  +  °'92'(* loS«  ^d)  +  <fli +  "J  const"]' 
By  accurate  calculations  this  constant  is  found  equal  to    -  0-24 
instead  of  -t-0'1,  which  might  have  been  expected;  hence  the  coefficient 
of  self-induction  of  a  rectangle  equals 

L-  io'[0'92"'  log">(3?) +0'92*" los"  (t1)  "  °'24("'  *"')]  ('-'4'2) 

or  approximately 

L,  Y^^'i-f-.^"'^©-  -0,],  (Mfc.) 

where  /,.  is  the  mean  length  of  the  coil.  

If  the  circular  or  rectangular  coil  is  not  formed  of 
wire  of  circular  section,  but  say  of  rectangular  section,     /'  « 

the   calculations   may   be   carried    out  with    sufficient 
accuracy  by  taking  the  diameter  d  as  the  diameter  of     I 
a  circle  having  the  same  periphery  as  the  section  of    '■ 
the  conductor  (see  Fig.  368).    This,  however,  is  only 
permissible  wben  the  section  is  not  too  flat. 

If  the  circular  coil  consists  of  several  (w)  turns,  as  is 
shewn  in  Fig.  369,  the  foi-mula  Incomes  Pl°-  *M- 

L-^'[o-461csl0(£)-<H6s],    (243) 

where  d,  is  the  diameter  of  a  circle  of  equal  periphery  to  the  coil  and 
l,  =  wD  is  the  mean  length  of  the  coil.  It  is  assumed  in  this  formula 
that  /,  is  large  compared  with  d,, 

r— **— < 


Fiwn  the  a/we  fonnula  it  follotcs  directly  that  the  coefficient  of  self- 
induction  is  pioportional  to  the  square  of  the  nitndittr  of  turns. 

Treating  a  reetangular  coil  with  w  turns  (Fig.  370)  in  a  similar  way, 

L .  ^[0-92., log„(^)  +  0-92«,  log„(^>)  -  0-24 («,+«,)] 

=^K©-°-2] <*"> 
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If  such  a  coil  is  laid  on  a  flat  iron  surface,  the  coefficient  of  self- 
induction  is  approximately  doubled,  because  the  magnetic  reluctance  is 
practically  reduced  to  half. 


Via.  871.— Magnetic  Field  of  an  Armature  Coil. 

This  is  also  approximately  the  case,  even  when  the  iron  surface  is 
cylindrical,  because  the  lines  of  force  always  pass  into  the  iron  at 
nght  angles ;  the  surface  of  the  iron  forms  an  equipotential  surface. 

Fig.  371  shows  the  distribution  of  the  lines  of  force  for  a  coil  of 
circular  section  half  embedded  in  an  iron  cylinder.     The  lines   of 

force  are  dotted  for  the  case  in  which  the 
cylinder  is  made  of  non-magnetic  material. 
From  the  distribution  of  the  lines  it  is  clear 
that  the  introduction  of  the  iron  cylinder 
into  the  field  of  the  coil  reduces  the  mag- 
netic reluctance  to  half  and  thereby  doubles 
the  self-induction. 
The  field-strength  in  the  middle  of  a  long  thin  coil  of  diameter  D 
and  length  /,  (Fig.  372)  is 


Fro.  872. 


IT 


Denoting  the  section  of  the  coil  by  q$  =  -rD2i  the  flux  through  the 

middle  part  of  the  coil  equals  approximately  qjfm;  at  the  ends  of 
the  coil,  however,  the  flux  is  somewhat  smaller,  so  that  all  the  w 

turns  do  not  embrace  the  same  flux.     "  ,m    is  a  measure  of  the  flux- 

interlinkages  with  the  coil,  where  the  factor  k,  is  greater  than  1  and 
takes  into  account  the  decrease  in  flux  at  the  ends  of  the  coil. 
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Hence  we  obtain  the  coefficient  of  self-induction  L  of  such  a  coil, 
equal  to  the  sum  of  the  flux-interlinkages  f or  i  =  1  ampere, 

L=woqw:' (245) 

k,  depends  on  the  dimensions  of  the  coil,  especially  on  the  ratio 
--.     The  greater  this  ratio,  the  nearer  kt  approaches  unity.     If  -^  is 

very  large,  -^=-  is  the  magnetic  reluctance  of  the  cylindrical  coil  and 

.  X\  .   is  the  magnetic  reluctance  of  the  effective  flux,  which  is  con- 
0-8A;,/,  ° 

sidered  to  be  interlinked  with  all  w  turns. 

(b)  When  dealing  with  the  coils  in  electric  machines  and  trans- 
fornfers,  it  is  not  usual  to  calculate  with  self-  and  mutual  induction, 
(as  mentioned  in  Chap.  VII.,  p.  116),  but  with  the  main  and  leakage 
fluxes,  or  the  quantities  corresponding  to  these,  i.e.  the  coefficients  of 
mutual  and  leakage  induction.  It  would  carry  us  too  far  here  to 
calculate  all  the  coefficients  occurring  in  machines  and  transformers ; 
and  therefore  we  shall  confine  ourselves  to  pointing  out  the  methods 
by  which  they  may  be  calculated. 

Fig.  373  shews  the  distribution  of  the  lines  of  force  in  a  single-phase 
iron-core  transformer  with  a  cylindrical  winding.  I  denotes  the 
primary  coils  and  II  the  secondary.  Both  embrace  the  main  flux, 
which  is  produced  by  the  difference  between  the  primary  and  secondary 
ampere  turns.  The  leakage  lines,  of  which  the  primary  are  inter- 
linked with  part  of  the  primary  winding  and  the  secondary  with  part 
of  tbe  secondary  winding,  are  squeezed  between  the  primary  and 
secondary  coils,  in  which  currents  flow  in  opposite  directions.  The 
leakage  coefficients  SY  and  S2  are  given  by  the  summations  (p.  112) 


wlx(wlx-w2x^) 


&  =  2 


'i 


Bm 


S2  =  2 


w2, 


which  extend  over  all  the  tubes  of  force  interlinked  with  the  primary 
and  secondary  turns  respectively. 

In  general,  it  is  only  necessary  to  know  the  sum  of  these  two 
coefficients,  and  this  can  easily  be  approximated  as  follows. 

For  each  limb  of  the  transformer, 

si+s*=iQ8jt nenrv  s> 

where  wl  is  the  number  of  primary  turns  per  limb,  ££  the  secondary 
leakage  coefficient  reduced  to  the  primary  and  11,  the  effective  magnetic 
reluctance  of  the  space  between  the  two  windings.     This  reluctance  can 
a.c.  2  E 
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be  expressed  in  the  same  way  as  the  reluctance  of  a  cylindrical  coil 
(Eq.245),  _     q 

where  q,  is  the  section  of  the  effective  flux  between  the  primary 
and  secondary  winding,  /,  the  mean  length  of  the  two  windings  and  A-, 
a  factor  which  takes  into  account   the   magnetic   reluctance   of   the 


e  Field  nf  TrnoHlonuer  with  Cylindrical  Winding. 


leakage  flux  outside  the  space  between  the  two  windings,  and   the 
decrease  in  the  leakage  field  at  the  ends  of  the  windings.     Denoting 
the  radial  distance  between  the  two  windings  by  A,  the  depth  of  the  ' 
primary  and  secondary   windings  by  \  and  A,,,  and  the  periphery 
between  the  two  windings  by  U,  we  have 


=  „(. 


4+     ' 


"H 


The  presence  of  - !  and  a  in  this  expression  is  due  to  the  fact  that 
the  integration  has  to  Iw  carried  out  for  the  interlinkages  of  the  tutu's 
of  force  -(>:*)  <"'d  not  for  the  tulies  of  force  2(-^  1.     The  result  of 
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this  is  not  the  mean  of  Aj  and  A2,  but  a  third  of  their  sum.     Hence 
the  sum  of  the  -leakage  coefficients  of  the  windings  per  limb  is 


<7  j.<r_  ^ 


»('**-?) 


0'8k,l, 


henrys (246) 


The  strength  of  the  leakage  field  itself  for  a  section  in  the  middle  of 
the  windings  is  shewn  by  curve  C  in  Fig.  373. 


jO  C  0„C  €  0 


Fio.  874a. —Leakage  Field  of  Three-phase  Generator. 

Prof.  G.  Rapp  has  determined  experimentally  the  values  of  lc9  for 
several  transformers ;  in  modern  transformers  k,  lies  between  0*95  and 
1-05.  In  order  that  no  local  leakage  fields  may  exist  in  the  trans- 
former, care  must  be  taken  that  the  two  windings  are  as  far  as 
possible  alike  in  shape  and  arranged 
symmetrically  with  respect  to  each 
other.  W 

The  armature  coils  of  electric  cz> 
machines  are  nowadays  nearly  always  <^, 
placed  in  slots.  In  this  case  it  is  of  ■ 
advantage  in  calculating  the  leakage  zT-^= 
coefficient  to  split  up  the  leakage  lines  =-— _ 
into  three  groups  :  _ ~ 

1.  Lines    A     (Fig.    374a),    which      ~-~— "T7 
entirely  pass  through  the  slots.  --^zz^iEEj. 

2.  Lines  B,  which  pass  between  the  c  * >  <£j> 
tops  of  the  teeth.                                                qj>  cH> 

3.  Lines  C  (Fig.  3746),  which  are 
closed  round  the  coil-ends  outside  the 


iron. 


Fig.  3746,— Leakogo  Field  of  Coil-ends. 

In  addition  to  the  leakage  lines,  there 
are  also  the  lines  D  of  the  main  flux,  which  pass  through  the  armature 
coils  and  produce  in  them  the  E.M.F.  of  mutual  induction.     The  main 
flux  of  a  polyphase  generator,  as  shewn  in  Fig.  374«,  is  produced  by 
the  resultant  of  the  field  and  armature  ampere-turns. 
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As  was  pointed  out  in  Sect.  118,  p.  382,  the  resultant  ampere-turns 
of  an  n-phase  armature  winding  having  v:  turns  per  pole  and  phase,  and 


n 


having  a  current  of  maximum  value  /UIM,  is  equal  to  ryl^xW ;  this  M.M.F. 
rotates  in  synchronism  with  the  field,  and  is  displaced  from  it  by  a 


tfP^ 


-i 


-v 


1 


-£ 


Fio.  874r. 


Jl 


Fio.  374<£. 


certain  angle  ^.  This  angle  is  identical  with  the  internal  phase 
displacement  \f/  of  the  armature  current,  if  the  angle  of  a  pole-pair 
is  just  equal  to  2ir. 

Using  the  same  method  as  employed  above,  the  leakage  coefficient  of 
an  armature  coil  can  be  written 

<s'_JL  !f» 

io8^/ 

where  li$  is  the  magnetic  reluctance  of  the  effective  leakage  flux, 
interlinked  with  all  the  w„  turns  in  a  slot.     It  is,  however,   more 

convenient  for  our  division  of  the 
leakage  lines  to  write 

-i=2/AB  +  2/A4  +  2/Aa 

where  \,  is  the  permeance  of  the 
leakage  field  across  the  slot  for 
1  cm  length  of  iron,  kk  the  same 
for  the  leakage  field  across  the  tops 
of  the  teeth  and  A.,  for  the  coil-ends 
or  overhang.  /  is  the  length  of 
the  iron  and  /,  the  length  of  the 
overhang. 

In  Fig.  375,  the  leakage  lines  A 
passing  through  the  slots  are  considered,  and  curve  C  shews  the 
strength  of  the  leakage  field.  The  permeance  \ni  calculated  from  this 
distribution  of  the  leakage  lines,  neglecting  the  magnetic  reluctance  in 
the  iron,  is  given  by 


Fia.  375.— Slot  Field. 


"""".U.W  0-8r,     0* 


6 


rA 


•8r3     0-8(?-1  +  ?*8)     0-8^ 

•2:>    .3-  +  -  +  — -  +  -1) 

\3r8     r3     rx  +  rz     r,/ 


(247) 
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Here  we  have  again  -—  and  not  — ,  because  we  integrate  over 

3r8  2r8 

the  interlinkages  of  the  tubes  of  force  2-^,  i.e.  f- J  dx. 

For  the  leakage  lines  B  we  take  the  distribution  as  being  two 
quarter-circles  and  the  straight  lines  joining  them,  as  shewn  in 
Fig.  375.     From  this  we  have 

dx 


""L'f 


The  integration  is  here  taken  to  the  limit  tv  which  it  is  best 
to  put  equal  to  the  slot-pitch,  since  all  the  tubes  of  force  outside 
this  limit  usually  embrace  several  slots.  To  estimate  these  correctly 
necessitates  complicated  constructions,  into  which  we  shall  not  enter 
further. 

To  calculate  the  leakage  lines  C,  it  is  best  to  consider  the  two 
coil-ends  as  comprising  one  rectangular  coil  (Fig.  374c),  whose  per- 
meance is  equal  to 

A,  =  0-46[log10(^)-0-2] (249) 

Hence  the  leakage  coefficient  of  an  armature  coil  is 

"     -  S=^(an  +  ZAt  +  ZA)henrys,  (250) 

where  An,  Xk  and  A,  can  be  calculated  from  the  above  formulae. 

If  two  similar  coils,  belonging,  to  different  circuits,  lie  side  by  side  in 
the  same  slot  (Fig.  376),  the  currents  in  them  are  mutually  inductive. 
The  coefficient  of  mutual  induction  M  of  two  such  coils 
is  equal  to  the  leakage  coefficient  S,  assuming  the  dis- 
tribution of  lines  of  force  in  Fig.  375. 

The  distribution  of  the  lines  of  force,  however,  will  be 
quite  another  thing  if  the  currents  in  the  two  coils  are 
very  different  from  each  other,  and  especially  if  they  are 
oppositely  directed.  In  this  case  M  is  somewhat  smaller 
than  S.  Fia  376. 

The  above  formulae  for  the  calculation  of  the  leakage 
coefficients  of  armature  coils  do  not  of  course  give  quite  accurate  values, 
since  the  lines  of  force  are  not  distributed  along  the  assumed  geometric 
lines,  but  always  choose  complicated  paths,  for  which  the  magnetic 
permeance  of  the  leakage  fields  is  a  maximum.  For  this  reason 
experimental  values  are  usually  somewhat  greater  than  calculated. 

131.  Increase  of  Resistance,  due  to  Eddy  Currents  in  Solid 
Conductors.     In  the  previous  section  we  have  seen  that  the  magnetic 
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field  in  the  interior  of  an  electric  conductor  is  not  constant,  from 
which  it  follows  that  the  current  lines  do  not  all  possess  the  same 
self-induction.  On  this  account  the  distribution  of  a  high-frequency 
alternating-current  over  the  section  of  the  conductor  is  not  uniform, 

but  such  that  the  variation  of  the  potential  energy  L-  is  as  small  as 

possible.  For  this  reason  the  greatest  current-density  is  obtained  in 
that  part  of  the  conductor  in  which  the  magnetic  field  is  strongest. 
Lord  Kelvin  first  demonstrated  this  phenomenon,  which  is  known  as 
skm-effect. 

Its  action  produces  an  increase  in  the  resistance  and  reduction  in  the 
self-induction  of  the  conductor.  When  the  field  in  a  wire  is  due  to 
the  current  in  that  wire  alone,  the  current-density  is  dependent  on 
the  distance  of  the  point  considered  from  the  axis  of  the  wire.    The 

current-density  is  greatest  at  the  surface  and  least  at 
the  axis. 

(a)  We  first  calculate   the  distribution   of  current 

over  the  section  of  a  round  wire,  in  which  case  the 

approximate  equations  are  similar  to  those  for  the 

distribution  of  a  rapidly  alternating  magnetic  flux  in 

a  round  iron  wire. 

Fio.  877.  ^et  us  consider  the  element  of  the  wire  formed  by 

a  cylinder  of  thickness  dx  at  a  distance  x  from  the 

axis   (Fig.  377).     Let  the  maximum  current-density  be  Ix  and  the 

magnetic  field-strength  Hx.     This  increases  from  the  inside  to   the 

surface  by  the  value 

,zr      0m±irlx2irxdx     A  .    r  , 
' *  = 2ra *  0^f'd^ 

while  the  induction,  assuming  constant  permeability,  increases  by 
pdHx  =  dBx.  On  the  outside  of  the  cylinder  a  smaller  E.M.F.  Ex  is 
acting  than  on  the  inside.  The  increase  in  the  e.m.f.  Ex,  assuming  a 
phase  displacement  of  90°,  is 

dEx  =  2TrjcBsdxlO-B  =  2irjc/xIJxdxlO-*  volts. 

This  increase  in  the  pressure  requires  an  increase  in  the  current* 

P-E 
density,  according  to  the  equation  lx  =  - — ,  equal  to 

dfx=  -^>=  -  2irjc^ HjlzlO-s  volts. 


!  P  '  P 


Hence  •*=  -  2irjc-  -y— 10  8. 

ax2  J  p    dx 

Substituting  now  the  value  of  —~-^,  we  have 

CLX 


Vlx 

dx*~ 

-  0-8tt%c^^10-8. 

St* 

• 

1 
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Introducing  (in  the  same  way  as  for  the  distribution  of  induction  in 
iron  wires)  

27T        Ity       (251) 

io*ViO/>'  v     ' 

we  obtain  ~T^=i  ~?/A.3/x. 

The  solution  of  this  equation  is 

•  *     <  •  * 

where  A  and  B  are  equal,  since  the  same  value  is  obtained  for  /,  for 
both  +  x  and  -  x.     Hence 


/,«4[cG--»**  +  c-<i-i>A*].        JJ     '-'*-  (•   -}  ^* 


At  the  surface  of  the  wire,  where  x  =  r9  the  current-density  is  a 
maximum  _  ,.    ..  ..    v^  / 


/^=4[<(1-^r  +  <-(l-*Xr].  -     ^, 


^*^>'      -  ' 


Therefore  /,  =  /_!_  ^.±1_T^ (252) 

The  current-density  therefore  decreases  from  the  outside  to  the  inside 
in  a  curve  like  the  induction  in  an  iron  wire.  To  determine  the 
effective  resistance  of  the  wire,  the  mean  of  the  squares  of  the  current- 

densities  I     Px2irxdx  must  be  divided  by  the  square  of  the  mean  of 
J*=o 

the    currenlniensity      I      It2irxdx    .     The  real  ratio  of  these  two 
quantities  gives  the  ratio  k  of  the  effective  resistance  r^  to  the  ohmic 


resistance  r. 


Cx**r 

I       l^irxdx 

Jx=0 


Hence  k  =  -r-  =    J^ (real  part). 

Since  this  ratio  can  only  be  determined  by  tedious  calculations,  the 
result  of  exact  calculations  is  here  shortly  given.     For  low  frequencies, 

we  have  for  copper  wire  f  /*=  1  and  p  =  0-017  x  10"4i2 — A 


&=l+0 


'°(»)'-™G£>)' 

for  aluminium  wire  (/*=  1  and  p  =  0'0285  x  10"4i2      2  j 
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for  thin  iron  wires  (/*=  1000  and  p  =  0'10  x  10-4G^2) 

»-.♦.(-&•-,«.(-)'." 

where  the  diameter  d  of  the  wire  is  expressed  in  cm. 

For  medium  frequencies  it  is  best  to  use  the  table  calculated  by 
Hospitalier,  which  gives  the  values  of  k  for  different  values  of  od*. 
This  table  applies  to  copper  wire  with  />  =  0*017  ohm.  To  obtain  the 
ratio  for  wires  of  other  materials,  the  value  of  cd2  must  be  multiplied 

by  -0*017,  and  the  value  of  k  corresponding  to  this  new  value  of  cd* 

found  from  the  table : 


erf2 

k 

cd2 

k 

0 

10000 

1520 

1-8628 

20 

1-0000 

1880 

2  0430 

80 

10001 

2280 

2-2190 

170 

10258 

2710 

2-3937 

300 

1-0805 

4820 

30956 

470 

1-1747 

7500 

3-7940 

680 

1-3180 

17000 

5-5732 

920 

1-4920 

30000 

7-3250 

1200 

1-6778 

(b)  For  very 

high  frequencies  and  conductors  of 

magnetic  material, 

A  = 

2ir 
10* 

/  <7* 
VlOp 

reaches  such  high  values  that  e'**  can  be  neglected  compared  with  c**. 
The  current-density  Ix  can  then  be  written 

ix~  /max    (l-j)Ar~  /"»»r  \->*J&J 

This,  like  all  the  previous  equations,  serves  not  only  for  round 
wires,  but  also  for  bars  of  rectangular  section.  For  such  a  bar,  x 
denotes  the  distance  from  the  middle  of  the  bar  and  2?*  =  A  its  thickness. 
For  very  high  frequencies  or  permeabilities,  the  mean  current-density 
in  a  bar  is  A 


/moui 


OT  tf_-<l-j)*j/>/_ (254) 
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When  we  remember  that  />/„„*  denotes  the  pressure-drop  per  cm 
length  of  the  conductor,  due  to  the  ohmic  resistance  and  to  the  field 
within  the  conductor,  we  see  that  this  pressure-drop,  based  on  the 
mean  current-density  Immn  or  on  the  current  A/meH1  flowing  in  the 
conductor,  is  composed  of  two  equal  components.  One  of  these  com- 
ponents is  in  phase  with  the  current  and  represents  a  resistance-drop, 
while  the  other  leads  the  current  by  90°,  and  therefore  becomes  a 
reactance-drop.  Each  component  is  equal  to  £A/>.  Hence  the  same 
resistance  would  be  obtained,  if  the  current  in  the  conductor  was 

divided  into  two  layers  each  of  thickness  j,  since  these  layers  would 

have  an  ohmic  resistance  of  £A./>  per  cm  length.     For  this  reason  it  is 
said  that  high-frequency  currents  only  penetrate  into  the  conductor  to 

a  thickness  T  or  that  an  outer  layer  of  the  conductor  of  thickness 

A 


„      1     10*    Mp  ..... 

**'X°*  to  <{-&«* (255) 

carries  the  whole  current  The  effective  resistance  of  the  conductor  is 
equal  to  the  resistance  of  this  outer  layer,  and  at  the  same  time  this 
is  equal  to  the  effective  reactance  of  the  conductor,  due  to  the  field 
within  itself.  This  reactance,  however,  is  usually  negligible  compared 
to  the  reactance  due  to  the  field  outside  the  conductor. 

The  same  result  is  obtained  for  round  wires,  where  only  an  outer 

cylindrical  layer  of  thickness  &ea=T  serves  to  carry  the  current.     For 

this  reason  copper  tubes  are  also  used  as  conductors  for  very  high- 
frequency  currents.  They  not  only  possess  the  advantage  of  utilising 
the  copper  better,  but  they  also  have  a  smaller  self-induction.  Such 
tubes  are  used,  for  example,  in  switch-gear,  and  especially  for  the 
connections  of  lightning  protectors.  The  thickness  of  the  conducting 
layer  is  as  follows : 

For  copper  conductors  (/>  =  0*017  x  10"4i2 — ^  j 

fi       104    /Ify     6-5 

8-=2W— 7ccm' 

for  aluminium  conductors  (p  =  0*028x  10~412 — 7,\ 

\  cmv 

a       8'5 
0*  =  -^  cm, 

for  iron  conductors  (p  =  1000,  p  -  0-10  x  10"412  ^\      , 


.    _10*    /I0p_0- 


5 

—    .-=  cm. 

W        sJC 
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For  railway  rails  we  obtain  8^=0-1  cm  =  1  mm.  at  25  cycles.  If  U 
is  the  periphery  of  the  rail  in  mm,  the  effective  resistance  per  kilometre 
length  at  25  cycles  is 

O-lxlQglOQ 

U      "   U 


7*eff  = ^ —  =—Trr  ohms. 


At  15  cycles  the  resistance  is  N/^|  =  l>/6*6  =  0*775  times  as  large, 

.      77  5    , 
i.e.  — jj.  ohms. 

The  effective  reactance  of  the  rails,  due  to  the  field  within  them, 
is  of  course  equal  to  the  effective  resistance. 

(c)  If  the  wires  lie  near  one  another  as  in  cables,  their  mutual 
induction  affects  the  distribution  of  current.  The  highest  current- 
density  here  occurs  in  the  parts  where  the  wires  are  near  together,  and 
the  skin-effect  may  become  very  considerable.  For  this  case  we  can 
use  the  formulae  given  by  Prof.  G.  Mie  (fVied.  Ann,  1900)  for  non- 
magnetic wires  at  Tow  frequencies.  The  ratio  for  twin-copper  cable  is 
approximately 

and  for  aluminium  cable 

where  a  denotes  the  distance  between  the  axes  of  the  two  conductors. 
For  conductors  of  magnetic  material  the  distance  between  the  wires 
has  little  effect  on  the  current  distribution,  and  in  this  case  the  same 
formulae  may  therefore  be  used  as  for  a  single  conductor. 

If  the  reactance  of  a  cable,  due  to  the  field  within  itself,  forms  a 
considerable  part  of  the  whole  reactance,  it  is  also  necessary  to  correct 
the  coefficient  of  self -induction  at  high  frequencies.  Instead  of  0*1  in 
formula  235a,  we  have  to  put  for  copper  cables 

o,{4o.35+n,OTQV[o,2+«(0](^y} 

and  for  aluminium  cables 

If  the  conductor  in  the  cable  consists  of  several  small  wires  more  or 
less  insulated  from  each  other,  the  skin-effect  is  considerably  reduced, 
due  to  thus  splitting  up  the  section. 

Prof.  Mie  has  given  the  following  formulae  for  rapid  oscillations,  in 
the  same  place  as  the  above.     The  ratio  k  for  copper  wires  is 

~  VaC"tf    '"  V 1000  +  8  +  2  V(a^)* 
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and  for  aluminium  wires 


led*       1     (a  -  s/a«  -  tP)  (<P  +  a  Vaa  -  ri3) 

Viooo+  " 


whilst  the  coefficient  of  self-induction  approaches  the  value 
,     0-92.        /«W< 


2.        /aWa*-<J*\ 


as  the  frequency  increases. 

(d)  In  a  coil  consisting  of  several  turns,  the  distribution  of  the  lines 
of  force  of  its  field  is  still  more  complicated      • 
than  with  one  or  two  wires,  so  that  the  cal-    • 
culation    of    the   effective    resistance   is    much 
more  difficult.     In  order  to  keep  the  increase 
in  resistance  as  small  as  possible,  the  conductors 
should  be  made  of  flat  copper  atrip,  arranged 
in  such  a  way  that  the  longer  side  of  the  section 
coincides   with   the   direction    of   the   leakage 
lines.     Further,  turns   which    lie   in   different 
leakage    fields    should    not    be   connected   in 
parallel,  since  heavy  local  currents  might  ensue, 
producing  an  apparent  increase  in  resistance. 

Messrs.  Field*  have  exhaustively  treated  the 
distribution  of  current-density  for  coils  in  slots 
and  the  increase  in  resistance  due  to  fields 
occasioned  by  the  presence  of  the  teeth.  Only 
the  main  points  aud  the  result  of  these  investi- 
gations will  be  given  here. 

Let  us  consider  two  bars  placed  one  above 
the  other,  as  in  Fig.  378,  and  again  assume 

that  the   leakage  field    traverses    the    slot  in  "~  l 

straight  lines,  aud  that  the  magnetic  reluctance 
of  the  iron  cau  be  neglected  compared  with 
that  of  the  slot.     Then   it  follows   that  the 

current-density  IM  does  not  vary  in  the  breadth  _  j 

of  the  slot,  but  only  in  the  height.  The 
field-strength  increases  with  the  height  x  ac-        .    u_  5 -J   j 

cording  to  the  following  law :  »■ 5  — h 

,,,  _ (Hirr/, dx  F10.  its. 

In  the  upper  surface  of  the  element  of  conductor  of  thickness  dx, 
which  we  are  considering,  an  e.M.k.  is  induced,  which  differs  from  that 
induced  on  the  lower  surface  by  dK„  equal  to 

dE,  =  2vjcii.II,  dx  1 0"8  volts, 
'  Traiuacliotu  A.I.E.E.  1905  and  I'roceedinyt  I.E.E.  1006. 


h 
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which  causes  an  alteration  in  the  current-density  of 

Hence,  from  these  two  differential  equations  we  obtain 

-r^=  -2irjc-  -~  10"8=  -2irjc- -2/x10-8 

ax2  J   p  ax  J   p     7  3     •* 

or  ^=^0-8/V2c^-2/x10-«,       • 

ax2  pr* 

which  differs  from  the  equation  for  wires  in  air  on  p.  438  only  in  the 
factor  -A     If  we  substitute 

X-  --     I  ^2 
we  have  /x  =  ^c(1 -■>>**  +  Jfc-d -■*>** 

and  //=  -*$-%-  -^T^^-^-A-O"^). 

To  determine  the  constants  A  and  /?,  we  have  the  following  two 
limits : 

Kirtly,  for  z-0,  0^(n-l)/m^,^ 

where  Imma'n'2  denotes  the  maximum  current  per  conductor,  and  (n  -  1) 
is  the  number  of  conductors  in  the  slot  underneath  the  conductor 
considered.  The  conductor  considered  is  therefore  the  ntt  from  the 
bottom,  and  (n-l)Imcmnir2  is  the  maximum  current- volume  lying 
beneath  this  conductor. 

The  second  limit  is,  that  the  maximum  current  in  a  conductor  is 
equal  to 


p 


lx  1*2  dX  —  /„,„„,  ?T2 . 


By  means  of  these  two  limits  we  can  first  determine  the  constants 
A  and  B  and  then  find  the  ratio  k  of  the  effective  resistance  to  the  ohmic 

rriidz 

k  =  *-*  =  -{^ _  (real  part). 

A.  B.  Field  has  given  the  following  formula  for  this  ratio : 

,  _  v   ±n(n  -  l)(cosh  kr  -  cos  Ar)(sinh  kr  -  sin  kr)  +  (sinh  2kr  +  sin  2kr) 

cosh  2kr  -  cos  2kr  ' 

(256) 
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and  this  is  shewn  in  Fig.  380  for  different  values  of  \r.  By  means 
of  these  curves  the  ratio  k  for  each  turn  of  the  armature  coil  can  now 
be  found,  and  thus  the  mean  increase  iu  resistance  of  all  the  turns 
easily  determined.  Fig.  379  shews  the  current-density  and  phase- 
displacement  with  regard  to  the  main  current  as  functions  of  the 


O         QZ        Q9         Q6        Q6         O  0,;        0,9        0,6        Of        19 

Fio.  879.— Current  Density  and  Phase  Displacement  in  two  Armature  Conductors. 


height  of  bar.  The  curves  were  calculated  by  A.  B.  Field  for  the  two 
conductors  shewn  in  Fig.  378  at  25  cycles.  It  will  be  noticed  that 
great  variations  occur  in  the  current-density.  For  the  lower  conductor 
it  is  a  maximum  at  the  upper  corner,  while  for  the  upper  conductor 
it  is  a  minimum  in  the  middle.  From  this,  as  well  as  from  the  curves 
in  Fig.  380,  it  is  clear  that  the  increase  in  resistance  is  much  greater 
for  the  conductor  near  the  armature  surface  than  for  the  other. 

As  for  wires  in  air,  the  skin-effect  has  not  only  the  effect  of  in- 
creasing the  resistance  of  armature  coils,  but  also  of  decreasing  their 
self-induction.  This  is  due  to  the  fact  that  the  current  is  driven 
upwards  in  the  bars,  so  that  the  path  of  the  leakage  field  across  the 
slot  is  not  straight,  as  shewn  in  Fig.  375,  but  passes  chiefly  between 
the  bars  and  through  the  highest  and  lowest  parts  of  the  bars.  If 
many  turns  are  arranged  above  one  another  in  the  slot,  the  distortion 
of  the  leakage  field  is  not  so  marked,  since  the  conductors  are  very 
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thin  and  the  leakage  field  varies  from  the  bottom  to  the  top  almost 
according  to  a  straight-line  law. 

If  there  are  only  a  few  large  conductors  in  the  slot,  it  is  advan- 
tageous to  laminate  them  parallel  to  the  lines  of  force  or  to  make  them 
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Fin.  380.— Curves  for  Determining  Increase  of  Resistance  in  Armature  Conductors. 


of  pressed  cable.  In  many  electric  machines,  such  as  continuous- 
current  machines,  and  to  a  still  higher  degree  in  rotary  converters,  the 
wave-shape  of  the  currents  flowing  in  the  armature  conductors  is  very 
different  from  a  sine  wave.  In  such  cases  the  current  must  be  resolved 
into  the  fundamental  and  higher  harmonics,  and  the  losses  on  the 
ratio  h  calculated  for  each  of  these  currents.  If  these  ratios  are  ifcj, 
kS9  k&,  etc.  for  the  currents  Il9  Is,  75,  etc.,  then  for  the  effective  current 

I=JT\+ll+Pt+... 
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the  effective  ratio  k  is  obtained  from  the  equation 


w- vi +*,/;+*,/:+. 


Hence  k  -  fc,  (^J  +  h  (jj  +  *8  (7)'  + 


These  considerations  and  formulae  for  armature  coils  can  also  be 
used  in  many  other  cases  with  close  approximation,  so  long  as  the 
leakage  lines  run  parallel  to  the  surfaces  of  the  conductors,  and  the 
path  of  the  hues  of  force  is  not  appreciably  altered  through  unsym- 
metrical  distribution  of  current.  Such  cases  occur  in  transformers 
and  induction  coils ;  but  here  the  paths  of  the  lines  of  force  must  be 

taken  into  account  in  choosing  the  ratio  -2. 

rz 
(e)  Besides  the  eddy-currents  induced  in  electric  conductors  by  fields 

within  them,  there  are  also  currents  induced  by  external  fields,  which 
however,  do  not  result  in  an  apparent  increase  in  resistance,  but  only 
in  a  production  of  heat  in  the  conductor.  For  these  currents  the  for- 
mulae may  be  used  which  were  developed  for  the  eddy-currents  in  iron 
wires  and  plates.  It  will  be  best  to  demonstrate  this  by  two  examples. 
On  the  surface  of  a  smooth  armature  there  is  a  copper  conductor  of 
breadth  A  and  thickness  r  (Fig.  381).     The  armature  has  a  diameter  I) 

and  pole-pitch  t=— ,  and  rotates  with  a  peripheral  speed  of  v.     We 

will  consider  the  field  in   the  air-gap  as  , 

being    distributed    sinusoidally    over    the  j»jr«f £■ 

pole-pitch  t.     Then   the  field-strength  at  ffifflZ&SSffi'lr 

any  point  in  the  conductor  at  any  moment  ^ — L^_JrT_ _•< — - 

can  be  expressed  by  1  *         ** 

b  =  Bt  sin  (v>t  -  -  A  *i°.  381. 

The  middle  of  the  conductor,  where  x  =  0,  then  falls  in  the  middle 
of  the  neutral  zone  of  the  magnetic  field,  where  b  =  0,  at  time  /  =  0. 
In  an  element  of  the  conductor  at  distance  x  from  the  middle,  an  e.m.f. 
per  cm  length  is  induced  equal  to 

ex=vbl0~°  volte, 

where  v  is  expressed  in  metres  per  second.     Hence  the  current-density 
in  this  element  is 

ix  =  -\0-*  +  C=^Blsm(<ot--r)  +  C. 

p  /0l0U  \  T     / 

The  presence  of  the  constant  C  is  due  to  the  fact  that  the  sum  of 
all  the  internal  currents  induced  in  the  conductor  is  equal  to  zero. 
Therefore  =   a 

0  =  I  %xdx  = —  2  cos  U  sin  -  7T  +  (7A, 

Jx=-A  p^lO*  t2 

A  T 

from  which  C  can  be  calculated  and  placed  in  the  expression  for  ix. 
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Hence  the  current-density  is 


**  = 


.    w  A 
sin--^- 
t  2 

t2 


cos  a>f  +  sin 


in  ( tat  —  x ) 


To  find  the  loss  ww  per  unit  volume,  we  integrate  over  ilp  -,  -=  and 
obtain  A  y 


w. 


_CTdt  CXS+~ldx^     _    V2$ 

-)o~r)x=_±±l*p-2pW 


L "  #)"  I 


Developing  the  sine  into  a  series  and  neglecting  all  terms  of  the 
higher  orders,  we  have 

1      ^  S]  _  1 /r  AX» 

/irA\2  3Vt2/* 

\t  2J    - 

Further,  putting  \00v= -^-  =  -^  =  2ir  and  expressing  A  i 


in  mm, 


for  a  form  factor  of  /e=  Til  = — p,  the  loss  per  dm8  is 

2v2 

w  =±!°j7ajl  Wwatts (257) 

w    3     P    V    100  1000/  v       ' 

This  formula  corresponds   exactly  with  the  expression  given   on 
p.  351  for  the  eddy-current  loss  in  iron  plates.     It  holds  only  so  long 


Fiq.  382a. 


Slot  Fields. 


Fio.  8826. 


as  the  eddy-currents  do  not  appreciably  affect  the  distribution  of  the 
lines  of  force. 

If  the  armature  bars  lie  in  slots,  KM.F.'s  are  also  induced  in  them  by 
the  main  field.  These  e.m.f.'s  are  due  mainly  to  the  lines  of  forces 
passing  between  the  surface  of  the  pole  and  the  sides  of  the  teeth, 
which  are  chiefly  present  with  large  open  slots  and  a  small  air-gap, 
as  is  shewn  in  Fig.  382a. 

The  field-strengths  of  the  slot-leakage  field  can  be  resolved  into 
radial  and  tangential  components;  the  tangential  component  mainly 
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induces  harmful  eddy-currents  in  the  upper  conductors.  Strongly 
saturated  teeth  also  raise  the  field  strength  in  the  slots.  If  the  slots 
are  very  deep  and  the  teeth  only  strongly  saturated  at  the  root, 
the  lines  of  force  pass  between  the  sides  and  bottom  of  the  slots 
(Fig.  382b).  They  induce  eddy-currents  in  the  lower  conductors,  and 
in  this  case  the  radial  as  well  as  the  tangential  components  determine 
the  magnitude  of  the  eddy-current  loss. 

T|ie  eddy-current  loss  can  be  determined  in  this  case  also  by  formulae 
similar  to  those  used  for  a  smooth  armature.  It  is,  however,  much 
more  difficult  to  determine,  as  the  calculation  is  much  more  com- 
plicated, and  can  only  be  approximated. 
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Fig.  388.— Eddy  Currents  in  Armature  Conductors. 


Dr.  Ottenstein*  has  determined  the  order  of  magnitude  of  this  loss 
by  a  long  series  of  careful  experiments,  and  has  found  that  maximum 
tooth-densities  of  24-25000  can  be  employed  before  large  losses  occur, 
due  to  the  lines  of  force  between  the  sides  and  bottom  of  the  slots. 
In  Fig.  383  the  loss  per  cm3  is  plotted  for  different  slots  and  different 
arrangements  of  the  conductors  in  the  slots  as  a  function  of  the  ideal 
maximum  tooth-density  Bid  (i.e.  the  tooth-density  calculated  on  the 
assumption  that  all  the  lines  of  force  pass  through  the  teeth,  which 

*  "  Das  Nutenfeld  in  Zahnarmaturen  und  die  Wirbelstromverluste  in  massiven 
Armatur-Kupferleitern."    Sammlung elcktrotechnischer  Vorlrage,  Stuttgart,  1903. 
A.C.  2f 


450  THEORY  OF  ALTERNATING-CURRENTS 

is  not  actually  the  case  with  highly  saturated  teeth).  From  this  figure 
it  is  clear  that  the  lines  of  force  between  the  pole- face  and  the  surface 
of  the  slots  may  give  rise  to  very  high  losses. 

The  highest  loss  of  1  watt  per  cm8  occurring  in  the  curves  corresponds 
to  an  effective  current-density  sWJ  which  is  obtained  from 

If  p  —  0'02  is  inserted  for  warm  copper,  the  loss  of  1  watt  per  cm8 

corresponds  to  an  effective  current-density  sw  =  \/50  amp/mm2,  a  value 
which  far  exceeds  the  usual  mean  density  in  armature  bars.  It  is 
therefore  advisable,  when  the  copper  armature  bars  lie  in  open  slots, 
as  is  usually  the  case  in  direct-current  machines,  not  to  nave  the 
conductors  too  near  the  armature  surface,  that  the  air-gap  should  not 
be  too  small  compared  with  the  breadth  of  slot  (i.e.  not  less  than  £), 
and  that  the  maximum  tooth-saturation  is  not  too  high  (i.e.  not  above 
25000  on  full  load).  In  large  alternators  with  open  slots  the  armature 
bars  near  the  surface  should  be  laminated  tangentially  in  order  to  keep 
the  eddy-currents  induced  by  their  own  field  within  permissible  limits, 
and  the  same  bars  should  be  laminated  radially,  in  order  to  destroy  the 
eddy-currents  induced  by  the  main  field.  Since  this  is  not  possible  in 
practice,  the  bars  in  the  neighbourhood  of  the  surface  are  either  made 
of  stranded  cable,  or  they  are  sunk  very  deep  in  the  slots  and  at  the 
same  time  laminated  tangentially. 

132.  Leakage  Fields  and  Electrodynamic  Forces  due  to  Momentary 
Rushes  of  Current.  During  recent  years,  commercial  requirements 
have  led  to  the  building  of  very  large  power-stations  with  large  units. 
At  first  all  the  machines  were  connected  to  the  same  bus;bar  system 
and  therefore  to  the  same  network,  since  no  apparent  reasons  were 
forthcoming  why  the  usual  practice  for  small  units  should  be  departed 
from.  It  had  not  been  considered  that  with  large  units  working  to- 
gether on  the  same  network,  when  a  short-circuit  occurred  anywhere 
in  the  system  an  immense  amount  of  energy  would  act  on  the  short- 
circuit,  and  therefore  give  rise  to  enormous  rushes  of  current.  These 
rushes  produce  great  mechanical  as  well  as  electrical  forces,  and  often 
lead  to  destructive  explosions  in  the  automatic  circuit-breakers,  which 
are  provided  to  cut  out  the  faulty  part  from  the  rest  of  the  net- 
work. In  the  following  section  some  formulae  will  be  given  for 
calculating  the  mechanical  forces  due  to  such  momentary  rushes 
of  current.  To  determine  the  mechanical  forces,  however,  the  dis- 
tribution of  the  leakage  fields  at  the  moment  of  short-circuit  must  be 
known,  and  for  this  reason  the  strengths  of  the  leakage  fields  will  be 
calculated  together  with  the  mechanical  forces. 

To  illustrate  the  forces  which  act  between  straight  conductors,  Fig. 
384  shews  the  switchboard  of  a  6500  volt  motor,  destroyed  by  a  short- 
circuit.  The  motor  was  connected  to  the  large  network  of  the 
Manchester  Corporation  power-station,  and  the  figure  was  supplied  by 
C.  L.  Pearce,  Esq.,  the  chief  engineer.  All  the  cables  were  well  hung 
between  insulators  at  a  distance  of  about  12*5  cm  apart.     The  figure 
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shews  clearly  how  the  outgoing  and  return  cables  of  the  same  phase 
were  repelled  from  each  other,  and  the  cables  of  different  phases 
attracted.  The  insulators  a  and  b  were  broken  and  the  insulating 
plate  J  made  of  asbestos  board  was  cut  clean  through.  The  thin 
cables,  which  were  for  the  most  part  bent,  normally  carried  10  amperes, 
but  as  the  following  calculations  shew,  must  have  carried  a  very  much 
higher  current  during  the  short-circuit.     It  is  clear  that  the  bending 


Fio.  384.— Effect*  of  a  Short-circuit  on  the  Gable  Connections  of  a  Switchboard. 

of  the  cable  was  greatest  near  the  angle-iron  carrying  it  on  account 
of  the  magnetic  field-strength  being  greatest  there.  Also,  we  may 
conclude  from  the  figure,  that  the  bending  started  near  the  angle- 
iron,  and  after  the  wires  had  first  approached  this  place  the  motion 
proceeded  further  downwards. 

(a)  We  first  calculate  the  repelling  force  between  two  parallel  con- 
ductors, serving  as  the  outgoing  and  return  lines.  The  force  must  be 
repulsion,  since  the  currents  in  the  two  conductors  are  oppositely 
directed.     It  can  also  be  said  that  the  wires  tend  to  move  in  such  a 
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way  that  the  self-induction  of  the  loop  formed  by  them  becomes  as 
large  as  possible ;  since  the  magnetic  field-energy  is  then  a  maximum. 
The  wires  therefore  tend  to  move  away  from  each  other.  Parallel 
wires  carrying  currents  in  the  same  direction  have  the  opposite  effect. 
From  Ampere's  law  the  repelling  or  attracting  force  between  two 
parallel  wires  per  cm  length  is  equal  to 

-  2VV-       ke  ~  2il ' '2  ke 
a981000xl00    g  "  alO8   g' 


K= 


(258) 


where  ix  and  i2  denote  the  currents  in  the  wires  in  amperes  and  a  their 

distance  a]&rt  in  cm.     This  formula  is  amplified  when  we  consider  that 

2t 
one  conductor  produces  a  magnetic  field  of  H=ytL  a^  *he  position  of 

the  second  conductor,  and  that  the  mechanical  force  on  the  second 

Hi 
conductor,  from  formula  (7a),  is  yr2  dynes.     If  the  two  conductors  carry 

the  effective  current  /,  the  maximum  force  per  cm  length  is 

4/2 
K=a\0*kg' 

Substituting  in  this  /=  10  amperes  and  a=  12*5  cm,  we  have 

4  x  100        32 


K= 


kg- 


32 


12-5  xlO8     108 

For  a  length  of   100   cm    the   force   is  thus  only  about   ^  kg, 
and  to  obtain  a  force  of  1  kg,  the  rush  of  current  must  therefore 

VTo5 
-s^-  =  175  times  its  normal  value. 

Considering  further  that  each  cable  in  Fig.  384  was  repelled  from 

175 
one  side  and  attracted  from  the  other,  it  still  requires  —p-  =  about  125 

v  2 


Fio.  385.— Field  Intensity  of  a  Long  Thin  Conductor. 

times  the  normal  current  to  exert  a  force  of  1  kg  on  a  cable  1  metre 
long.     This  calculation  shews  clearly  that  very  considerable  rushes  of 
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current  are  met  with  in  networks  of  large  systems.  Short-circuits  in 
such  networks  act  almost  like  dynamite  explosions,  in  that  the  forces 
which  occur  are  sudden  shocks,  acting  momentarily.  This  accounts 
for  the  great  damage  so  often  done  to  the  windings  of  generators  and 
transformers. 

In  order  to  calculate  the  mechanical  forces  acting  on  the  coils,  we 
shall  first  consider  the  field-strength  H3  produced  by  a  long  flat  con- 
ductor (Fig.  385). 

For  this  purpose  we  divide  H  into  a  component  Hx  —  H  sin  a  perpen- 
dicular to  the  conductor  and  a  component  //  =  27  cos  a  parallel  to  the 
flat  side  of  the  conductor.  If  the  conductor,  which  stands  perpendicular 
to  the  paper,  is  very  thin  and  carries  the  current  idy  in  the  element  dy, 
then  the  field-strength  produced  by  this  element  at  the  point  P  is 


dll= 


2idy 


and  its  components  are 

jrT      2idysh\a               ___      2t<£ycosa 
dHx  =  — ^ and     dIL  =  — =^ . 

Integrating  over  the  whole  conductor,  we  now  obtain,  since 

r  da  =  dy  cos  a    and     dr  =  dy  sin  a, 
the  two  resultant  components 


and 


M 


2idy 


10rCOS° 


=  12j|rfa  =  0-2»(a2-a1) (260) 


t  is  here  the  current  per  cm 
breadth  of  the  conductor.  If  the 
length  of  the  conductor  is  not 
very  great,  but  considerable  with 
regard  to  the  distance  of  the  point 
P,  the  two  components  Hx  and  II 

e 

must  be  multiplied  by  t^ttb,  where 

y  is  the  angle  in  degrees  which 
the  conductor  subtends  at  the  *v 
point  P.  If  the  conductor  is  not 
very  thin,  the  components  Hx 
and  H,  (Fig.  386)  must  be  deter- 
mined by  a  double  integration 


Fia.  886. 


"ioi7^  cos  a = J  id (a'2 "  a^ 
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Since  tana^^-  and  tana2=^     (Fig.  386), 


x  x 


we  have  *,.  2^^^'^*' 

whence 

#,=  %  [*2</*2  -  ft)  ~  *i(«2 "  «i)  +  M*i  log10(^)  -  115yilog,o(^)] 

(260a) 

where  t  denotes  the  current-density  per  cm2  and  xv  x29  yY  and  y3  are 
expressed  in  cm.     In  the  same  way  we  have  for  Hx, 

h*~w  W** "  ^ " yiK "  ^a) + 115iCi  log,°© "  vibx2logi°0J\ 

(259a) 
and  the  resultant  field-strength  is 

If  the  conductor  is  not  very  long,  the  factor  -^  must  be  added  to 

this.  This  formula  also  holds  for  a  coil-side  consisting  of  several  turns, 
in  which  case  i  denotes  the  current  volume  per  cm2,  and  the  lengths 
are  expressed  in  cm.     As  a  first  approximation,  the  field-strength 

can  also  be  written        g^«fo -«;,)(?, -y,^  (261) 

where  r  denotes  the  distance  of  the  point  considered  from  the  centre 

of  the  coil. 

(b)  Considering  two  coils  placed  over  one  another,  as  in  Fig.  387, 

then  if  they  are  connected  in  series 
to  oppose  each  other  (or  if  either  coil 


N^  to  oppose  each  other  (or  if  either  coil 

k'.WA       - — —    Afc%p|frN         is  short-circuited  on  itself),  the  two 

v^Sy./ri      «, _     fffi'^r'        coils  will  be  repelled  by  a  momentary 

'/wm/m/h///////////////////^  rush  of  current.     The  leakage  field, 

fkj.  8«7.-TwoMutuaUy.repeiiingCoii«*.      passing  between  the  two  coils,  tends 

to  spread  out  as  much  as  possible  and 
thereby  exerts  a  strong  repelling  force  on  the  upper  coil.  This 
repelling  force  can  be  calculated  from  the  above  formulae  for  the 
field-strength.     The  field-strength  is  approximately  equal  to 

,»     2iw 

~  1 0a 
and  the  repelling  force 

K       (iw)H    2(vw)nt} 

where  I,  is  the  mean  length  of  the  coils,  iw  the  ampere-turns  and  a  the 
distance  between  the  coils  from  centre  to  centre. 

The  leakage  field  in  all  electric  machines  and  transformers  strives 
to  attain  maximum  field-energy,  just  as  do  the  two  coils  in  Fig.  387. 
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Since  the  leakage  field  is  squeezed  between  the  primary  and  secondary 
windings,  and  always  tries  to  expand  as  much  as  possible,  the 
windings  are  driven  apart  by  momentary  rushes  of  current,  if  they  are 
not  fixed  securely  enough.  Eushes  of  current  which  exert  these 
forces  are  chiefly  due  to  short-circuits  in  the  secondary  circuit,  that  is, 
in  the  stator  circuit  in  the  case  of  alternators.  In  this  case  the  field 
winding  is  the  primary  and  the  stator  wind- 
ing the  secondary.  Besides  this,  mechanical 
forces  also  occur  in  machines  and  apparatus 
between  the  several  coils  of  one  winding 
carrying  the  same  or  proportional  currents. 
These  coils  need  not  belong  to  the  same 
phase. 

In  a  transformer  in   which  the  coils  of 
the  primary  and  secondary   windings   are 
sandwiched  between  one  another,  as  in  Fig. 
388,  the  leakage  fields  are  squeezed  between  ^^ 
each  primary  and  secondary  coil,  so  that  KSfl  | 
these  mutually  repel  one  another. 

It  has  even  Happened  that  the  coils 
themselves  have  been  blown  apart.  The 
mechanical  forces  acting  on  the  upper  and 
lower  coils  are  of  course  the  largest,  since 
in  the  neighbourhood  of  the  yoke  the 
permeance  of  the  leakage  field  is  greatest. 

To  determine  the  repelling  force  between  two  coils,  we  must  first  make 
a  calculation  of  the  field-strength  produced  by  one  coil  at  the  position 
of  the  next  coil.     On  account  of  the  great  magnetic  permeance  of  the 

iron  core,  this  is  not  —?->  DU^  almost  double  this  value.     It  must  of 

10a 

course  be  considered  that  the  rushes  of  current  occur  so  rapidly,  that 

the  iron  partially  loses  its  permeance  owing  to  the  eddy-currents 

induced  in  the  plates..    This  remains,  however,  so  large  on  the  sides 

where  the  leakage  lines  enter  the  iron  parallel  to  the  laminations,  that 

the  field-strength  here  must  be  put  equal  to  --- ,  while  on  the  sides 


Pio.  888.  <~  Section  of  Transformer 
with  Disc  Winding. 


10a3 


2iw 


where  the  leakage  field  enters  at  right  angles  to  the  plates,  """  must  be 

10a 

used.     The  mean  field-strength  is  therefore  somewhat  smaller  than 

For  this  reason  the  short-circuit  reactance  of  a  transformer 
10a 

becomes   somewhat   smaller   during   a   momentary   rush   of    current 

than  under  steady  conditions.      Denoting  the  effective  value  of  the 

momentary  short-circuit  current  by  Imk  and  the  number  of  turns  of 

the  outer  coil  by  w„  the  maximum  force  by  which  the  upper  and  lower 

coils  are  pressed  against  the  yoke  is 

~6(/^'kg, W 


K     ~ 
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if  all  the  coils  have  the  same  ampere-turns.  If  the  coils  in  the  middle 
have  double  as  many  ampere-turns  as  the  two  outer  coils,  the  force  is 
approximately  double  as  large  as  that  given  by  the  formula.  The 
formula  is  not  very  accurate,  because  of  the  very  great  difficulty  in 
calculating  Imk. 

In  transformers  with  cylinder  windings,  shewn  in  Fig.  373,  the  field- 
strength  produced  by  one  winding  at  the  position  of  the  second  can  be 
calculated  from  formulae  259  and  260.  It  only  interests  us  here  to 
find  the  maximum  field-strength,  which  occurs  at  the  middle  of  the 
windings.     Here  Hx-0  and 

Zil/ll) 

Iw 
or  if  AS=^-  denote  the  effective  ampere-turns  per  cm  length  of  the 

winding,  the  maximum  field-strength  is 

_2sj2AS{     _ 

-"max-   •      *tr\         \a2       ai)m 

Hence  the  force  exerted  outwards  on  a  coil  of  w,  turns  per  cm  length 

*«  =  ^^' K-«i>  kg (264) 

If  the  coil  is  circular,  the  force,  distributed  uniformly  over  the  whole 
coil,  exerts  a  bursting  action  on  it.  If,  on  the  other  hand,  the  coil  is 
rectangular,  which  is  usually  the  case  in  large  transformers,  the  long 
sides  of  the  rectangle  tend  to  bend  out,  so  that  the  shape  becomes 
elliptical. 

Mechanical  forces  do  not  only,  however,  act  between  the  primary 
and  secondary  coils  on  the  same  core,  but  also  the  outer  coils  on 
neighbouring  cores  are  mutually  attracted,  since  currents  flow  in  the 
same  direction  in  the  adjacent  coil-sides.  These  forces  of  attraction 
can  be  calculated  from  the  same  formulae. 

In  addition  to  short-circuits,  rushes  of  current  also  occur  in  trans- 
formers when  they  are  switched  on  to  the  network.  These  rushes  are 
heavier,  the  more  strongly  the  iron  is  saturated.  In  this  case  the 
secondary  circuit  is  open,  and  therefore  carries  no  current ;  the  primary 
coil  then  tends  to  move  towards  the  position  of  highest  reactance.  For 
this  reason  care  must  be  taken  with  cylinder  windings  that  the  coils 
are  at  equal  distances  from  the  two  yokes,  while  in  all  transformers 
the  upper  coils  must  be  well  fixed  relatively  to  the  yoke,  so  that  they 
are  not  drawn  against  the  yoke  on  switching  in. 

(c)  The  argument  for  generators  is  similar  to  that  for  transformers. 
The  primary  and  secondary  leakage  fields  strive  to  press  between  the 
stator  and  field  windings  and  to  drive  them  apart.  Here  the  field 
winding  is  fixed  so  well  on  the  inner  rotating  member  that  it  cannot 
be  displaced.  For  this  reason  the  repelling  forces  tend  to  drive  the 
coil-ends  of  the  stator  winding  away  from  the  field  system.  Forces  of 
repulsion  or  attraction  also  occur  between  the  coil-ends  of  the  several 
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phases,  according  to  the  direction  of  current  in   the  phases,  at  the 
moment  of  short-circuit.     If  a  coil-end  is  very  near  the  iron,  it  is 
usually  drawn  against  the  iron.     With  the  arrangement  of  the  coil- 
ends  of  a  three-phase  generator  shewn  in  Fig.  389,  the  coil-ends  of 
phase  I  are  usually  bent  outwards  by  the  leakage  Gelds  between  the 
stator  and  field  windings,  while  those  of  the  second  and  third  phases 
are  mutually  repelled.     To  calculate  the 
repelling  force   on  phase  I,  it   must   be 
borne  in  mind  that  at  the  moment  of 
short-circuit,  the  main  field  cannot  sud- 
denly vanish  despite  the  demagnetising 
effect  of  the  stator  current  and  that  a 
greater  current  is  induced  in  the  field  coil, 
which  strives  to  maintain  the  field.     In 
this   way  a  large  primary  leakage  field 
crosses  over  to  the  pole-shoe,  and  bends 
the  coil-end  of  phase  I  outwards.     To 
determine  the  forces  present  it  is  neces- 
sary to  know  the  momentary  current  in 

the  field  coils  as  well  as  the  magnitude       Flu-  "^2£ &.?>"•*— 
of   the  main    field.      If  this  momentary 

exciting  current  is  known  to  be  t„„  the  magnetomotive  force  im,w,-awwt 
acts  on  all  the  tubes  of  force  between  pole-shoe  and  yoke,  where  awm 
denotes  the  ampere-turns  necessary  to  send  the  flux  through  the  field 
system.  The  field-strength  about  phase  I  can  be  calculated  approxi- 
mately by  drawing  the  lines  of  force,  and  we  have 

im,w,-  awm 
H  ~        0-8/       ' 
The  maximum  mechanical  force  per  cm  length  of  the  coil-end  is  then 

K=,     ''-. -'-"o!yi™-Wi>.  kg,  (265) 

where  i„„,„  is  the  effective  momentary  short^ircuit  current  in  phase  I 
and  w,  is  the  number  of  turns  in  the  coil-end.  Since  i„,w,  may  in  the 
case  of  large  machines  attain  a  value  of  100,000  ampere-turns  at  the 
moment  of  short-circuit,  while  iam„  at  the  same  time  reaches  a  value  of 
150,000,  we  have 

„     10s  x  1-6x10*     1600. 

0-8/10*       ~'QSlkg- 

Thus  if  /  =  36  cm,  AT- 52  kg.  If  the  pole-arc  of  the  machine  is  60  cm 
and  the  length  of  the  coil-end  80  cm,  we  can  reckon  on  a  force  on  the 
coil-end  of  about  fin  .  Sa 

5260-*™=3600kg. 

Evidently  very  considerable  forces  may  occur  in  large  machines. 
For  this  reason  the  arrangement  shewn  in  Fig.  389  is  not  used,  and 
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when  possible,  the  coil-ends  are  arranged  in  two  planes,  as  shewn  in 
Fig.  390.  The  coil-ends  are  now  so  far  removed  from  the  field  coils, 
that  these  have  little  effect.  In  this  latter  winding  there  are  chiefly 
repelling  forces  between  the  coil-ends,  since  at  any  moment  the  currents 
are  almost  always  oppositely  directed  in  the  two  planes.  In  the  part 
of  the  coils  running  axially,  where  they  come  straight  out  of  the  slots, 
the  same  direction  of  current  occurs  in  groups,  so  that  attracting  as 
well  as  repelling  forces  are  here  present.    The  latter  are  the  largest,  since 


r*t 


Fio.  890.— Current  Distribution  in  the  Coil-ends  of  Three-phase  Generator. 

the  leakage  field  between  the  coils  is  the  greatest,  where  the  current 
changes  its  direction.  In  order  to  make  the  repelling  forces  between  the 
coil-ends  of  the  several  phases  harmless,  they  must  be  fixed  as  firmly  as 
possible;  and  further,  care  must  be  taken  that  the  coil-ends  are 
sufficiently  far  from  the  iron.  It  is  possible  to  calculate  the  field 
strength  of  the  leakage  field,  which  one  coil  produces  where  the  other 
is  situated,  for  various  positions.  To  calculate  it  accurately,  the  for- 
mulae on  p.  454  must  be  used,  but  we  can  write  as  an  approximation 

rr       Mam**™, 

H=     10a 


"a  max 


and 


K= 


ZimwxW.      2 


w, 


10a        107 


alO8     ' 


(266) 


This  holds  for  the  moment  when  the  current  is  a  maximum  in  one 
phase  and  half  as  large  in  the  other  two.  For  *.mMtPJ=  150,000  and 
a  =10  cm,  we  have 


K= 


2  25  xlO10 


10  x  108 


-  =  22*5  kg  per  cm. 


With  an  active  length  of  60  cm,  the  total  force  on  a  coil-end  becomes 

^=22-5x60  =  1350  kg, 

which  is  certainly  a  considerable  force.  It  is  clear  from  the  foregoing 
that  it  is  of  the  utmost  importance  to  keep  the  momentary  short- 
circuit  current  in  electric  generator  and  transformers  as  small  as 
possible.  This,  however,  is  not  possible  without  allowing  an  undue 
fluctuation  in  pressure,  due  to  alterations  in  the  working  load.  In 
this  matter,  as  so  frequently  happens  in  practice,  a  compromise  has  to 
be  made  between  two  evils. 
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133.   Capacity  and  Conduction  of  Electric  Cables. 

(a)  In  order  to  begin  with  the  simplest  case,  the  capacity  of  a  con- 
centric cohle  (Fig,  391)  will  first  be  calculated.  The  two  conductors 
may  be  considered  as  the  plates  of  a  condenser  consisting  of  a  pair  of 
cylinders.  Denoting  the  electric  charge  of  the  inner  conductor  by  Q, 
its  potential  by  P,  the  dielectric  constant  of  the  dielectric  between  the 
two  conductors  by  t,  the  diameter  of  the  inner  conductor  by  d  and 
the  inside  diameter  of  the  outer  conductor  by  2a,  formula  202  (for  the 
capacity  of  a  pair  of  cylinders)  gives  the  capacity 
of  the  concentric  cable  per  unit  length  (1  cm)  in  "  Za  H 
electrostatic  units,  thus 


Mt) 


or  for  the  length  I  in  kilometres  and  C  in  electro- 
magnetic units 

i     _<i\y  i — 2a j 

e\d)  oi^irtSJrcu* 

Since   capacity  is    usually   measured    in    microfarads   (mfd),   where 
1  mfd  =  -TTji  times  the  electromagnetic  unit,  we  have 

.,  1         .HOMO" 

C_9x"lOa'1V"   72o\1' 

„  tl  0-0242./ 


mfd 


.-..»1»(*)     .og,.(|) 
The  susceptance  b„  due  to  the  capacity  of  a  cable  ii 


ifd (267) 


where  V  is  the  capacity  measured  in  practical  units  (farads).     The 
capacity  susceptance  of  a  concentric  cable  is  therefore  equal  to 

£„  =  2)re-    v   -         mho.  (268) 

10Mog,.(^) 

Denoting  the  effective  alternating  pressure  between  the  conductors 
of  the  cable  by  J',  the  capacity  gives  rise  to  a  wattless  displacement 
current  ,     _  >,, 

which  leads  the  pressure  by  90°. 
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Since  the  insulation  between  the  conductors  is  never  perfect,  and  on 
account  of  the  dielectric  hysteresis,  a  current  in  phase  with  the  pressure 
also  flows  into  the  cable.     This  watt-current  is  equal  to 

Of  this  we  shall  calculate  the  part  due  to  imperfect  insulation,  i.e. 
the  amditctum-curreiit  Pga.  ga  is  the  electric  conductance,  or  the 
reciprocal  of  the  resistance,  between  the  two  conductors,  and  is  called 
the  conduction  of  the  cable.     It  is  given  by 


2 


or  gm—J*t  (269) 


ftlogg)' 


where  pt  is  the  specific  resistance  per  —  and  I  is  the  length  of  the 
cable  in  cm.  Substituting  I  in  kilometres  and  as  is  usual  pt  in 
megohms  per  — ^,  we  have 

27T/10*  0-272/ 


cm2 


I7«  = 


2-3  x  106ft  log10^j     Pi  togio^J 


mho. 


gai  however,  is  strongly  affected  by  the  junctions  in  the  surface  at 
the  ends  and  connecting-points  of  the  cable,  and  therefore  in  a  network 
with  many  brandies  the  conductance  ga  is  much  greater  than  the  value  cal- 
culated from  the  above  formula. 

In  the  above  calculation  it  is  assumed  that  the  insulation  between 
the  two  conductors  consists  of  a  homogeneous  material  with  a  constant 
dielectric  constant  e.  If  this  is  not  the  case,  the  calculation  becomes 
very  complicated,  for  the  dielectric  must  then  be  considered  as  several 
condensers  in  series  with  different  insulation  resistances.  The  capacity 
of  the  cable  in  this  case  may  be  approximated  as  follows  : 

(7=  j -d l     °-°y j 5-  mfd,  ....(270) 

where  dx  is  the  outside  diameter  of  the  Xth  layer  of  insulation.     Simi- 
larly the  conduction  is  approximately 

0-272/  ,  /0„lx 

mho (2/1) 


Pi  log10  (jf)  +  p2  log  (^  j  +  . . .  +  pn  log  (~  j 

In  addition  to  the  capacity  between  the  two  conductors,  the  capacity 
between  one  conductor  and  earth  must  be  considered. 
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If  the  inner  conductor  is  disconnected  while  the  outer  still  remains 
under  pressure,  the  capacity  of  the  outer  conductor  (Fig.  391)  with 
regard  to  earth  is  _  _  _ .  _  . 

6  = ^— r   nifd. 

"2  A' 


logl„(^) 


If  the  inner  conductor  is  earthed,  the  capacity  of  the  outer  conductor, 
with  regard  to  the  inner  and  to  earth,  is 


67=  0'0242<J 


1  1 


l0g»©     l0Z"{l!) 


mfd. 


If,  on  the  other  hand,  the  outer  conductor  is  disconnected,  the 
capacity  of  the  inner  conductor,  with  regard  to  the  outer,  is  in  series 
with  that  of  the  outer  with  regard  to  earth.  Hence  the  capacity  of 
the  inner  conductor  with  regard  to  earth  is 

C= 9-4--  9~1~ 

log,o  (i)  +  l0g„  (^)       log,,^) 

This  is  much  smaller  than  the  capacity  of  the  outer  conductor  with 
regard  to  earth. 

Further,  the  capacity  of  the  inner  conductor  with  regard  to  earth, 
when  the  outer  is  earthed,  is 

C= r —  mfd. 

2a' 


l°e-  (?) 


(b)  We  now  proceed  to  calculate  the  capacity  of  an  air-line  in  a 
system,  using  the  earth  as  a  return. 

In  Fig.  392,  the  electric  lines  of  force  (current  curves)  x  and  the 
equipotential  surfaces  y  of  the  electric  field  are  shewn  as  they  are  pro- 
duced by  the  conductors  A  and  B  charged  with  equal  quantities  of 
electricity,  but  of  opposite  sign.  The  curves  x  and  y  represent  only 
the  intersections  of  the  current  and  equipotential  surfaces  with  the 
plane  of  the  paper.     The  electric  resistance  of  any  element  of  a  tube 

of  force  is  proportional  to  -™. 

By  means  of  a  mathematical  transformation,*  we  can  now  replace  the 
diagram  in  Fig.  392  by  another  simpler  geometric  diagram,  in  which 
each  elemental  tube  of  force  has  exactly  the  same  resistance  as  the 
corresponding  tube  in  the  original  system. 

The  capacity  and  conduction  are  thereby  unaltered,  and  their  calcula- 

•Steinmetz,  E.T.Z.  1893,  S.  477. 
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tion  is  considerably  simplified.  Denoting  the  new  system  of  current 
and  equipotential  curves  by  v  and  ut  then,  in  order  to  satisfy  the 
above  condition,  we  must  have 

du    dx 

dv  ~~  dy 

As  is  well  known,  this  condition   is  fulfilled  by  any  equivalent 
transformation  from  one  plane  to  another;  any  transformation  being 


Fin.  392.— Current  and  Equi-potentUd  Curves  of  Two  Parallel  Conductors. 

called  equivalent  or  equiangular,  when  any  two  curves  of  the  one 
plane  make  the  same  angle  as  the  corresponding  curves  of  the  second 
plane. 

We  have  already  had  recourse  several  times  to  a  transformation  of 
this  kind,  namely  inversion,  or,  as  it  also  called,  transformation  by 
reciprocal  radii.  Since  the  problem  can  be  solved  very  simply  with 
this  transformation,  we  make  use  of  it  here. 

If  a  conductor  A  is  given,  as  above,  with  the  earth  serving  as  return, 
the  system  of  current-lines  and  equipotential  curves  given  by  the 
circle  A  and  line  B  (the  surface  of  the  earth)  may  be  transformed  into 
another  equivalent  system.  We  may,  for  example,  convert  the  circle 
A  and  the  line  B  (ftg.  393)  into  two  concentric  circles.  To  do  this, 
we  mark  off  the  inversion  centre  0,  the  perpendicular  to  B  drawn 
through   the  centre  of  circle  A>  and   further  choose  the  inversion 
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coefficient  in  such  a  way  that  circle  A  corresponds  to  itself  and  line  B 
to  a  circle  concentric  with  A,     We  then  have 


OM=MEl 
and  "  OT*  =  I-~OP>DFl9 

where  /  is  the  constant  of  inversion. 


Fio.  398. 
.  __        d 

MP  — a  is  the  height  of  the  conductor  A  above  the  earth,  MT—^ 
its  radius  and  OM=B  the  radius  of  the  large  circle. 

Hence  OT*  =  B*  -  (ff  =  I=(B-a)2B 

or  R*-2Ba  +  fy2  =  0, 


that  is, 


7?  =  a  +  ^a2-(g)2. 


« 

If  d  is  negligible  compared  with  a,  then 

B=2a, 

that  is,  the  capacity  and  conduction  between  a  conductor  at  a  height  a 
above  the  surface  of  the  earth  and  the  earth  are  the  same  as  between 
the  conductor  and  a  concentric  cylinder,  of  which  the  radius  B  is 
approximately  double  the  distance  of  the  conductor  from  the  earth. 
The  capacity  in  this  case  is  therefore 

0-0242€l  0-0U2d 

lo&o(d)    l0g"       ~d        - 
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0*0242*/ 
"4a 


mfd, 


or  very  closely 

and  the  conductance  for  determining  the  conduction  current  is 


(272) 


</*  = 


0-272/ 
Pilogl0(~j) 


(273) 


(c)  In  calculating  the  capacity  of  a  double  line,  where  the  two 

conductors  are  arranged  near 
1  /C  one  another  as  overhead  lines 

''  v  or  placed  underground,  either 
V  together  in  one  cable  or  as 
separate  cables,  it  must  be 
remembered  that  the  earth  af- 
fects the  electric  distribution. 
We  shall  first  consider  the 
simple  case,  in  which  the  effect 
of  the  earth  on  the  capacity  of 
the  double  line  can  be  ne- 
glected. If  the  two  conductors 
are  represented  by  the  circles 
A   and   B  in  Fig.  394a,  we 

know  that  the  line  00  per- 
pendicular to  the  line  joining 
the  centres  of  A  and  B  re- 
presents an  equipotential  sur- 
face of  zero  potential.  The 
electric  field  between  con- 
ductor A  and  the  surface  00 

and  between  conductor  B  and  the  surface  00  can  therefore  each  be 
replaced  (Fig.  394i)  by  a  condenser  of  capacity 

0-0242cZ 


!0 


GH 


h© 


io 

Fig.  3046. 


C= 


) 


and  of  conductance 


<7o  = 


Pi  logio  ( 


a  +  ja?  -d* 
d~ 

0-272/ 

a  +  y/a*  -  <P\ 
d         ) 


Connecting  these  two  equal  condensers  in  series,  we  obtain  a  capacity 
and  conductance  equal  to  half  of  each  condenser.  The  capacity  of  a 
double  line,  neglecting  the  influence  of  the  earth,  is  therefore  equal  to 

n  0-0242cZ  00242*/        r,  ,_,, 
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and  the  conductance  equals 

0-272/                        0-272/           ,  /0_ 

</o=       --   ;  ■-  ,  r  •,.    =■-  r)a.  mho, 275) 

2/»,log10^         d         )      2ft]og,o^3-J 

From  this  we  come  to  the  conclusion,  as  Steinmetz  first  shewed,  that 
an  earth-return,  as  regards  capacity  and  conduction,  behaves  like  a 
conductor  symmetrical  to  the  overhead  line  with  respect  to  the  earth, 
whose  distance  and  potential  are  the  same  below  the  earth  as  the  air- 
line is  above  it.  The  conductor,  equivalent  to  the  earth,  is  therefore  the 
image  of  the  overhead-line  in  the  earth 's  surface. 

In  Fig:  392  are  shewn  the  electric  lines  of  force  and  the  equipotential 
curves  of  the  electric  field  of  a  double  line.  All  the  lines  of  force  are 
arcs  of  circles,  which,  if  produced  inside  the  conductors,  intersect  at 
the  points  0X  and  02.     It  is  further  known  that 


.  <w-iV®'-(i),-<tf-'*- 


The  physical  meaning  of  this  is  that  the  electric  field  produced  by 
the  charges  on  the  cylindrical  conductors  A  and  B  is  the  same, 
as  if  the  charges  of  the  conductors  were  concentrated  on  the  straight 
lines  0X  or  02,  running  parallel  to  the  axis  of  the  conductors. 

We  can  now  determine  the  capacity  of  a  double  line  in  the  same 
way  as  for  a  concentric  cylinder  (p.  387).  Thus  we  calculate  the  work 
done  in  moving  unit  positive  electric  mass  from  the  surface  of  a 
conductor  to  the  neutral  zone.  This  work  is  equal  to  the  potential  of 
the  respective  conductor,  and  is  equal  to  half  the  pressure  between  the 
conductors.  The  force  acting  on  unit  positive  mass  at  the  point  P 
(Fig.  394a)  is      i  2Q     1  /  -  2#\     1  /2<?\  _  1  /     2<?     \ 

c  OP  +  €  \  0\P  J\\p)     c  \0j02  -p) ' 

Multiplying  this  equation  by  dp  and  integrating  from  p  =  B2Q2  to 
pz=00<„  we  obtain  the  work  for  half  the  pressure,  equal  to 

€      &B202      c      &Bi20x      €      &B202 
It  follows  from  Fig.  394a,  that 

jgJl  =  Wl-B2V=)s(Ja*-d*  +  a-d) 
and  IQ02  =  002  -B20  =  %  (Va2  -  d2  -  a  +  d), 

'      j  lL      r  BJ).     J  a1  ~-^d2  +  a-d    a  +  Ja2  -d'2 

and  therefore         -_*=■,    -  -r- ■  =  -     -  • 

P202    sla*-d*-a  +  d  d 

Hence  the  capacity  of  a  double  line  per  cm  length,  in  electrostatic 
units,  is  q  c 

~?  =  \V~/a  +  slat  -  d2  ' 


.      (a  +  s/a*  -  cP\ 

tag  (—a     ) 


A.C.  2G 
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which  formula  corresponds  to  the  previous  ones.  In  this  case  we  have 
moved  the  point  P  along  the  central  line  O^o,  but  since  the  potential 
difference  between  R2  and  0  is  independent  of  the  path  of  P,  the  same 
result  is  always  obtained,  whatever  the  motion  of  P.  From  this  it 
follows,  in  general,  that  the  work  done  by  tlie  electric  charge  of  a  straight 

0~S 
line  02,  wlien  unit  mass  is  moved  from  R  to  S3  is  proportional  to  log  -  2    . 

OJtt 

To  determine  the  capacity  of  a  double  line,  taking  the  earth's 
influence  into  account,  we  substitute  for  the  earth,  two  equivalent 
conductors  A'  and  B',  forming  the  images  of  A  and  B  in  the  earth's 
surface.  If  A  and  B  have  the  charges  -  Q  and  +  Q,  then  A'  and  R 
will  have  the  charges  +  Q  and  -  Q  respectively. 

To  obtain  the  effective  capacity  of  the  double  line,  including  the 
effect  of  the  earth,  we  calculate,  as  shewn  on  p.  392,  the  work  done 
in  moving  unit  positive  mass  from  the  earth  to  the  surface  of  the 
conductor  B,     The  work  done  by  the  charge  on  B  itself  is  equal  to 

(cf.  Fig.  394) 

V         8         '  20,      00., 

-^  log       - , 

u      u  a  2Q,      00] 

by  charge  A  — -  log  -  -  --1  > 

c        li%Ox 
i       r.  zv  20,       0&2 

by  charged  -^iog-     *- 

and  by  charge  A!  +  —  log  — =  • 

Since  the  dielectric  constant  is  here  equal  to  1,  the  total  work  equals 


W'  =  2y(log    -"  -log    "  ^ 

2  V  &£A      &R2aJ 


The  capacity  of  the  double  line  therefore  equals 

0-0^43/ 
6'=-— uu->.' -—-_-= mfd (276) 

'M"-+-^wV''(S)] 

(d)  To  determine  the  capacity  of  the  conductors  of  a  three-phase 
system,  we  proceed  in  the  same  way,  by  moving  unit  positive  mass 
from  one  conductor  to  the  neutral.  The  work  done  in  this  way  is 
equated  to  the  phase-pressure  Pp.  If  conductor  I,  from  which  the 
mass  is  moved,  has  the  charge  <?jsin  wf,  the  other  two  conductors  will 
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have  charges  Qain  (W- 120°)  and  Q  sin  (tot  -  240°).      The  work  done 
(Fig.  395a)  is  therefore  equal  to 

v      2Q  .  Op     2Q  .  OTO 

7'  =  —  sin  o>J  log    -1 —  +       sin  (id  -  120  )  log  .  -- 

+  ^  sin  (W  -  240°)  log  -3- 
=  —  sin  w/loe  -i.1. 

G. 


Fio.  895a. 


Fia.  8956. 


Neglecting  the  effect  of  the  earth,  the  capacity  per  phase  of  a  three- 


phase  line  is 


n     0-0242c/      rj 
C  = —  nif  d. 


log10 


If  further,  as  in  the  case  of  overhead  lines,  the  distance  a  between 
the  wires  is  very  great  compared  with  their  diameter,  the  capacity  may 
he  written  with  close  approximation 

n      0-0242/       .,  ._„„ 

C= ^  mfd (277) 


loft.  ($) 


The  capacity  of  the  mains  of  a  three-phase  system  can  thus  be 
considered  as  three  condensers  connected  in  star,  each  of  which  has 
the  capacity  C. 

Since  three-phase  concentric  cables  introduce  dissymmetry  into  the 
system  (and  possess  a  higher  capacity),  cables  for  three-phase  work  are 
almost  always  made  stranded.  Each  phase  of  a  concentric  cable  has  a 
different  capacity  to  the  others. 

With  stranded  cables  the  effect  of  the  earth  on  the  capacity  of  each 
phase  must  be  considered.  This  can  be  done  approximately  in  a 
simple  way.  In  Fig.  396a,  the  circle  A  represents  the  conductor  of 
one  phase,  and  the  circle  B,  the  surface  of  the  cable-sheath.  This 
system,  consisting  of  two  eccentric  circles,  is  replaced  by  inversion  by 
a.c.  2«2 
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a  system  consisting  of  the  circle  A,  which  corresponds  to  itself  and  the 
straight  line  B'.     We  have 

or2    OT2 


0!\  = 


OP       D 


The  system  consisting  of  the  circle  A  and  the  straight  line  &  is 
again  replaced  by  an  equivalent  system,  consisting  of  the  circle  A  and 
its  image  E'  with  respect  to  B.  The  circle  3"  has  the  opposite 
electric  charge  to  A,  that  is  -  Q  sin  id.  Carrying  out  this  transforma- 
tion for  each  phase,  we  obtain  Fig.  3966.     Assuming,  for  the  sake  of 


Fir.  396a. 


Flo.  8966. 


simplicity,  that  0X  coincides  with  Ml9  02  with  M2,  etc.,  the  capacity 
of  each  phase  becomes 

_       0-0242€Z 


logio=T-1(>g 


0-0242€/ 


JM,    M"RX 


M'{R, 
mfd. 


log10 


(278) 


M,RX    MUii 


We  have  thus  reduced  the  capacity  of  a  three-phase  cable  with 
separate  conductors  to  that  of  three  condensers  of  capacity  C  connected 
in  star. 

(e)  In  a  two-phase  system,  without  connection  between  the  phases, 
it  is  found  that  the  two  phases  are  independent  of  each  other  as 
regards  capacity  and  conduction;  the  same  formulae  therefore  hold 
as  in  the  case  of  a  single-phase  system.  The  capacity  of  each  phase 
of  a  four-phase  system  (Fig.  397a)  is  obtained  from  the  equivalent 
arrangement  shown  in  Fig.  3976.  For  phase  I  III  and  phase  II  IV, 
the  capacity  is  the  same,  and  equals 

og,°  J/,*,  A/j/f, 
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For  an  interconnected  two-phase  system,  two  concentric  cables  are 
frequently  used,  of  which  the  outer  conductors  are  earthed  and  serve 


Fia.  397a. 


Fig.  3876. 


as  the  middle  wire.     The  capacity  of  such  a  cable  can  be  determined 
by  the  above  methods. 

(f)  As  already  mentioned,  conduction  alone  is  not  a  measure  of  the 
losses  in   cables  and   conductors.      Losses  are  also  present  in   the 


tooon  Mego/un 


SO*0 


Fio.  808. 


dielectric,  which  are  much  greater  than  those  due  to  conduction,  and 
act  like  an  increase  of  the  latter.  Usually  the  losses  in  cables  are 
estimated  by  assuming  some  definite  power-factor.      This  was  given 
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on  p.  411  for  different  cables.  It  is  evident  that  this  method  can 
only  give  approximate  results,  since  the  power-factor  of  a  cable  varies 
with  the  temperature,  and  to  a  certain  extent  with  the  frequency. 
Fig.  398  shows  the  variation  of  the  power-factor  as  a  function  of  the 
temperature  from  tests  carried  out  by  Dr.  P.  Human.*  It  might  be 
thought  that  the  variation  of  the  power-factor  is  due  to  the  variation 
of  the  insulation  resistance  r(.  This,  however,  is  not  the  case;  for 
the  curve  r  in  Fig.  398,  giving  the  insulation  resistance,  falls  very 
rapidly  with  increasing  temperature,  while  the  power-factor  does  not 
show  a  corresponding  increase,  but  rises  only  for  the  lower  tem- 
peratures and  then  falls  as  the  temperature  increases.     The  power-fadw 
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of  a  cable,  therefore,  bears  no  direct  relation  to  its  insulation  resistance.  In 
addition  to  a  sufficiently  high  insulation  resistance,  it  is  usually 
required  of  a  good  alternating  current  cable  that  the  power-factor  at 
temperatures  up  to  50°  C.  must  not  rise  appreciably  above  the  value 
measured  with  the  cable  cold ;  also  the  ratio  between  the  capacities 
measured  with  continuous  and  alternating  currents  at  any  temperature 
must  not  be  very  different  from  unity. 

With  bare  overhead  conductors  also,  the  losses  are  considerably 
greater  than  those  due  to  conduction.  The  extra  losses  here  are 
due    to   the   passage    of   current   over   the   insulators,   and    to    the 

*  Elektr.  Bahnen  und  Betriebe,  1906,  S.  518. 
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dielectric  losses  in  the  insulators  and  in  the  other  electric  fields.  In 
damp  weather  a  part  of  the  electricity  is  also  conducted  directly  by 
the  moisture  and  rain.  With  high  pressures,  this  latter  loss  may 
become  very  large,  if  the  critical  pressure  is  exceeded. 

Fig.  399  shows  the  relation  between  the  loss  of  power  between  two 
wires  in  air,  at  distances  of  38,  56,  89  and  127  cm  apart,  and  the 
effective  alternating  pressure,  being  the  results  of  tests  carried  out 
by  C.  F.  Scott  and  R.  D.  Mershon.  The  diameter  of  the  wires  was 
41  mm.  The  losses  are  taken  over  1  km  double  line.  It  is  seen  here 
that  the  critical  pressure  occurs  at  about  50,000  volts,  since  the  curves 
bend  sharply  upwards  at  this  point.  The  losses  for  other  lines  can 
be  estimated  from  these  curves.  A  double  line  of  ft'2  mm  wires, 
250  cm  apart  at  100,000  volts  pressure,  for  example,  will  have  approxi- 
mately the  same  losses  as  one  of  4'1  mm  wires,  127  cm  apart  at 
50,000  volts. 

134.  Capacity  of  Coils  in  Air  and  in  Iron.    The  capacity  relations  of 
coils  in  electric  machinery  and  apparatus  are  very  complicated.     It  is, 
however,  possible  to  arrive  at  simple  practical  formulae,  if  we  calculate 
with    the  capacity    between    elements   of   the   conductor,  as  well  as 
between    the    conductor    and    the    earth. 
Theoretically   this    is  not  quite  free  from 
objection,  but  since  an  approximate  formula 
is   better  than  none  at  all,    we   shall   now 
proceed  to  obtain  such  an  expression.    For 
the  sake  of  brevity  we  shall  denote,  in  the 
following,  the  expressions  deduced  on  p.  390 
for  the  mutual  capacity  coefficient  by  the      i 
term  "capacity  of  a  conductor-element."  St* 

(a)  Firstly,  the  capacity  of  a  conductor- 
element  will  be  calculated  with  regard  to  the 
neighbouring  turns.  In  Fig.  369  a  circular 
coil  of  flat  copper  strip  is  shewn.  Such  coils 
are  frequently  used.  Each  element  of  such 
a  coil  possesses  capacity  with  regard  to  all 
the  other  turns  of  the  coil,  but  only  the 
capacities  of  the  adjacent  turns  are  of  im- 
portance. If  the  insulation  between  the  Fiq.  too. 
turns  is  thin  compared  with  the  thickness 

of  the  strip  and  has  the  dielectric  constant  <,  the  capacity  of  an 
element  of  length  1  cm  and  breadth  b  cm  equals 

C,  =  r~  electrostat,  units  =  TT4-10-8  mfd., (279) 

*     4jit  113;'  v       ' 

in  which  each  element  and  the  adjacent  turn  is  considered  as  a  plate- 
condenser  with  a  thickness  of  insulation  of  r.  This  formula  for  the 
capacity  of  an  element  also  holds  for  the  case  in  which  the  coil  is  wound 
with  flat  copper  strip  on  edge.  If  the  coil  consists  of  several  layers  of 
rectangular  bars  with  »  turns  per  layer,  as  shewn  in  section  in  Fig.  400, 
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then  we  estimate  first  the  capacity  of  an  element  with  regard  to  the 
adjacent  turns  in  the  same  layer,  which  has  the  value 

and  then  the  capacity  of  unit-length  of  a  layer  with  regard  to  the  next 
layer,  which  is  approximately 

h 
11-3* 


C2  =„2*--  10-«mfd. 


If  the  coil  is  wound  as  numbered  in  Fig.  400,  the  mean  pressure 
between  two  adjacent  layers  is  n  times  as  great  as  that  between  two 
adjacent  conductors.     Since,  however,  on  the  other  hand  the  capacity 

of  a  conductor  with  regard,  to  the  adjacent  layer  is  only  -  times  the 

11 

capacity  between  two  layers,  the  capacity  of  an  element  with  regard 

to  the  next  turns  can  be  written 

Cd  =  C\  +  6'2 (280) 

The  capacity  with  regard  to  the  turns  on  the  other  side  is  naturally 
of  the  same  magnitude.  For  several  coils  arranged  near  one  another, 
the  above  formulae  for  the  capacity  of  an  element  hold  very  closely. 
This  holds  not  only  for  round  coils,  but  also  for  other  shapes;  the 
chief  requirement  for  the  accuracy  of  the  formulae  is  that  the  distances 
■r\  and  r2  are  small  compared  with  the  breadths  bx  and  ft2.  These 
formulae  can  even  be  used  for  stator  coils  with  sufficient  accuracy. 
Somewhat  smaller  values  are  obtained  for  the  capacity  with  round 
wires  than  for  rectangular,  with  equal  thicknesses  of  insulation  r, 
and  r2. 

(b)The  calculation  of  the  capacity  per  element  between  coil  and 
earth  appears  more  difficult.  For  this  reason  we  shall  here  also  restrict 
ourselves  to  a  mean  value  and  put  the  mean  capacity  of  an  element 
with  regard  to  the  earth  equal  to  the  total  capacity  of  the  whole 
winding  with  regard  to  earth  divided  by  the  total  length  of  winding. 
This  has  the  advantage  that  magnitudes  that  can  be.  directly 
measured  are  used  in  the  calculation. 

In  a  machine  with  Z  slots  of  periphery  U  and  length  /,  the  capacity 
of  the  whole  winding  with  regard  to  earth  is 

£^^10-6mfd (281) 

11  -3  r  v       ' 

where  r  is  the  thickness  of  the  slot  insulation  (i.e.  the  distance  between 
copper  and  iron)  and  c  its  dielectric  constant.  The  capacity  is  not 
much  greater  than  that  given  by  the  right-hand  side  of  the  formula, 
since  the  coil-ends  have  very  little  capacity  with  regard  to  earth. 

With  transformer  windings  and  choking-coils,  the  capacity  with 
regard  to  earth  is  more  difficult  to  calculate  and  depends  so  much  on 
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the  shape  of  the  surface,  that  general  formulae  are  too  inaccurate  and 
have  therefore  no  value.  The  capacities  of  these  windings  can  be 
calculated  in  any  particular  case  with  some  accuracy,  however,  by  using 
the  formulae  for  plate  and  cylinder  condensers. 

(c)  Losses,  like  those  in  the  dielectrics  of  cables,  also  occur  in  electric 
machines ;  but  still  fewer  measurements  of  these  are  available  than  of 
the  foregoing.  Skinner  measured  the  dielectric  losses  in  two  5000  K.w. 
generators  made  by  the  Westinghouse  El.  Mfg.  Co.,  Pittsburg,  for  11,000 
volts  maximum  and  25  cycles.     These  values  are  plotted  in  Fig.  401 
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as  a  function  of  the  test  pressure.  The  lower  curve  A  was  measured 
on  one  machine  with  the  winding  at  a  temperature  of  about  21°  C.  and 
curve  B  on  the  other  machine  with  the  winding  at  about  31°  C. 
At  25,000  volts  the  maximum  loss  was  0*021  watts  per  cm8  of 
insulation,  and  this  was  not  sufficient  to  raise  the  temperature  of  the 
insulation  appreciably  in  30  minutes. 

Dr.  P.  Hollitscher  *  measured  the  dielectric  losses  on  two  machines 
made  by  the  Lahmeyerwerke,  Frankfurt,  for  500  H.p.  and  400  K.w., 
10,000  volts,  50  cycles.  These  are  shewn  by  curves  A  and  B  in 
Fig.  402.  This  test  shews  that  the  losses  increase  practically  pro- 
portionally to  the  cube  (instead  of  the  square)  of  the  pressure,  which 
may  be  due  to  a  certain  extent  to  a  discharge  of  electricity  from  the 
coil-ends  at  higher  pressures.  Dr.  Hollitscher  found  further,  that 
the  losses  increase  proportionally  to  the  frequency.  Also  the  test 
shews  that  the  capacity  increases  with  the  pressure,  i.e.  with  the 
electric  field-strength ;  this  corresponds  to  an  increase  in  the  dielectric 
constant.     The  slot  insulation  of  the  machines  consisted  of  micanite 


*E.T.Z.  1903,3.635. 
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tubes,  and  tests  upon  these  gave  the  figures  shewn  in  Fig.  403, 
the  dielectric  constant  increasing  from  2*8  in  one  case  and  2 "2  in  the 
other  at  normal  pressure  to  about  5  at  double  pressure.     On  the 
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other  hand  a  variation  of  frequency  shewed  no  appreciable  effect  on 
the  dielectric  constant. 

Care  must  also  be  taken  in  electric  machines  and  transformers, 
that  the  electric  field-strength  is  at  no  place  so  great  that  the  insulating 
material  is  injured  thereby,  an  effect  which  may  happen  even  if  no 
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appearance  of  glowing  can  be  seen.  With  transformers  for  very  high 
pressure,  in  which  one  winding  is  made  of  very  fine  wire,  a  well- 
rounded  metal  plate  is  often  placed  between  coil  and  insulating 
material,  to  protect  the  insulation  from  too  strong  an  electric  field. 
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Besides  this,  care  must  be  taken  in  the  choice  of  insulating  material 
in  high  tension  machines,  to  see  that  they  can  withstand  the  mechanical 
forces  of  attraction  between  the  copper  and  iron,  which  form  the  two 
plates  of  a  condenser.  For  this  reason  soft  materials  should  always 
be  avoided. 

Up  to  the  present  no  insulating  material  has  yet  been  found  which 
can  wholly  withstand  continuously  the  simultaneous  effects  of  heat 
and  electro-mechanical  stresses,  as  well  as  the  chemical  effect  of  the 
nitrates  formed  in  high  tension  machines.  Most  insulating  materials 
change  their  structure  in  time ;  nevertheless,  they  still  come  up  to  the 
requirements,  because  initially  they  have  been  rated  very  liberally. 

136.  Telegraph  and  Telephone  Lines.  As  is  well  known,  the  trans- 
mission of  signs  in  telegraphy  is  effected  by  means  of  unidirectional 
currents,  obtained  from  any  source.  The  telephonic  transmission  of 
speech  on  the  other  hand  makes  use  of  alternating-currents,  induced 
in  the  secondary  windings  of  induction  coils.  The  differences  in  the 
construction  of  the  lines,  especially  of  cables,  is  due  to  this  difference  in 
the  kind  of  current.  For  the  same  reason  the  influences  of  power 
cables  on  telephone  and  telegraph  lines  are  different. 

(a)  Telegraph  lines.  Air-lines  are  usually  made  of  galvanised  iron 
wire  of  3  to  7  mm  diameter  or  of  3  mm  bronze  wire.  Cables  placed 
underground  usually  contain  many  wires,  and  are  insulated  with  either 
gutta-percha  or  jute  and  paper.  The. strands  of  gutta-percha  cables 
are  made  up  of  several  (up  to  14)  twisted  copper  wires  0*7  mm 
diameter,  while  the  wires  of  cables  with  fibrous  insulation  are  1*5  mm 
diameter. 

Submarine  cables  are  always  made  with  a  single  core,  insulated  with 
gutta-percha  and  heavily  armoured  against  the  great  mechanical  stresses. 
The  resistance  of  these  cables  varies  between  2  and  6  ohms,  the 
insulation  resistance  between  500  and  1250  x  106  ohms  and  the  capacity 
between  0*2  and  0*15  mfd,  per  km  length.  With  overhead  conductors 
and  short  cables,  which  require  only  very  small  charging  currents, 
the  current  at  the  receiving  station  follows  immediately  on  the  closing 
of  the  circuit  by  the  key,  and  up  to  1000  words  of  five  letters  can 
be  transmitted  per  minute.  With  long  submarine  cables,  the  charging 
current  is  so  great,  that  an  appreciable  time  elapses  before  the  cable  is 
fully  charged,  and  the  rush  of  current  is  noticeable  at  the  receiving 
station.  With  long  submarine  cables,  therefore,  the  charging  waves 
are  used  as  signals.  The  number  of  possible  signals,  i.e.  current-waves, 
per  minute  depends  chiefly  on  the  capacity  and  the  resistance  of  the 
cable,  and  only  to  a  small  extent  on  the  conduction  and  self-induction. 
As  a  first  approximation  the  product  (rC)  of  resistance  and  capacity 
per  km  length  of  line  serves  as  a  measure  of  the  signalling-speed  of 
a  telegraph  line.  With  underground  cables  the  greatest  signalling- 
speed  is  obtained,  when  the  outside  diameter  over  the  insulation  of 
each  conductor  is  1*65  times  the  diameter  of  the  bare  conductor. 
Taking  mechanical  strength  into  consideration,  however,  the  outside 
diameter  is  made  2  to  4  times  the  bare  diameter. 
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(b)  Telephone  lines.    Air-lines  are  usually  made  of  silicon-bronze  wire 
1*5  to  5  mm  in  diameter,  according  to  the  distance.     Recently,  also, 

for  very  long  lines,  double  lines  are 
frequently  used  to  eliminate  external 
disturbances.  When  several  double  lines 
are  fixed  to  the  same  poles,  they  are 
arranged  as  shewn  in  Fig.  404,  as 
suggested  by  Christian]'.  In  this  way 
adjacent  double  lines  do  not  induce  any 
currents  in  each  other. 

Telephone  cables  consist  of  many  con- 
ductors and  are  usually  insulated  with 
paper.  Since  the  capacity  must  be  as 
small  as  possible — in  modern  double-line 
cables  it  should  not  be  more  than  0*05 
mfd  per  km — the  paper  is  either  per- 
forated or  arranged  in  such  a  way  that 
there  are  air-spaces  round  the  conductors. 
On  account  of  the  capacity,  the  diameter 
of  the  wire  is  chosen  larger,  the  longer 
the  cable  is,  and  the  usual  diameter  ranges 
from  0*8  to  2*0  mm.  Telephone  cables 
are  laid  either  in  iron  tubes  or  cement 
troughs.  In  order  to  further  eliminate 
the  effect  of  the  capacity  in  very  long 
lines,  small  induction  coils  are  connected 
in  the  lines  at  certain  distances  as  sug- 
gested by  Pupin,   or  the  self-induction 

Fi«,4W.-Non.inductive Arrangement    °f    thte  linf   »    increased  by   wrapping    it 

round  with  iron  wire.     The  damping  of 
an  alternating-current  in  a  long  line  is 
"•*,  where  the  damping-factor 


of  Telephone  Lines. 


proportional  to 


and 


a-2Ld+2c; 

t  =  li»JLdCt 


is  the  time  the  current  takes  to  traverse  the  length  /2  of  the  line. 
Hence  we  have 

-WI+WHVKVI <282> 

where  R  is  the  total  resistance  and  G  the  total  conduction  of  the 
telephone  line,  while  Ct  is  the  capacity  and  Ld  the  self-induction  per 
km  length.  To  make  at  and  therefore  the  damping  of  the  telephone 
currents  as  small  as  possible,  we  must  have  the  following  relation 
between  the  four  constants  of  the  line 
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which  is  also  the  condition  for  a  line  free  from  distortion  (p.  137). 
Since  the  self-induction  of  an  ordinary  telephone  line  is  smaller  than  the 
value  given  by  the  formula,  Pupin's  coils  are  connected  or  the  line 
is  bound  with  iron  wire,  in  order  to  raise  the  self-induction  artificially. 
In  this  calculation  the  constants  of  the  line  rdy  Ldi  gt  and  Cn  measured 
with  continuous  current,  will  not  serve.  The  frequency  of  the 
alternating-currents,  occurring  in  telephony,  varies  over  a  fairly  wide 
range.  Usually  1000  cycles  per  second  is  reckoned  as  a  mean  value, 
and  hence  the  constants  of  the  line  are  measured  at  a  frequency  of  1000. 

(c)  Effect  of  power-circuits  on  telegraph  and  telephone  lines.  If  power  and 
signalling  lines  run  close  together,  the  heavy  currents  may  disturb  the 
weak  currents.  These  disturbances  are  of  different  kinds  and  are 
due  either  to  (1)  direct  conduction  of  current,  (2)  electromagnetic  in- 
duction, or  (3)  electrostatic  induction.  To  avoid  direct  conduction 
of  current,  both  lines  must  be  carefully  insulated.  With  electric 
railways  in  which  the  rails  serve  as  return,  it  is  desirable  on  this 
account  to  use  double  lines  for  parallel  telegraph  lines,  in  order 
to  avoid  as  far  as  possible  a  transference  of  current,  due  to  the 
pressure-drop  in  the  rails. 

The  pressures  induced  in  the  low-current  lines  by  the  electro- 
magnetic fields  of  the  heavy  currents  are  usually  small,  and  can  be 
calculated  from  the  formulae  on  p.  427.  To  make  the  km.f.'s  induced 
by  electromagnetic  induction  harmless,  it  is  of  advantage  to  cross  the 
feeble-current  lines  on  every  third  or  fifth  pole. 

In  general  telephone  lines  are  disturbed  by  static  charges.  These 
can  be  calculated  from  the  formulae  given  in  Section  134  as  the 
product  of  the  electric  potential  and  the  mutual  capacity  of  the  line. 

These  charging  currents,  however,  can  easily  be  eliminated  from 
telephone  lines,  by  leading  them  to  earth  through  a  special  choking-coil 
connected  between  the  two  lines.  The  terminals  of  the  choking-coil 
are  connected  to  the  two  telephone  lines  and  the  middle  point  is  earthed. 
The  choking-coil  offers  a  high  inductive  resistance  to  a  current  from 
line  to  line,  whilst  it  provides  only  a  very  small  inductive  resistance 
from  the  line  to  earth.  Such .  a  choking-coil  cannot  be  used  for 
telegraph  lines,  since  in  this  case  the  current  is  continuous  and  can 
therefore  pass  through  the  choking-coil  to  earth  without  any  high 
resistance.  By  using  high-pressure  continuous  current  (120  volts)  for 
telegraphy,  the  disturbance  from  electrostatic  charging  currents  can 
be  made  almost  entirely  harmless. 
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